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Abstract. In this note, some operator inequalities for operator means and positive linear maps are
investigated. The conclusion based on operator means is presented as follows: Let ® : B(H) — B(K)
be a strictly positive unital linear map and hl’ll g <A < hlyand h;]IH < B < hyIy for positive real numbers
hy, h; = 1. Then for p > 0 and an arbitrary operator mean o,

(D(A)oD(B)Y < a,P"(Ac’B),
% (I i) )p 1

where ¢, = max {( 1 /16 azf’(hl,hZ)}, a(hy, hp) = (h + hY)o(hy + h3'). Likewise, a p-th (p > 2) power of
the Diaz-Metcalf type inequality is also established.

1. Introduction

Throughout, let B(H) be the C*-algebra of bounded linear operator on a complex Hilbert space H and
the identity operator is denoted by Iy. For two self-adjoint operators A, B € B(H), A < (<)Bmeans B- A
is a positive (invertible) operator. A linear map @ : B(H) — B(K) is called positive (strictly positive, resp.)
if it maps positive (invertible, resp.) operators into positive (invertible, resp.) operators and is said to be
unital if it maps identity operator to identity operator.

The axiomatic theory for operator means for pairs of positive invertible operators have been developed
by Kubo and Ando [12]. A binary operation ¢ defined on the set of positive invertible operators is called
an operator mean provided that

1. IHGIH = IH;

2. C*(AoB)C < (C*AC)a(C*BC);

3. Ayl Aand B, | Bimply A, 0B, | AoB, where A, | A means A; > A, > --- and A, — A in the strong
operator topology;

4. A < Band C < D imply that AcC < BoD.
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There exists an affine order isomorphism between the class of operator means and the class of positive
monotone functions f defined on (0, o) with f(1) = 1 via f(t)[y = Igo(tly) (t > 0). Then f is called the
representing function. In addition, AcB = A f(A"1BA™7)A? for all positive invertible operators A and B,
where f is the representing function of . A continuous real function f defined on an interval ] is called an
operator monotone function if A > B implies f(A) > f(B) for all self-adjoint operators A and B with spectra
in J. For A, B > 0, the Lowner-Heinz inequality states that, if A < B, then A* < BY, where 0 < a < 1. Thus, t*
(a € [0,1]) is an operator monotone function. Other examples are the functions ((1—a)+at™!)™!, (1—a) + at
(a € [0,1]).

The operator means corresponding to operator monotone functions ((1 — a) + at™')7!, (1 — a) + at and
t* with 0 < o < 1 are called weighted harmonic, arithmetic and geometric means and denoted by !,, V,
and #},, respectively. When a = %, !%, V% and ﬁ% are called harmonic, arithmetic and geometric means and
simply written as !, V and 4, respectively. It is well known that A!,B < Af,B < AV,B for positive invertible
operators A,Band 0 <a < 1.

Let 0 be an operator mean with representing function f. Then for positive real numbers a and b,

(ali)o(bliy) = (aliy)? f((ali) " (blir)als))*)ali)?
= (2% f(a"2ba"2)a?)ly
=: (ach)Iy.
Moreover, the operator mean with representing function f(t~!)~}
o". It follows from the definition that

Ad'B = (AteB™H),
for A,B > 0.

is called the adjoint of ¢ and denoted by

Let ®(:) be a strictly positive unital linear map. Then for A > 0,
O 1(A) < DA™, ()
This is known as Choi’s inequality [3, Theorem 2.3.6].
In 1990, a reverse of inequality (1) was established by Marshall and Olkin [15]: Let ®(-) be a strictly
positive unital linear map. and 0 < mly < A < MIy for positive real numbers 0 < m < M. Then

(M + m)?
4Mm
In 2013, Lin [10] proved that inequality (2) is order preserving under squaring;:

DAY < D (A). (2)

(M + m)?
4Mm

where A € B(H)is a positive invertible operator with 0 < mly < A < MIy for positive realnumbers m and M.

@A) < ( Y o), ©)

Inequality (3) was further generalized by Fu and He [5] as follows: Let ®(:) be a strictly positive unital
linear map and 0 < mly < A < Mly for positive real numbers 0 < m < M. Then

M + m)%
oAty < MEm7
(A7) < 16MPmp

holds for p > 2.

