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Abstract. In this paper we study the pointwise convergence and convergence in L'-norm of double
trigonometric series whose coefficients form a null sequence of bounded variation of order (p, 0), (0, p) and
(p, p) with the weight (jk)"~! for some integer p > 1. The double trigonometric series in this paper represents
double cosine series, double sine series and double cosine sine series. Our results extend the results of
Young [9], Kolmogorov [4] in the sense of single trigonometric series to double trigonometric series and of
Moéricz [6, 7] in the sense of higher values of p.

1. Introduction

Consider the double trigonometric series

" Y ) 049 1)
XL
j=0

k=0
on positive quadrant T = [0, ] X [0, 7] of the two dimensional torus.
The double trigonometric series (1.1) represents

(a) double cosine series ), }. AjAaj cos jxcosky where Ag = % and Aj=1forj=1,23,...
j=0k=0

(b) double sine series ) ) aj sin jx sinky
j=1k=1
(c) double cosine-sine series ). }. Ajaj cos jxsinky where Ao = % and A;=1forj=1,23,...
j=0k=1
The rectangular partial sums 1,,,(x, v) and the Cesiro means o, (x, y) of the series (1.1) are defined as

lpmn(xry i ia]k Qb] x) l;bk( )
j=0 k:
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(X, Y) = mzzll’;k(x y) (m,n>0)

=0 k=0
and for A > 1, the truncated Cesaro means are defined by

1 [Am]  [An]

Vi) = o Tl =) . 2 Vi)

j=m+1k=n+1

Assuming the coefficients {aj : j,k > 0} in (1.1) be a double sequence of real numbers which satisfy the
following conditions which may be called as conditions of bounded variation for some positive integer p:

Iajkl(jk)”_1 — 0 as max{jk} — oo, (1.2)

lim ;|Apoa Gk =0, (13)
J=

lim Y |aguajl(ky 1 =0, (1.4)

]—)00 k:O

Z Zm,,pajkujk)v-l < co. (1.5)

j=0 k=0

For some integers p and g, the finite order differences A;a are defined by
Aoodjk = Ajk;
Apgjk = Dp-14@jk — Dp-1,42j+1k p=21,920)

Apgjk = Dpg-1Ajk — Bpg-1ajk+1 (P > 0,(] >1).
Also a double induction argument gives

P 9
Dpgjk = Z Z(_1)5+t(i§)(‘z)aj+5, k+t

s=0 t=0

The above mentioned (1.2)-(1.5) conditions generalise the concept of monotone sequences. Also any
sequence satisfying (1.5) with p = 2 is called a quasi-convex sequence [4, 7]. Clearly the conditions (1.2)
and (1.5) implies (1.3) and (1.4) forp = 1 and moreover for p = 1, the conditions (1.2) and (1.5) reduce to
lagl — 0 as max{j k} — co and Z Z|A11a]k| < oo0.
j=0k=0

Generally the pointwise convergence of the series (1.1) is defined in Pringsheim’s sense ( [10],vol. 2, ch.

17). Let the sum of the series (1.1) be denoted by f(x, y) (provided it exists).
T T

Al =

Many authors like Méricz [6, 7], Chen [2], K. Kaur et al. [3] and Krasniqi [5] studied integrability and
L'-convergence of double trigonometric series under different classes of coefficients. In [7], Méricz studied
both double cosine series and double sine series as far as their integrability and convergence in L' —norm is
concerned where as in [6] he studied complex double trigonometric series under coefficients of bounded
variation.
These authors mainly discussed the case for p = 1 or p = 2 and preferred the condition of bounded variation
on coefficients. Our aim in this paper is to extend the above results from p = 1 or p = 2 to general cases for
double trigonometric series of all types as mentioned above.
For convenience, we write A, = [An] where n is a positive integer, A > 1 is a real number and [ ] means
greatest integral part and in the results, C, denote constants which may not be the same at each occurrence.
Our first main result is as follows:

Also let ” f ” denotes the L'(T?)-norm, i.e,
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Theorem 1.1. Assume that conditions (1.2) — (1.5) are satisfied for some integer p > 1, then
(1) Yun(x, y) converges pointwise to f(x,v) for every (x,y) € T> \ {(0,0)};
(i1) |Ymn(x, y) = f(x, Il = 0(1) as min(m, n) — oo.

