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Abstract. Let A, B, and X be bounded linear operators on a separable Hilbert space such that A, B are
positive, X > yI, for some positive real number y, and a € [0,1]. Among other results, it is shown that if

f () is an increasing function on [0, co) with f (0) = 0 such that f ( \/f) is convex, then

vlIf @A+ @ -a)B)+ fBIA-B)||| < |ljaf (A) X+ (1 - ) Xf B

for every unitarily invariant norm, where § = min (a, 1 — a). Applications of our results are given.

1. Introduction

Let B(IH) be the algebra of all bounded linear operators on a separable Hilbert space H. For a compact
operator A € B(H), let 51(A), s2(A), ... denote the singular values of 4, i.e , the eigenvalues of the operator
Al = (AA)'2.

In addition to the usual operator norm, which is defined on all of B(IH), a unitarily invariant (or
symmetric) norm |||-||| is a norm defined on a norm ideal contained in the ideal of compact operators and
satisfies the invariance property |[[[UAV]|| = |||A[l| for all operators A and for all unitary operators U and V
in B(H). For the sake of brevity, we will make no explicit mention of this ideal. Thus, when we consider
IA]l| we are assuming that the operator A belongs to the norm ideal associated with [||-|||. Moreover, each
unitarily invariant norm |||-]|| is a symmetric gauge function of the singular values. For the general theory
of unitarily invariant norms, we refer to [2] or [5].

For 1 < p < oo, the Schatten p-norm of a compact operator A € B(IH) is defined by

n 1/p

hal, =Y 4

j=1

In particular, when p = 2, this norm is called the Hilbert-Schmidt norm or the Frobenious norm. It can be
seen that Schatten p-norms are typical examples of unitarily invariant norms. Moreover, one of the useful
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properties of the Hilbert-Schmidt norm is that if A € B(H), then

. , 1/2
> |<A€ffff>| ] :

ij=1

Al =

where {ej} and { f]} are two orthonormal bases of the Hilbert space H.
A non-negative function f on [0, o) is said to be convex if

flar+(Q-a)b)<af@+1-a)f®) 1)
fora,b € [0,00)and a € [0, 1].

A generalization of the inequality (1) for operators in B(IH) (see, [1]) asserts that if A,B € B(IH) are
positive, a € [0,1], and f (¢) is a non-negative convex function on [0, o), then

If @A+ @ =a)B)||| < |||laf (A + A -a) fB) || 2)

for every unitarily invariant norm.
Applying the inequality (2) to the convex function f (t) = t',¢ € [0, o0) for r > 1 we have

@A + (1 - a)BY]|| < llaA” + (1 - a) B'Il 3)

for every unitarily invariant norm. Specializing the inequality (3) to the Hilbert-Schmidt norm and letting
r =2, we have

[[(@A + (1 - @) BY||, < [|aA? + (1 - a) B, . (4)
In this paper, we introduce inequalities for convex functions. In Section 2, we introduce a refinement of
the inequality (2) and we give applications of this refinement. Section 3, is devoted to give refinements of
the inequality (4).
2. A refinement of the inequality (2)
In this section we introduce a refinement of the inequality (2). In order to do that we need the following

two lemmas. The first lemma a consequence of the Spectral Theorem of operators (see, e.g., [2, p. 5]) and
the second lemma is given in [7].

Lemma 2.1. Let A € B(IH) be positive and let f be an increasing convex function on [0, c0). Then f (s]' (A)) =
si(f(A)forj=1,2,..

Lemma 2.2. Let A, B € B(H) be positive and let f (t) be a non-negative convex function on [0, c0) with f(0) = 0.
Then |Hf (A)+ f(B)||| < |Hf (A+B) H|for every unitarily invariant norm.

Under certain conditions, an improvement of the inequality (2) can be seen in the following result.