(A) 4)

Based on the similar above ideas, M. Khosravi, M. S. Moslehian and A. Sheikhhosseini got the following
result [13, Theorem 2.5].



J. Zhao / Filomat 33:12 (2019), 3751-3758 3753

Theorem 1.1. Let 0 < mly < A, B < Mly, o be an arbitrary operator mean, ® be a positive unital linear map and
p > 0. Then

O (AoB) < a’PDP(Ac*B), ®)

where & = max{K, 4" 7K}, K = (1\21\4:;:1)2.

Next, we present the p-th power of the Diaz-Metcalf type inequality, Obtained by C. Yang and C. Yang [17,
Theorem 2.8].

Theorem 1.2. Let @ : B(H) — B(K) be a strictly positive unital linear map. Ifm <AL M2 and m <B< M2
for positive real numbers my < My and my < My. Then for p > 2

(M1m1(M2 + mz) + Mzﬂ”lZ(Mz + mz))2
2 VM1M21’I111’”2M1WI%M21’I12

The Diaz-Metcalf inequality [16, Theorem 2.1] is

(D(A) + cD(B)) l6{

(Mz 2

Vom } D (ALB). (6)

Mymy

Vo 24+ O(B) < (Ai + M)@(AﬁB)

where @ : B(H) — B(%) is a positive unital linear map and m? < A < M2 and m3 < B < M; for positive real
numbers my < M7 and my < M.

It should be mentioned that many authors did the similar researches, see (e.g. [6], [8],[9], [11], [14], [17],
[18]).

In this note, we are also concerned with the similar topics above. We present some operator inequalities
for operator means and strictly positive unital linear maps. we give an operator inequality on operator
means, which is a refinement of inequality (5) for 0 < p <1, and also present a further generalization of the
Diaz-Metcalf type inequality.

2. Main results

We start this section with some lemmas. The Lemma 2.1 was obtained by Bhatia and Kittaneh [4,
Theorem 1].

Lemma 2.1. Let A, B € B(H) with A, B > 0. Then

lAB[loo <

where ||| is the operator norm.
The Lemma 2.2 was obtained by Ando and Zhan [2, Theorem 1].
Lemma 2.2. Foreach A, B> 0andp > 1,
A7 + BPlleo < [I(A + B)"llco-
The Lemma 2.3 can be found in [7].
Lemma 2.3. Let 0 < mly < A < Mly for positive real numbers 0 < m < M. Then

A+MmA™ < (M + m)ly.
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In [1], Ando obtained the following inequality [1, Theorem 3]:
D(AHB) < D(A)HD(B),

where @ is a strictly positive linear map and A, B > 0. Actually, this inequality still holds for any operator
mean.

Lemma 2.4. Let @ be a strictly positive linear map and A, B > 0. Then
D(AoB) < D(A)oD(B)

holds for any operator mean ¢.

Proof. Consider the map W defined by
W(X) = O 2 (A)D(ALXAZ)D 2 (A),

where X € B(H). Then VW is a strictly positive linear map as ® and is unital.
Let f be the representing function of the operator mean o. Then f is an operator monotone function. By
[1,Theorem 4], we have

W(f(X) < f(W(X)),

where X € B(H) is a positive invertible operator.
Hence,

D(AoB) = D(A? f(A"IBAT1)A?)
= O (A)W(f(A":BA™2))P*(A)
< DFA)f(P(ATBA™)DE (A)
= P (A) f(@H (A)D(B)D ™2 (A)P* (A)
= O(A)oD(B).