The results mentioned in above theorem has been proved by Méricz [6, 7] for p = 1 and p = 2 using suitable
estimates for Dirichlet’s kernel D;(x) and Fejér kernel K;(x) where as in the case of a single series for p = 2,
the results regarding convergence have been proved by Kolmogorov [4].

Obviously, condition (1.5) implies any of the following conditions:

© Ay

lim lim A”_k+1mw@mﬁw4=o; (1.6)
All n—ooo &
j=0 k=n+1
& Ay —j+1
. T m ) ap-1 _
lim Tim Elfgiﬁfmw%mw) =0. 1.7)
j=m+1 k=0

We introduce the following three sums for m,n > 0 and A > 1:

Am n

An—7+1
Sio(m,n,x, y) = 2 Z /\—_]; aje i) Yiy);

j=m+1 k=0

An

S} (m,n,x,y) = Z Z n/\_ ﬂ]k Yi(x) Yi(y);

j=0 k=n+1
A A
Shommry= Y, Y T AL )
j=m+1k=n+1 m "
and we have
1
S?l(m, mx,Y) = m Z (Sél(u, mx,Y) — Sél(m, n;x, y));
u=m+1

A
1 n
S (m,m;x,y) = o Z (Sfo(m, 0;X,y) — Sy (m, m; x, y))-
v=n+1

This implies

2 sup (lS?n(u, n;x, ]/)l)

Siy(m,m;x,y) <4 e (1.8)
2 sup (lS (m,v; x, y)l)
n<v<An
The second result of this paper is the following theorem:
Theorem 1.2. Let EC T?. Assume that the following conditions are satisfied:
lim lim to(m, m; =0; 1.
il ( sup 1Sto(m, i ) = 0 19)
lim lim (sup |S 1(m, n;x, y)|) =0. (1.10)

AL mi—oo\ e

If V), (x, y) converges uniformly on E to f(x,y) as min(m,n) — oo, then so does Yy,
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We will also prove the following theorem:

Theorem 1.3. Assume that the conditions (1.2)-(1.4) and (1.6)-(1.7) are satisfied for some integer p > 1, then (i) if
V.(x,y) converges uniformly to f(x,y) as min(m,n) — co  then Yy, will also converge uniformly to f(x,y) as
min(m, n) — oco. (ii) If |V}, — fIl — 0 then ||y — fll — 0as min(m,n) — oo.

2. Notations and formulas

The Cesaro sums of order « of the sequence {1);(t)} for any real number a are denoted by gl)?‘(t). Thus we
have

j
pee) =Y e (@21,j20) (2.1)
s=0

In this paper ¢ jl(t) either represents Dj(t) or D i(t) where Dj(t) and D i(t) represents Dirichlet and conjugate
Dirichlet Kernels respectively. Also from [8], we have following estimates

(@) ()l = O((j+ 1)) foralla>1, - <x<m. (2.2)
.o p 1
(i) () = O(E) forallp>2, (0<x<n) 2.3)
3. Lemmas

We require the following lemmas for the proof of our results:
Lemma 3.1. Form,n > 0and p > 1, the following representation holds:
m n
Yot y) = Y Y 2 () Ye(y)
=0 k=0

-1

Attt (YY)

n

A (Y] () +
k=0 j

o
[

1]
[==}
1]
f==}

t

Il
o

]

-1 p-1 p-1

- Aapltmst P QO )+ Y Y Attt pir U3 (YL ().

k=0 s s=0 t=

=
=

I
[=}

Lemma 3.2. [2] For m,n > 0and A > 1, the following representation holds:

Aw+1 Ay, +1
lpmn —Omn = J R p—— (0/\”,,)\71 —OAun — Oman t Omn)
Am+1 Ap+1
+—Am —m (@\,,,,n = Op) + A, — n(am,)\,, ~ On)

—S84,(m,n,x,y) = S,(m,n,x,y) = S} (m,n,x, ).
Lemma 3.3. Form,n > 0and A > 1, we have the following representation:

Vﬁm —Yun = S{‘l(m, n,x,y) + Sfo(m, n,x,y) + 531 (m,n,x, ).