Theorem 2.3. Let A, B € B(IH) be positive, o € [0,1], and let f be an increasing function on [0, oo) with f(0) = 0
such that f ( \/E) is convex. Then

If (@A + @ =a)B) + f(BIA = B)||| < [|laf (A) + @ =) F B)|

for every unitarily invariant norm, where f = min (o, 1 — ).
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Proof.
Case 1: Suppose that o € [%, 1]. By direct computations it can be seen that

aA’+(1-a)B2 = (@A+(1-a)B)?—-(1-a)*(A-B)
1-a)QRa-1)A?2-(1-a)Qa—-1)(AB+BA)+ (1 -a)2a —1)B?

(1—a)(2a—1)(A2—AB—BA+B2)
(1-a)Qa—-1)(A-B)

v

0 (since o € [%,1] and (A - B)*>0)
Consequently,
(@A+(1-a)B? +(1-al(A-B)’ <aA’+(1-a)B.
So,
si((@A+ @1 —a)BY +(1-a) (A-B)) <s;(aA? + (1- ) B?) (5)
forj=1,2,... Letg(t) = f ( \ﬁ), t € [0, 00). Then g is an increasing convex function on [0, c0). It follows that

5i(9((@A+(1-)B)’+(1-a)’ (A-BY))

g (sj ((aA +(1-a)B?+(1-a)l(A- B)2>) (by Lemma 2.1)
g (s i (ozA2 +(1-a) Bz)) (by the inequality (5))
5 (g(aA? + (1 - a) B?)) (by Lemma 2.1) (6)

IN

forj=1,2,..,s0

|Hg<(aA +(1-a)BP+(1-a)(A- 3)2)“]

< mg (ad? + (1 -0 B?) ”‘ (by the inequality (6))

< H‘ag (AZ) +(1-a) g(Bz) H‘ (by the inequality (2))

= |laf@+a-a)f® |- 7)
Also,

o (@a + -y + - a-B2R)|

> |||(g ((aA +(1-a) B)z) +9g ((1 —a)(A- B)Z))||| (by Lemma 2.2)

= |lf(@A+-w)B)+f((1-a)lA-B)) . 8)
Thus,

IIf (@A + @ —a)B) + f(BIA - BI)||
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MfMA+O—aﬂ%+f«waM—BW}Gmwae[;q)
|||acf A)+1-a)f(B) ||| (by the inequalities (7) and (8)).

IN

Case 2: Suppose that a € [0, %] Let@# =1-aand f =min (& 1-@&). Thena € [%, 1] and 8 = B. It follows
from Case 1, by interchanging the operators A, B and replacing a by &, that

If (@A + (1 - a)B) + f(BIA - B))|

@B +a-ma+r@EB-al
llaf B) + (1 -a) f )| Gy Case 1)
llef (4)+ 1 - ) £ (B)

as required. [

IA

7

Remark 2.4. It can be seen that the convexity of the function f ( \/f) given in Theorem 2.3 is essential and can not
be replaced by taking f (t) to be convex. Indeed, let f (t) =t,a € (0,1) and A, B € B(H) be positive. Then

|If @A+ (1~ a)B)+ £ (814~ B

leA + @ —a)B+plA-B|
llaA + (1 — a) Bl||
lleef (4) + (1 = a) F B -

An application of Theorem 2.3 can be seen as follows. In this result we introduce equality conditions of
the inequality (2).

v

Corollary 2.5. Let A,B € B(H) be positive, a € [0,1], and let f be a nonzero increasing function on [0, co) with
f(0) = 0 such that f ( \/f) is convex. Then

If @A+ @ =a)B)||| = |||laf (A + A -a) fB) ||

for every unitarily invariant norm if and only if A=B,a =0,ora = 1.