This completes the proof. [

Lemma 2.5. Let @ : B(H) — B(K) be a strictly positive unital linear map and h;llH <A < hlyand hz’llH <B<
hyly for positive real numbers hy, hy > 1. Then

D Y(A0"B) + O(A)oD(B) < a(hy, h)lk
holds for an arbitrary operator mean o, where a(hy, h2) = (h1 + hi")o(hy + hy").
Proof. By Lemma 2.3, we have
AT+ A< (I + DI,
which implies
DA™ + D(A) < (g + Ik
Similarly,

OB + D(B) < (hy + Iy )Ik.
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Then, by the subadditivity and the monotonicity of the operator mean o, we have
D(A)oD(B) + D(A™)o®(B™) < (P(A) + P(A™)o(P(B) + P(B™))
< ((h + BHIo((ha + hyHIk)

= OK(hl,hz)IK. (7)
On the other hand, by Lemma 2.4 and Choi’s inequality (1), we have
DA oD(B ) > D(A'6B™') = D((Ad"B) ') > ©!(Ac*B). (8)

Thus, the desired result follows from inequalities (7) and (8).
This completes the proof. O

Based on the same method as in [13], we obtain the following result.

Theorem 2.6. Let O : B(H) — B(K) be a strictly positive unital linear map and h;llH <A < Ilyand hgllH <
B < hyly for positive real numbers hy, hy > 1. Then for p > 0 and an arbitrary operator mean o,

(D(A)aD(B)) < a, P (Ac"B), ©9)
where o, = max {(%)p, %azf’(lﬁ,hz)}, a(hy, hp) = (b + hYo(hy + By)Y).
Proof. 1t 0 < p < 2, applying Lemmas 2.1 and 2.5, we get
||(D‘1(Aa*B)(@(A)aCD(B))”m < }LH@_l(Aa*B) + (I)(A)oq)(B)Hi
< gl ron
= 30, I),
which is equivalent to
(P(A)oD(B))? < 11—60z4(h1,h2)q)2(Aa*B).
Since 0 < § <1, by the Lowner-Heinz inequality, we have
(D(A)eD(B)Y < (iaz(hl,hz))pfbp(Aa"B). (10)

If p > 2, by Lemmas 2.1 and 2.2 and 2.5, we obtain

2

o By @awem)]|_ < o a0B) + @@onm)s|

2
o

< }I”(q)‘l(Aa*B) + <D(A)o®(B));

4
5112

< }I”(D‘(hl/hZ)lK)

1
= Zap(hlth)/
which gives
(D(A)oD(B)Y < 11—6a2’7(h1,h2)®”(A0*B). (11)

Hence, inequality (9) follows from inequalities (10) and (11).
This completes the proof. [
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Corollary 2.7. Let 0 < mly < A, B < Mly for positive real numbers 0 < m < M, ¢ be an arbitrary operator mean,
@ : B(H) — B(K) be a strictly positive unital linear map and p > 0. Then

(P(A)oD(B)) < a?DP(Ac’B), (12)

where @ = max {K, 41_%K}, K= %

Proof. The condition 0 < mly < A, B < MIy implies 0 < \/EIH < ‘/ﬁfm, \/%—m < \/gIH. Replacing A and B by

F and — F respectively and putting hy = hy = \/g, then by Theorem 2.6, we can obtain the following

inequality

A B \v A . B
(@ yool L) (Ao L)

where @, = max {( “2(}2"”)) , 160z2P(h1,h2)} a(hy, hy) = (h + h)o(hy + ByY).
On the other hand, we have

o A Joo( B )= ! D(A)oD(B),

VMm VMm VMm
A B 1
0] * = O(Ad"B
(\/Mm(j \/Mm) VMm (A0°B)
and
ol o) = Af/%

Hence, inequality (12) follows from the above relations.
This completes the proof. O

Remark 2.8. Since P(A)o®(B) > O(AoB) for any operator mean o, then by the Lowner-Heinz inequality, we have
(P(A)oD(B)) = (D(AcB)Y for 0 < p < 1. Thus, inequality (12) is a refinement of inequality (5) for 0 < p < 1.