K. Singh, K. Modi / Filomat 33:12 (2019), 3759-3771 3763

Proof. We have
Vi, y) = m Z Z P, y)

j=m+1k=n+1

Now we can write

m) Z Vir(x,y) = [Z Pi(x, y) — le]k(x y]

( j=m+1
A
Am+1 1 m+1
= G —myl 2, +1Z¢’k( y)] (e — 1)) m+1Z"bfk(x y)]
Thus
1 /\H
mn(xry) (/\ —11) Z [ m) Z Iib]k(x ]/)]
" k=n+1 j=m+1
A
- A +1 m+1
(An = )kél[()\ ~ ) A +1Z¢f”‘y) (L —m) m+1ZW(x y)]
1 Am+1 m+1
(xy) - (xy)
T =) (op =) Ay +1]Z;4k§1¢]k y —n) (A —m)m+1;k;1¢ﬂ< y
=511+ 522
A A Aw 1
1 /\m-}—l m n m
Now St = o ) 1 +1[Z lpfk(x’y)_zzwfk(x’y)]
" j=0 k=0 =0 k=0
_ Amtl /\n+1(j _/\m+1 n+10
T Apw—m A, —n Am AN Am—m Ay, —n Amt
Similarly we get
m+1 A, +1 m+1 n+1
22 = > _ OmAn — 7 m
S Ap—m An—na’A Apm—m An—na”
Thus we have
VA Am+1 Ay +1 _/\m+1 n+1 B m+1 /\,1+16 +m+l n+1a
L I Wy we i e I L Wiy
/\m+1)\+1 An+1 .+ 1
(0/\771 An — a/\m,n_am,/\l’l-i-o-mn)-'_/\ (GAmVl Umn)"'/\ — (Om,An_Gmn)+Umn.

T A= Ay —
( by rearrangement of terms)

The use of Lemma 3.2 gives

R Y |
ll)mnz Z Z ]+ A —-n ”JklP](x)lPk(y)

j=m+1k=n+1 /\m /\n
Am n A m Ay A
m I’l
+ T L a0 W+ Y o L 4 (ny).
m j=0 k=n+1 "

j=m+1 k=0
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Lemma 3.4. Form,n > 0and A > 1, we have the following representation:

A n

Am—j+1
Stom, m;x,y) = Z Z ﬁ () Pr(y)
j=m+1 k=0 ™
A n . A p-1 .
= Am—7+1 _ _ Ap—ij+1 _
= ). Y S st e )+ 2L st 69 W)
jem+lk=0 ™ j=m+1t=0 ™
l Am p_l n 1 Am p_l p_l
S -1 S
b 2 2 ) At )+ Dstjs1 s PSP (Y)
" j=m+1 5=0 k=0 " j=m+1 s=0 t=0
p=1 =n p-1p-1
Aspam+1,k¢fn(x)¢z_1(y) - Z Astam+1,n+1¢fn(x)¢fq(y)'
5=0 k=0 s=0 t=0
Proof. We have by summation by parts,
An—j+1
shonmn ) =E v £ 2D av)
n Am /\ _ ] + 1 Am
=Y o) Y, S apapt () + Asoﬂ]+1 K5(x) — B 5 (%)
Am —m ] A
k=0 j=m+1 " ] m+1 s=0
Am ]+ 1 Aw P~ 1 n
= . /\m l’l}p 1(x (Z APO”]k‘#k y)) —m Z Z(Z Asoﬂ]+1 klljk(y))#} (x)
j=m+1 j=m+1 s=
p-1 n
Z(Z As0@m+1 klf)k(y))lpm(x)
s=0
L ] +1
m 1
= Z /\m l;bp (x )(Z Appa]klpk ]/) + Z Apiad, n+11,bn(]/))
j=m+1
Am  P— 1 n
— Z Z(Z Asplljy, klllk (y) + Z Agtji, n+1l/’n(}/))77b (%)
j=m+1 s=0 k=0

-1 5
\ (Z AsplZerl kll}k (]/) + Z Astlm+1 n+1¢n(]/))¢m(x)
=0 k=0

5=0

Similarly we can have representation for Sj, (m, 1n;x,y). [

4. Proof of Theorems

Proof of Theorem 1.1

For m,n > 0 and p > 1, we have from Lemma 3.1

[y

p—

P, ) = ZZAppaw” Y W)+ ) Y At L)

=0 k =0 t=0
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,_.