Proof. Suppose that |Hf (@A+(1-a)B )H| = |Haf A)+(Q—-a)f(B) H| Then Theorem 2.3 implies that
f(BIA—-B|) = 0 and since f is a nonzero function we have f|A—B| = 0. Consequently, A = B or
Bp=0andso A =B,a=0,ora=1. The converse is trivial and the proof is complete. [

The following lemma can be found in [3].
Lemma 2.6. Let A, B, X € B(H) such that A, B are self-adjoint and X > yI, for some positive real number y. Then
7 IlA + Bl < IAX + XB|
for every unitarily invariant norm.
Based on Lemma 2.6, an application of Theorem 2.3 can be seen in the following result.

Corollary 2.7. Let A, B, X € B(H) such that A, B are positive, X > yI, for some positive real number y, a € [0,1],
and let f be an increasing function on [0, co) with f (0) = 0 such that f( \/f) is convex. Then

Y |If @A+ @ =a)B) + £ (BIA - B)||| < [[laf (A) X + (1 - @) Xf B)||

for every unitarily invariant norm, where p = min (a, 1 — a) and I is the identity operator in B(IH).
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Proof. In Lemma 2.6, replacing A and B by af (A) and (1 — «) f (B), respectively, we have
yllaf @+ -a) fB| < |laf DX+ A - XFB. 9)
Now, the result follows from Theorem 2.3 and the inequality (9). O

It is clear that Corollary 2.7 presents a generalization of the Theorem 2.3 which can be retained by taking
X=Ilandy=1
Specializing Corollary 2.7 to some particular functions can be seen in the following result.

Corollary 2.8. Let A, B, X € B(H) such that A, B are positive, X > ylI, for some positive real number y, a € [0,1],
and let r > 2. Then

y H e(aA+(l—a)B)2 + eﬁ2|A—B|2 _ ZI‘H < |“a€A2X + (1 — 0() XEBZ — XH| (10)
and
y|l@A + (1 - @) BY + /14 = B < llaAX + (1 - ) XBl )

for every unitarily invariant norm, where f = min (o, 1 — ).

Proof. The inequalities (10) and (11) follow by applying Corollary 2.7 to the functions f (t) = e’ — 1 and
f(t) =1, respectively. O

In order to have another application of Theorem 2.3, we need the following two lemmas the first lemma
is given in [3], while for the second lemma see, e.g., [6, p. 124].

Lemma 2.9. Let A, B, X € B(H) such that A, B are self-adjoint and X > +(A + B). Then
[lla +BY||| < IAX + XB |

for every unitarily invariant norm.

Lemma 2.10. Let A, B € B(IH) be positive and let g be an increasing convex function on [0, co) with g (0) = 0. Then
Al < Bl

for every unitarily invariant norm implies that
llg )l < [lla Bl

for every unitarily invariant norm.

Corollary 2.11. Let A, B, X € B(H) such that A, B are positive, a € [0,1], and let f be an increasing function on
[0, o0) with f (0) = O such that f( \/f) is convex. If X > + (af (A) + (1 — a) f (B)), then

[If? (@A + (1 = a)B) + f2(BIA = B])||| < [||af (D X + (1 - ) XF B)|
for every unitarily invariant norm, where f = min (a, 1 — a).
Proof. In Lemma 2.9, replacing A and B by af (A) and (1 — «) f (B), respectively, we have

it @+ a-afBY|<[laf @x+0-axf B (12)
The convexity of the function g (t) = t* together with Theorem 2.3 and Lemma 2.10 implies that

II(f (@A + (1 - a)B) + £ (BIA = BDY|| < |||(af (A) + @ - ) £ B)Y|- (13)
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Also, the convexity of the function g (f) = t? together with Lemma 2.2 implies that

I( (@A + (1 = a) B) + £ (814 - B

> || @A+ @ -a)B)+ f2(BIA-B)|| (14)
Now, the result follows from the inequalities (12), (13), and (14). O

In the rest of this section, we give inequalities that involve direct sum of operators. In order to do that
we need the following two lemmas. The first lemma follows from the basic properties of unitarily invariant
norms and for the second lemma see, e.g., [2, p. 97].

