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Abstract. In this paper, two types of fixed point theorems are employed to study the solvability of nonlocal
problem for implicit fuzzy fractional differential systems under Caputo gH-fractional differentiability in the
framework of generalized metric spaces. First of all, we extend Krasnoselskii’s fixed point theorem to the
vector version in the generalized metric space of fuzzy numbers. Under the Lipschitz conditions, we use
Perov’s fixed point theorem to prove the global existence of the unique mild fuzzy solution in both types
(i) and (ii). When the nonlinearity terms are not Lipschitz, we combine Perov’s fixed point theorem with
vector version of Krasnoselskii’s fixed point theorem to prove the existence of mild fuzzy solutions. Based
on the advantage of vector-valued metrics and convergent matrix, we attain some properties of mild fuzzy
solutions such as the boundedness, the attractivity and the Ulam - Hyers stability. Finally, a computational
example is presented to demonstrate the effectivity of our main results.

1. Introduction

In many real world problems, there is often a need to interpret and solve the problems operating in
the environment inherent uncertainties and vagueness. When engineers want to handle these disadvan-
tages, they may use either stochastic and statistical models or fuzzy models, but stochastic and statistical
uncertainty occur due to the natural randomness in the process. It is generally expressed by a probability
density or frequency distribution function. For the estimation of the distribution, it requires sufficient
information about the variables and parameters involved in it. On the other hand, fuzzy set theory refers to
the uncertainty when we may have lack of knowledge or incomplete information about the variables and
parameters. In general, science and engineering systems are governed by ordinary and partial differential
equations [10, 13], but the type of differential equation (DEs) depends upon the applications, domains,
complicated environments, the effect of coupling, and so on. As such, the complicacy needs to be handled
by recently developed differential equations contained uncertainty or fuzziness [15, 17, 27].
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Since Agarwal etal. [1]introduced the concept of solutions for fuzzy fractional differential equations, this
subject has become an important area of research due to its wide range of applications in various disciplines,
namely physics, chemistry, biology, economics, chaotic theory and in engineering systems such as fluid
mechanics, viscoelasticity, civil, mechanical, aerospace, and chemical and so forth, see [4, 5, 15, 19, 34].
Hence, this topic has been paid more and more attention from many scientists and mathematicians (see
[2, 16, 18, 28, 35, 36] for therein). In the flow of development, scientists have proposed many techniques
to solve the analysis as well as numerical solutions of fractional fuzzy differential equations, see [6—
8, 20, 25, 26, 29]. In the differential equations subject, much attentions have been given to different types
of problems with nonlocal conditions. These conditions were used to describe of motion phenomena with
better effect than the classical conditions, see [14, 21, 25, 30].

Motivation by aforesaid, in this paper we study the global existence and some properties of solutions
to the following nonlocal problem for implicit fuzzy fractional differential systems

o DpX(E) = 910 X(0), y() + I, G Dix(®), G Djy(®) - o = [0,09) M
CDY(D) = galt, x(0), y(1) + ha(t, 5, DTx(t), S, Dy(0)
subject to nonlocal conditions
x(0) + X axx(te) = X axx(te)
kejx ke]»
yO) + X dy(te) = X dey(te)
keQy keQs (2)

JTiULR=Q1UQ,=1{1,2,..,m}
ITiNnh=Q1NQ, =0

where ;:HZ)? (j = 1,2) are the Caputo gH-differentiability of order g € [0, 1] defined in Definition 3.2 in [23],
gi,hi € C(Joo X Ec X E, E.) are fuzzy-valued continuous mappings.

The main contributions in this paper are three folds:

1. Our considered model is more general since it is a combination of three types of differential equations:
implicit DEs, fractional DEs and set-valued DEs. Boundary conditions are divided to a vast of form,
not restricted to periodic behavior or local conditions.

2. A standard technique for solving nonlocal problems bases on the transformation of the problem into
a fixed point problem with suitable integral type operator. Then, a fixed point theorem will guarantee
the existence of solutions. In our model, by applying suitable setting, nonlocal problem (1) — (2)
is transformed into a fixed point problem of an operator T, which can be written as a sum of two
operators G and H. Next, we consider fixed point problem in proportion to different hypotheses of
forcing functions.

2.a In the first case with the assumption that g;, h; all satisfy global Lipschitz conditions, thank
to some auxiliary lemmas and approximation method, operator T is brought into Lipschitz-like
form with a respective convergent to zero matrix. Then, by applying Perov’s fixed point theorem,
the unique global existence of the problem is attained.