_
‘E

n -1 p—

F XY Al YL W)+ )Y A WL = Y+ Y+ Y+ Y

k=0 s s t=0 1 2 3 4

=

1l
(=}
1l
[==}

1
Using (2.3) ,that is, z,b?(x) = O(;) forallp > 2, (0 < x < m) etc, we have for (0 < x,y < m),

ZZ' p“]klP” @Y <o (by (1.2))

j=0 k=0

and also by (1.3) - (1.5), we have

m p-1 p-1 ¢ m
Y'Y syt < z( )@mwamln
j=0 t=0 t=0 v=

< sup Z|Apoﬂ]k|< sup Z|Ap0a]k|—’0

n<k<n+p =0 n<k<n+p =0

as min(m,n) — oo

m p-1
Thus Z Z Apta];ﬁ.lll) )lpfq(y) — 0 as min(m,n) — oo.

]:O t=0

and similarly

s n
Asg Am+1k ( |A0 am+u+1,k|)
P u P
k=0

s=0 k=0 s=0 u=0

’?
LN
w

p-1 =n

n

< sup Z|A0pa]k| < sup ZIAOPa]kI -0
m<j<m+p = m<j<m+p =

as min(m, n) — oo.

n p-1

Thus Z Z Bopltms iP5, ()Y () = 0 asmin(m, n) — co.

k=0 s=0
Also

p-1 p-1 p-lp-1 s ¢
ZAstﬂmH n+1 Z Z(u)( )|A00am+u+1 n+v+1

s=0 t=0 s=0 t=0 u=0 v=0

< sup l|aj| — 0as min(m,n) — oo.

j>mk>n

"‘3
H

p-1
Asfﬂm+1,n+11’b§n(x)1’b;(y) — 0 as min(m,n) — oo.
s=0 t

Il
(=}

Consequently series (1.1) converges to the function f(x, y) where

fey =YY dpme @Y () and  lm Y ) = Fixy).

=0 k=0
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Now we will calculate || Y1 ||, | Yo I, | X3 | and || Y4 || in the following way:

[ Z E ||Z Z A P W)

j=0 k=0

lAppam f f 1077 ! ()ldxdy

|Appael 1 f f dxdy  (by(2.2))
k=0 0 Jo

\.

O
M

=

17 p-1
|Appa]'k|]p K.

IA
O
[

j=0 k=0
m p-1
=1 Bt @)
2 j=0 t=0
p-1 ¢t ¢ m Tt T
-1
Z(v)(Z|Apoa,~,n+v+1|) [ W ey
t=0 v=0 j=0 T

-1

<C, sup ZIA,,M;H i ( nt) (by(2.2))

n<k<n+p =0 t

=

I
o

<C, sup Z|Ap0a1k| L

n<k<n+p =0

||Z I= ||ZZ Asplimsr k5 WL W

s=0 k=0

-1 5

n
S —
< (Ll)( E |A0pam+u+1,k|)1sn K
0 k=0

s=0 u=

n p-l
<G sup ) Il K} m)
s=0

m<j<m+p k=0

<C, sup Z|A0pﬂ]k| i Tgp=1,

m<]<m+p k=0
1=l

4

-1 p-1

=
‘G

Astlm+1,n+1 I/Jin (x)l;ljiz (y)||

EM

I
o

t

s t
t
Z (u)( )|A00am+u+1,n+v+l m* n

0o u=0 v=0

p—1

IA
5

s=0

-
1l

<C, sup lagl kL

j>mk>n

3766



K. Singh, K. Modi / Filomat 33:12 (2019), 3759-3771

Now let R, consists of all (j, k) with j > m or k > n, that s,
IDIFNEED 35109 10 WD NP I8