Lemma 2.12. Let A,B € B(IH). Then |||Alll < lIBIl| for every unitarily invariant norm if and only if [|[A SO0 ||| <
1B ® 0 ||| for every unitarily invariant norm.

Lemma 2.13. Let A, B € B(IH) be positive. Then |||A @ B ||| < |I[(A + B) & O ||| for every unitarily invariant norm.

Corollary 2.14. Let A, B, X € B(IH) such that A, B are positive, X > vI, for some positive real number y, a € [0,1],
and let f be an increasing function on [0, oo) with f (0) = O such that f ( \/f) is convex. Then

yllf@A+a-wByef@IA-B) ||| <[l(af X+ A -a)XfB) @O
for every unitarily invariant norm, where f = min (a, 1 — av).
Proof. Corollary 2.7 together with Lemma 2.12 implies that

y|I(f @A+ @ -a)B)+ F(g1A-B)) &0

<|laf A x+@-a)xfB)eo|| (15)
Also, Lemma 2.13 implies that

I(f @a+ @ -a)B)+ f(BI1A-B) @0

>[|f @A+ -wB)ef@la-B- 16)
Now, the result follows from the inequalities (15) and (16). O

Corollary 2.15. Let A, B, X € B(IH) such that A, B are positive, a € [0,1], and let f be an increasing function on
[0, 00) with f (0) = 0 such that f (Vi) is convex. I X 2 + (af (A) + (1= a) f (B)), then
If*@A+@a-a)B)e f2(BIA-B)||
<|laf A x+@-a)XfB)ao||

for every unitarily invariant norm, where f = min (a, 1 — a).
We close this section by specializing Corollary 2.14 to the Schatten p-norms.

Corollary 2.16. Let A, B, X € B(IH) be positive, X > yI, for some positive real number y, a € [0,1], and let f be an
increasing function on [0, co) with f (0) = 0 such that f ( \/E) is convex. Then

P2 (|f @a+a-aB) +[f @14 - B < laf X+ 01 - @) XF B,
for p > 2, where p = min (&, 1 — ). In particular, letting X = I and y = 1, we have
If @A+ @ -a) B +|f BlA =B, < [laf )+ A -a) f B
forp >2.
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Proof. Let g(t) = t"/2,t > 0. Then g is convex. It follows from Corollary 2.14 and Lemma 2.10 that

PRI @A + (- a)B) @ f2 (1 -a)lA-B))|

< ’H laf (A) X + (1 —a)Xf(B))”/ZH'. (17)

Applying the inequality (17) to the Frobenious norm ||-||, we have

72 (If @A+ @ - @B +[lf @ - @1a- B

= P2 (||f?7/2 (@A+1-a)B)|: +]|f* (1 - a)lA-B] )||§)

Y|P @A+ 1 -a)B)e (1 -a)lA- Bl >||§

IN

[lar @ x+a-aoxr@)| 2“2 (by the inequality (17))

laf W)X +(1-a)Xf(B)|

14
p 7
as required. [

3. A refinement of the inequality (4)

It can be seen that Corollary 2.16 constitute of a refinement of the inequality (4). By taking f () = t2, this
refinement asserts that if A, B € B(HH) are positive and « € [0, 1], then

@A + 1 = @) BP|[; +[|g*14 - BP[ls < [laA? + (1 - ) B,

where f = min(a,1 - ).

In this section, we are interested in introducing another refinement of the inequality (4). In order to do
that we need to start with the Binomial Theorem for scalars. The Binomial Theorem for scalars asserts that
ifa,b e R, then (a+b)" =Y, (';)a”‘kbk, where n € IN. Now, we need the following lemma (see, e.g., [8, p.
76]).

Lemma 3.1. Let a,b € (0, ) and p,q > 1 such that % + % =1.Then f(t) = (aa' + (1 — @) bt)l/t is an increasing
function on (0, 00).