2.b However, for weaker hypotheses of forcing functions, that only requires Lipschitz condition
of one part of nonlinearities and another part is considered under linearity assumptions, this
becomes a complex problem since topological fixed point theorems, which essentially base on
compactness, can not be applied for this case. This situation can be relaxed by using Krasnosel-
skii’s fixed point theorem to analyze operator T into a sum of a generalized contraction and a
completely continuous mapping. Krasnoselskii’s theorem (see [31]), which is considered as a
combination of generalized contraction principle and Schauder’s fixed point theorem in Banach
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space, has become an important result for nonlinear analysis with a large number of applica-
tions. In our paper, we extend Krasnoselskii’s fixed point theorem to fuzzy-valued functions
metric space without linearity in structure and then we apply to study the solvability of nonlocal
problem (1) — (2).

3. Some quantities properties of mild fuzzy solutions of nonlocal problem (1) — (2) are attained such as
bounded fuzzy solutions, decay fuzzy solutions, attractivity set. These help us describe the asymptotic
behavior of fuzzy solutions on infinite time. Moreover, this paper initiates Ulam - Hyers stability
notions for implicit fractional fuzzy differential system with nonlocal conditions, which have not been
studied before.

The paper is organized as follows: In Section 2, an extension of Krasnoselskii’s fixed point theorem is
stated and proved. In addition, we review some notions of fuzzy numbers and fuzzy metric space. After
revisiting some fundamentals of Caputo gH-derivatives of fuzzy-valued functions, Section 3 focuses on
stating the nonlocal problem for implicit fuzzy fractional differential system, constructing the hypotheses
for the problem and presenting our main results about the solvability and some qualitative properties of
solutions. For more clarity, in Section 4, an application example is given to demonstrate these results.
Finally, conclusion with some helps of Appendix are in two last Sections 5 and 6.

2. Krasnoselskii’s fixed point theorem in generalized metric space

2.1. Generalized metric space of fuzzy numbers

We will introduce some notions and necessary preliminaries used throughout the paper. For more
details, see in previous works [21-25].

Let (X, $x) be an ordered set and X? be the 2—time Cartesian product of X. Consider x = (x1,x2),y =
(y1,12) € X?, denote <x2 by an order relation in X2, Here, x <x2 y if and only if x; <x y1 and x2 <x V».
The inverse order relation 2. is defined similarly. For r = (r1,12), s = (51,52) € X?, we define max{r, s} :=
{max{ry, s1}, max{ry, s2}}.

We call X is a generalized metric space (in the sense of Perov) if there exists a vector-valued mapping
d: X x X - R2 such that

(i) d(u,v) zRe Oge for all u, v € X and d(u,v) = Oz = u = v, where Og2 = (0, 0);

(ii) d(u,v) = d(v, u) for all u,v € X;

(iii) d(u, w) <ge d(u,v) + d(v, w) for all u, v, w € X.

Let E be the space of fuzzy numbers, which are certain functions u : R — [0, 1], satisfying normal, fuzzy
convex, upper semi-continuous and compact supported. The a—level sets of fuzzy number u are defined

by

[u]a_ {XE]RZI/[(X)ZO(} if0<a<1
| clsupp u) ifa = 0.

Fuzzy number u has a nice property that its a—level sets can be represented in intervals. Namely,
parametric form [u]* = [uy, u}], where uy, u};, denote the left-hand endpoint and the right-hand endpoint,
respectively. Denote

24 o
deo(u,v) = sup dy(|u| ,|v| ), u,v€E
4,0) = sup di([u]",[o]')

by the supremum metric in E. It is obvious that (E, d) is a complete metric space (see [11]).

The sum and scalar multiplication of fuzzy numbers in E are defined via their level sets. If there exists
w € E such that u = v+w, we call w = 1 ©v the Hukuhara difference of # and v. For u, v € E, the generalized
Hukuhara difference (gH-difference for short) of u and v, denoted by u ©y5 v, is defined by the element
w € E such that

uSveu=v+worv=u+(-lw.
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Denote E, by the space of fuzzy numbers u € E such that mapping « + [u]* is continuous with respect
to Hausdorff metric on [0, 1]. In addition, for J, = [0, ), we denote C(J«, E;) by the set of all continuous
functions f : J.o — E, with metric