j=m+1 k=0  j=0 k=n+1 j=m+1k=n+1

Then

1f = = ( Of Of 1FG6, ) = P, )| dxdy)

m p-1
_1 _1 _1

< ||Z‘ZAPPﬂjk¢? (€911 (y)||+||Z Aptaj,n+1¢7 WUl
(jk) €Rmn prr iy
L p-1 p-1

-1

HI, 2 At OV I I ), st Y0
k=0 s=0 s=0 t=0
m
(jk)ERmn n<k<n+p =0

+( sup Zlepa]kl i = 1) ( sup |al j’”‘lkp‘l)}

m<j<m+p k=g j>mk>n

( As discussed above )
— 0 as min(m, n) — o (by (1.2) to (1.5))

which proves (ii) part.
Proof of Theorem 1.2
Using the relation (1.8), we find that (1.9) or (1.10) implies

lim lim (sup IS}, (m, n; x, y)l) =

AT mn—eo\ e

Assume that V7, (x, y) converges uniformly on E to f(x, y). Then by Lemma 3.3, we get

lim (l sup (ll}mn(x y) - Vo (X, y))l)

m,n— oo (xy EE

< lim (sup |510(m n;x, y)l)

mu—eoN y)eE

+ lLim (sup |501(m n; X, y)l)

M= e E
+ lim (sup |7, (m, n; x, y)l)-
M09 (x,y)eE

After taking A | 1 the result follows from (1.9), (1.10) and (4.1).

Proof of Theorem 1.3

3767
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Using the Lemma 3.4, we can write the expression for Sél(m, n;X,Y) as

m A
N A —k+1
Shmmxy) =Y Y, T @)
j=0 k=n+1
m o Ay A p-l
Ap—k+1 - - Ay —
=YY A @ ) Y Y A 00 ()
j=0 k=n+1 n k=n+1 s=0 n
m A p-l Ay pm1p-l
)\ — Z Z ZApta]k+ll1b x)lPk(]/)+ Z ZZAst”mH RYUAEIIUAT)
j=0 k=n+1 t=0 kn+1s:0t=
-1 m p-1 p-1
Z Aptaj,n+11;b?_1(-x)¢1t1(y) - Asi,‘am+1,n+1 Ebsm(x)%(y)
t=0 j=0 s=0 t=0
PIONONONON
11 12 14 15 16

Now by using (1.2)-(1.4) and (1.6) along with estimates of yb?_l(x) etc., as mentioned in [8], we have the
following estimates :

. Ay —k+
Y=Y Y A e )
11 j=0 k=n+1 "
m Ay, _
= Z Z /\t\ = 1|Appﬂfk}1p_lkp '

j
— 0 as min(m, n) — oo.

Consequently 11n11 lim ( sup | Y11 |) — 0 as min(m, n) — oo.
m,n—oo
(vy)eE

An p_l

Av—k+1 1
12.1=| B A s Y] )]
12 k=n+1 s=0 n

p-1 s A

s -1
< (u) Z |A0pam+u+1 xlm’k

s=0 u=0 k=n+1

/\H

< sup Z |A0pajk|j”_1k7’_1 — 0 as min(m, n) — oo.
M<j<m+p g —p1q

So lim lim sup | Y |) — 0 as min(m, n) — oo.
All m’n—mo((x,y)eE ZA )

|Z|S sup Z|Apta]k+1|]p Kt
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m

< sup Z|Ap0”1k|]p kP~!' = 0 as min(m, n) — .
n<k</\,1+p] 0

which implies lim lim ( sup | Y13 |) — 0 as min(m, n) — oo.
AL =R y)eE

Similarly we estimate others in brief

p-1p-1
1Y 1< sup Y Y Iaat gl
14 n<k<An's=0 ‘t=0

< sup |l 'k — 0 as min(m,n) — o.
j>mk>n

Thus lim lim ( sup | X4 |) — 0 as min(m, n) — oo.
All mn—oo (@ y)eE

|Z| = ZZ( )ZlAPOQJVH-zH-lUp n' < sup Z'Alﬂoalk']p K’ !