Remark 2.9. Putting o = §, for a € [0,1], then o* = §,. The conditions 0 < m1ly < B < Myly and 0 < mply <
B < Myly implies 0 < %IH < \/Aﬁ < %IH and 0 < ,/XITZZIH < \/1\/?7 < ‘/%IH, respectively. Replacing A

and B by \/ﬁ and ﬁ, respectively and putting hy = | /%1 and hy = %2 Noting that

a(hy, h2) = (hh + hl_l)ﬁa(hz + hgl) = (Ml +m )1_a(M2 + 1y )“

VMym;y VMo,
A B 1 1
® M1y a® = DAY, DB
( Mlml)ﬂ ( Mzﬂ’lz) (\/Mlml)l—a(\/Mzmz)a ( )ﬂ ()
and
® @ = D(AH,B),
(s V) ~ (Nt (Vi)

then, inequality (9) gives

(M7 + my)>(My + my) WMo + mp))>* \p
{ 1 1<sz21>“(mllMl)lj =} @(AtB)

for p > 2. This is just the C. Yang and C. Yang’s [17, Theorem 2.5] result.

@ARDBY < 12
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In the following, we give a further generalization related to the Diaz-Metcalf type inequality.

Theorem 2.10. Let @ : B(H) — B(K) be a strictly positive unital linear map and o and T be two operator means
with o < 1. Ifhl‘llH < A < Ily and hz‘llH < B < 1y for positive real numbers hy, hy > 1, then for p > 2, the
following inequality holds

(@AY PB) < 1, ho) D (AT), (13)

where B(h1, hy) = (h1 + hY)o" (hy + h31Y).
Proof. By the proof of Lemma 2.5, we have
DA™ + DA) < (1 +hHIk
and
DB + D(B) < (hy + Iy ")Ik.

According to Choi’s inequality (1), Lemma 2.4 and the subadditivity and the monotonicity of the operator
mean, we have

O 1(A1B) + ®(Ac*B) < D((ATB)™!) + D(Ac’B)
= O(A'TBY) + D(A0"B)
< D(A16"BY) + D(AG*B)
< DA H DB + D(A)d"D(B)
< (DA™Y + D(A))o* (P(B7Y) + D(B))
< (1 + H )0 ((he + By HIk)
= B(h1, ho)Ik.

Therefore, by Lemmas 2.1 and 2.2 and the above inequality, we obtain

”CD‘E(ATB)CDZ(AO B H ||cp $(A1B) + @5 (Ac" B)‘

1(A1B) + D(Ac* B))

< gl
< 4_1” ,B(hlth)IK)z

1
= Zﬁp(hlth)/

which gives
(D(A)d*D(B)) < 11—6[327’(h1,h2)(1>’”(A7B). (14)

This completes the proof. [
Based on Theorem 2.10, we can get the result of Theorem 1.2.

Corollary 2.11. Let ® : B(H) — B(K) be a strictly positive unital linear map. If m’ly < A < M:ly and
m3ly < B < M2Iy for positive real numbers 0 < my < My and 0 < mp < My. Then for p > 2

(Mlml(Mg + m%) + Mzmz(M% + m%))z
2 leMlesz%m%Mﬂnz

(ﬁz 2<1>(A)+c1>(3)) <

= \'or(atp). (15)
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Proof. The conditions 0 < m?Iy < A < M2Iy and 0 < m3ly < B < M3l imply 0 < ln < Aﬁ < %IH and
0< X’TZZIH < Mfmz < Anf—zzIH. Replacing A and B by Mf‘ml and z\ﬁ' respectively and putting iy = %1, hy = %

and 7 = 4§, 0 =!. Then,

o )0l r) = 3O ) + ) = s (A4 + 0(B),

M1m1 M2m2 E M1m1 Mzﬂlz - 2M21’I12 M1
A B A B 1
T = = q) A B
(Mlml Mzmz) (Mlml ﬂMzmz) VM Mymym; (A4)
and
hy + ]’11_1 +hy + h;l MQmQ(M% + m%) + Mlml(Mi + m%)
B(hi, hy) = = .

2 2M1M2ﬂ11ﬂ12

Therefore, by Theorem 2.10, we can obtain this corollary.
This completes the proof. [J

Remark 2.12. Putting p = 2, then inequality (15) (or (6)) gives

Mom 2 (Mymy(M2 + m2) + Mamay(M? + m2))? 2
(F2ap(A) + o(B)) < | 22— 11" V'o(AtB).
Mlml 8 vM1M2m1m2M1m1M2m2

This inequality is just the result of Theorem 2.14 obtained by Moslehian and Fu [14, Theorem 2.14].
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