D(u, %) = max{D(u, u); D-(u, )}, 7 € (0,1),
where D, (1, 1) = sup de(u(t), u(t)) and D, (u, i) = sup{de(u(t), u(t))e~ %=}, 1 and O are given positive real
[0,7] [7,00)

numbers satisfying 0 <n <7 <1, 6>0.
Define vector-valued metric on C(Jw, E.) X C(Joo, Ec¢)

ptw,0) = BB 0= 50, @ = ) € Clle B X CU o

Similar to Lemma 2.3 in [25], (C(Jw, Ec) X C(Jo, E¢), p) is a generalized semi-linear Banach space having
cancelation property, i.e., p(cu + w, cv + w) = |clp(u, v) for all u, v, w € C(Joo, Ec) X C(Joo, Eo).

2.2. Krasnoselskii’s fixed point Theorem in fuzzy-valued functions metric space

A square matrix M with non-negative elements is said to be convergent to zero if M¥ — 0 as k — co. The
property of converging to zero of matrix M is equivalent to each of the following conditions (see Lemma 2
in [32])

(i) The eigenvalues of M are located inside the unit disc of the complex plane;
(ii) I — M is nonsingular and (I — M)~! has non-negative elements.

Lemma 2.1. Suppose that f : C(Jeo, Ec) X C(Joo, Ec) = C(Joo, Ec) X C(Joo, E¢) is a generalized contraction, i.e there
exists a convergent to zero matrix M such that

p(f (), f(v)) < Mp(u,v), Yu,v € C(Joo, Ec) X C(Joo, Ec)-

Then for each w € C(Jw, Ec) X C(J, E¢), equation z = f(z) + w has unique solution. Moreover, mapping ¢y :
C(Joo, Ec) X C(Joo, Ec) = C(Joo, Ec) X C(Jwo, Ec), defined by @ ¢(w) = z, is continuous.

Proof. For each w € C(Jw, Ec) X C(Jw, E;), consider mapping
h: C(Jeo, Ec) X C(Joo, Ec) = C(Joo, Ec) X C(Joo, Ec)

defined by h(v) = w + f(v) for all v € C(Jo, E¢) X C(Joo, Ec). The inequality
p(h(v), h(v)) < p(f(v), f(v)) < Mp(v, V)

implies that & is a generalized contraction. From Perov’s theorem (Theorem 1, [32]), /1 has a unique fixed
point z*, i.e for each w € C(Jw, E;) X C(J, E;), there always exists a unique point z* € C(Je, Ec) X C(Joo, Ec)
such that w + f(z") = z*, that follows equation z = f(z) + w has unique solution. Thus, mapping ¢y, given
by ¢ ¢(w) = z, is well-defined.
For w,w’ € C(Joo, Ec) X C(Jo, Ec) and v = @f(w), v/ = @(w’), we have
p(@sw), @s@”)) = p(w + f(v),w’ + f(v))
< p(w,w’) + p(f(v), f(v))
< p(w,w’) + Mp(v,v").
Thus, (I - M)p(@f(w), ps(w’)) < p(w,w’). Since M is a convergent to zero matrix, we have

p(h(v), h()) < p(f(v), f(V)) < Mp(v, V)

Consequently, for all € = [2}, we can choose 6 = (I — M)e. Thus for all w, w’ € C(Jo, E¢) X C(Joo, Ec)
satisfying p(w, w’) < 6, we have p(¢s(w), ps(w’)) < €. It implies that ¢y is continuous. [J
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Traditional Krasnoselskii’s fixed point theorem operates in Banach space. This base space has linearity
property. In the next step, we will extend Krasnoselskii’s fixed point theorem to the semi-linear Banach
space C(Jw, E;) X C(Jo, Ec), that is lack of linearity, as follows.

Theorem 2.2 (Krasnoselskii’s fixed point theorem in semi-linear Banach space). Let B be a nonempty closed,
bounded, convex subset of C(Jeo, Ec) X C(Joo, Ec) and operator T : B — C(Jo, Ec) X C(Jw, E,) satisfying

(i) T = G+ H with G is a completely continuous operator and H is a generalized contraction with a convergent to
zero matrix M.

(i) G(B) + H(B) C B.
Then T has at least one fixed point in B.

Proof. Firstly, for arbitrary v € B, we consider an operator h, : B — B defined by h,(w) = H(w) + G(v). From
(ii), h, is well-defined. In another hand, for w,w’ € B

p(hy(w), hy(w")) < p(H(w), H(w")) < Mp(w, w").