Based on Lemma 3.1 and the Binomial Theorem for scalars, we get the following result.

Theorem 3.2. Let A, B, X € B(H) such that A and B are positive, « € (0,1), and m,l € N with | < m. Then

<

I
Z ( ]lc ) ok - a)k Am=k) x gk

k=0

Z (m) am k- a)k Alm=k)x glk

k=0 k

2 2

Proof. Since A and B are positive, there exist two orthonormal bases {e;} and {f;} of C" and two sequences
{sj (A)} and {s; (B)} of positive real number such that Af; = s; (A) f;, Be; = s; (B) ej for j = 1,2, .... For simplicity,
let A; =s;(A)and uj =s;(B) for j=1,2,.... So,

m
Y (’;:)am—k (1-a)f A" XB

k=0

2

2
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i(’”)am (1 - a) (A XB¥ej, £)
k=

0

i( ) mk(l a) Am /Jm
k=

0

5 (1) oo

k=0

2

=

e

<
I
—_

2

<
I
—_

ﬁM8

(e, f,->|2

(xe;, £)|

e

<
I
—_

(0()\1.% +(1-a) y]f'l’ )2m |<Xej,ﬁ>’2
P

where f (t) = (a/\f, +(1-a) [J;)l/t. Since 1 <1 Lemma 3.1 implies that f(%) < f(%), and so the inequality
(18) implies that

Ll

-

<
1
—_

(18)

-

NN
Il
—_

2

) mk (1 — @)k A% XBn

=

2

7 (1)l )

1

ij=1
0o 1 _ 2
- B[ (o) e
i,j=11k=0
o 2
- Z l (Il{) k(1 - ) (AT XBley, fi)
i,j=11k=0
2
- ZI‘(’l{)alk 1-a)fATXB! (19)
k=0 2

Now, the result follows from the inequality (19) by replacing A and B by A" and B, respectively. [J
An application of Theorem 3.2 can be seen as follows

Corollary 3.3. Let A, B € B(H) be positive and a € [0,1]. If m € IN, then

m

Y, (TZ)a'"—" (1 - a)f AP XBF

k=0

< |laA™X + (1 — a) XB"|l, . (20)

2

In particular, letting m = 2 and a = 1, we have

|A%X + 2AXB + XBY||, < 2||A%X + XB?|,.
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Proof. The inequality (20) follows from Theorem 3.2 by letting / = 1. O

Also, we need the following lemma (see, e.g., [4]).
Lemma 3.4. Let T € B(H). Then
113 = IRe TI[; + tm T
Our second refinement of the inequality (4) can be stated as follows.
Corollary 3.5. Let A, B € B(IH) be positive semidefinite and o € [0,1]. Then
(@A + (1 = @) BP|; + (1 - )2 |1AB - BAIE < ||aA + (1 - @) B2

Proof. In Theorem 3.2, letting X =1,/ =1, and m = 2, we have

2 1
2) ok k 42—k vk I\ 1k k 4201-k) v p2k
;;(k)a 1 - a)f ACHXBH| < k;‘ka (1 - a)f A20-DXB

2 2

and so
|a?A? + 2a (1 = @) AB + (1 - )’ B2, < ||@A? + (1 — ) B?| .
By direct computations we have
Re(a?A? +2a(1- ) AB + (1 - a)’ B?) = (aA + (1 - a) B}
and
Im (a?A% + 20 (1 = @) AB + (1 - @)’ B?) = —ia (1 - a) (AB - BA).
So, Lemma 3.4 implies that

[o?A2 + 24 (1 - a) AB+ (1 - a)? B

(@A + (1 = @) BP|; + ll-ia (1 - @) (AB - BA)I3
= @A+ -a) B2 +a> (1 - a) | AB - BAI}.
Now, the result follows from the inequality (21) and the identity (22). O
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