=0 =0 n<k<n+p] 0

— 0 as min(m, n) — co.

which implies lim lim ( sup | Y15 |) — 0 as min(m, n) — oo.
Al1l mn—oo (x,y)eE

plp-1 s ¢t s\(t
| Z | < Z Z (M)(U)|A00ﬂm+u+l,n+v+l|msnt
16

s=0 t=0 u=0 v=0

< sup |l 'k~ — 0 as min(m,n) — oo.
j>mk>n

So lim lim sup | E — 0 as min(m,n) — oo.
All mn—oo (x
WEE 16

Thus combining all these, we have

lim lim (sup [}, (m,m;x,y)]) =0
All m,nam((x/y)eE 01 )

Similarly (1.2)-(1.4) and (1.7) results in
l/glll m!liq_rilw((il;)}zEISfO(m, n;x, y)l) =0
Thus first part of theorem follows from Theorem 4.2
Proof of (ii) We have
[ = FIl <Wmn = Vil +11V 0 = f-
By assumption ||V, — fll = 0, so it is sufficient to show that

[Wmn — V|l = 0 as min(m, n) — oo.

3769
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By Lemma 3.3, we have
[l = Viall < IS5 0m, 15, I + 1S5, (m, 15, )|
+IST, (m, 15 %, Y.
Now in order to estimate IISS‘l(m, m;x, Y, we first find [|Y 14|l 1Y 121l,

113 1L 114l 1151l and [[X44ll , so we have

||2||—||Z 2 — o 2K L st @y )l

j=0 k=n+1
m Ay A
2 ’;\ — Appajk]” et ffdxdy
=0 k=n+1 "
m A
v A —k+1 1
s CPZ H;\—_nmmﬂjkw R
j=0 k=n+1 "
An p_l
An—k+1 -
=1 e Ay @Y W)
12 k=n+1 s=0 "

s=0 u=0 =n+1
A p-1
<G sup Z IAopajka’”‘l)( ms)
M<JSMAP “j=p 41 s=0
Ay

p—17p-1
<Cp osup Y lagaul
m<j<m+p 01

p-1 m

”Z” <C sup ZZ|A]z7ta]k+l|]][J k!

n<k<A, =0 ] =0

p-1 ¢t m
t
=17t
<Cp sup E ( ) E [Aptjgros |k
<k<Ay t=0 ©v=0 v ]:0

<C, sup Z|Ap0a1k|]p L1,

n<k<A,+p =0

p-1 p-1

||Z|| <G, sup ZsttamH el

n<k<Ays=0 t=0

<Cp sup layl 'k

j>mk>n
m
pOl jn+o+1 ]

pr-1

M ESe! i
15

t=0 v=0

3770
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<C, sup ZIApoajklﬂ’ Tgp=1,

n<k<n+p =0

p=lp-l s ¢
s\[t s b
”Z” < Cp Z ullo |A00am+u+1,n+v+1 mn
16 s=0 t=0 u=0 v=0
1 k- l

<Gy sup lalj" 'k

>mk>n

Thus we can estimate

An m

IISm(m mx, Yl <Cp Z Z - IAppa]kljp 1y C ( sup Z | Aopajel P~ 1= 1)

k=n+1 j=0 M<JSMAP =y

+C( sup Z|Ap0ﬂ]k|]p kP~ 1)+C( sup gl k- 1)

n<k<A,+p =0 j>mk>n

+Cp( sup ZIApoajkIj”_lk”_l)+Cp( sup Ia]-klj”_lk”‘l).

n<k<n+p =0 j>mk>n

By (1.2)-(1.4) and (1.6), we conclude that

lim Tim (1S, (m, m;, ) =

All mn—oo

Similarly by conditions (1.2)-(1.4) and (1.7), we get

im Tim (IS30m, 13, ) = 0

All mn—

Also by (1.8), we have

tim Tim (/157 0, ;2 y)l}) = 0

ALl mn—oo

Thus [|[Wm, — VIl = 0 as min(m, n) — co.
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