Thus h, is a generalized contraction. By using Perov’s theorem, we imply that there exists a unique
w, € B such that h,(w,) = w,, or equivalently w, = Hw,) + G(v).

Consider an operator ¢ : B — B such that c(v) = w,. Then c(.) satisfies equation c(v) = H(c(v)) + G(v) for
allv € B. From Lemma 2.1, the mapping ¢y : C(Joo, Ec) X C(Joo, Ec) = C(Joo, Ec) X C(Joo, Ec) given by pp(w) = z,
with v = H(z) + w, is well-defined and continuous. We can rewrite ¢(B) = ¢y (G(B)). Since G(B) is relatively
compact, ¢(B) is relatively compact, too. By using Theorem 3.4 in [3], there exists v € B such that c(v) = v,
i.e Hv) + G(v) = v. The proof is complete. [

3. Main results

3.1. Caputo gH-derivatives of fuzzy-valued functions

Let f : Jo — E, to € ] and h be a number such that ty + I € J.. If there exists an element Df(ty) € E
such that

Df () = lim 1 £t + 1) €41t )]

then f is called generalized Hukuhara differentiable (gH-differentiable) at to. Denote C!(Jw, E) by the space
of all fuzzy-valued continuously gH-differentiable functions defined on J...

Definition 3.1 ([12], Definition 26). Assume that f : Jo — E is gH-differentiable at ty € Jo and [f(})]* =
Lfz@®), f(@®)] forall a € [0,1], t € Joo. We say that

(i) f is (i)-gH-differentiable at ty if [Df(to)]* = [(fy) (to), (i) (to)] for all @ € [0,1]. Denote by D; f(to) the
(i)-gH-derivative of f at to.

(ii) f is (ii)-gH-differentiable at to if [Df(to)]* = [(fy) (to), (f7) (to)] for all « € [0,1]. Denote by D, f(to) the
(ii)-gH-derivative of f at t.

We recall the left-side mixed Riemann-Liouville fractional integral of order g4 € (0,1] for real valued
function f : [ — Rby

1

RLIg+f(t) = Tq)

t
f (t—9)T" f(s)ds, t € Joo. 3)
0
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Definition 3.2. Let g € (0,1] and u € C'(J, E), [u()]* = [uz(t), ut(t)] for all t € Jo and a € [0,1]. The mixed

Riemann - Liouville fractional integral of order q for fuzzy-valued function u, denoted by

t
RETT u(t) = %q) fo (t = 5)Tu(s)ds, (4)

is defined by level sets as follows
FrTg u®]® = [y (8), M Lug®)], te€ o, acl0,1],

provided that RETT uf (t), REID u (t) are defined by (3).

Definition 3.3. The Caputo gH-derivative of order q € [0,1) of u € C'(J, E) in type j (j = 1,2) is defined by
S Dlu() = 1 "Dju(t), t € Joo,

provided that the expression on the right-hand side is defined.
Denote %jq(]w, E)={u: Jo— E| ;Hﬂju(-) exists and it is continuous}.

3.2. The nonlocal problem for implicit fuzzy fractional differential systems under Caputo gH derivatives

In this paper, we consider the nonlocal problem for implicit fuzzy fractional differential system (1) - (2)
where x,y € %].q( Joo, E¢), ax, @y are positive numbers satisfying inequalities

O<Zak—2ak<1;0<2ﬁk—25k<1. (5)
ke, ke, keQ, keQq

Denotea=(1+ Y ar— Y, &)™, a=(1+ Y, @ — Y, d)". By changing of variables
kejx ke], keQq keQa

u(t) = S0, o) = S, DTy(), ©)
we have following lemma.

Lemma 3.4. By setting

u) = a[ Z akFLIq u(ty) © Z akFLIq u(tk)]

ke S
Asx(u) = [Z iy u(tk)eZakRLIq u(ty)]
keJ, keja
A)=a] ) aft 1oty e Y al Il o)
keQ, keQq
v) = —ﬁ[ Z akFLIq o(ty) © Z akFLIq v(tk)],
keQq keQ,

we have following assertions

1. Assume that x, y € %{’( Joo, E¢) satisfy nonlocal conditions (2). Then we can present x(t), y(t) in the following
forms

{x(t) = Falul®) = Ao + P Loty 7

y(b) = Flol(t) = Ar(v) + F-IG.0(h)
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2. Assume that x, y € %2”’ (Joo, E¢) satisfy nonlocal conditions (2). Then we can present x(t), y(t) in the following
forms

€ Joo- (8)

x(t) := Falul(t) = Ax(u) © (~1)R-TT u(t)
y(t) == Falol(t) = Ax(v) © (1R o(t)

Proof. We will prove the first equation of (7) and (8), the second equation is proved similarly. Indeed, by
taking integral both side of (;HZ)jx(t) = u(t), we have

RLIq (RLfl iD. x(t)) RLIﬂ u(t)
= f Djx(s)ds = f-I7 u(h)
=x(t) Oy x(0) = F-T7, u(t)
Casel: Ifx, y € (flq(]oo, E.) then we have
x(t) = x(0) + F-T 7 u(t). ©)
Thus x(t) = x(0) + RET u(ti). Substitute this equation into (2), we obtain

x(0) + Z a[x(0) + RT3 u(t)] = Z a[x(0) + FLI0,u(ty) |- (10)

keh kE]z

From definition of Hukuhara difference, inequalities (5) and equality (10), one can see that the differ-
ences Y aRlTl u(t) o Y mp Il u(t) and |1+ Z 1 |x(0) © Z axx(0) exist and 1 + Y ar— Y alx0) =
P (t) ka (t) [ k] k Zk Zk

ke, ke]y ke,
ayr I u(t) © ) axs-I1.u(ty). Thus, we obtain
F
keJ, kejx
x(0) = a[ZakFLIq u(tk)eZakFLIq u(ty)]
keJ, ke

Then, substituting x(0) into equation (9), the first equation of (7) is attained.
Case2: Ifx, y € %;(IW,EC) then we have
x(t) = x(0) (—1)§LIg+u(t). (11)

Substitute x(t) = x(0) © (-1)X- T, u(t) into (2), we obtain

x(0) + Y ax(O) © (DX I u(t)] = ) ax[x(0) © (~1)FLT8, u(t)].

keh kE]z

By using analogous arguments as in Case 1 associated with the property (-1)(u ©v) = (-1)u©(=1)v (see
Lemma 2.3 in [22]), we obtain

[1 + Z ax — Z ak]x(O) = (—1)[ Z leFLIq u(ty) © Z IlkFL]q tk)].

ke ke]» kel ke]»

Itimplies that x(0) = —a[ Z akFLI T u(ty) GZ akFLI 1 u(tk = Ay(u). Therefore, by substituting the expression
ke ke,
of x(0) into (11), we obtain the first equation of (8). O
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Now we can rewrite equations (1) in following forms

u(t) = gu(t, Falul(®), Frlol(t) + ha(t, u(t), o(t)) .

{dﬂ=gxb?ﬂMUL¢HMU»+hﬂLMDJﬁD for/=1 -
and

u() = 9u PO, Pel) + I, o)

Lw=mm%mmﬁmw»wmwmwm o -

Remark 3.5. When x, y € <€]7(]00,EC), j=1,2, then u, v belong to C(Jw, E;). Moreover, for each fuzzy solution

(1,v) € C(Joo, Ec) X C(Joo, Ec) of system (12) (or (13)), from formula (7) (or (8)), we can determine x,y € C(Joo, Ec)
through u,v. We have following definition

Definition 3.6. A pair of functions (x, y) € C(Jeo, E¢) X C(Jwo, Ec) is called

(i) A mild fuzzy solution in type (i) of nonlocal problem (1) - (2) if it satisfies the integral system (7) and (u,v)
satisfies the system (12);

(ii) A mild fuzzy solution in type (ii) of nonlocal problem (1) - (2) if it satisfies the integral system (8) and (u,v)
satisfies the system (13).

3.3. Hypotheses
Following hypotheses will be used throughout this paper.

Hypothesis 1 (; satisfy global Lipschitz conditions). Assume that there exist non-negative real numbers b;,¢;
(i = 1,2) such that

doo(hi(t/ u, U), hi(t/ ﬁ/ 5)) < Eidoo(u/ ﬁ) + Eidoo(Z)/ 5)/ (14)
forall (u,v),(u,v) € EcXE and t € .

Hypothesis 2 (g; satisfy global Lipschitz conditions). Assume that there exist non-negative real numbers oj1, 0j
(i=1,2) such that

doo(gi(t/ ®, 1)b)r gi(t/ ar @)) < oildw((p/ a) + O-iZdOO(lpr E)r (15)

for (o, ¢), (@, ) € EcXE and t € Ju.

Hypothesis 3 (the growth of g; are at most linear). Assume that the growth of g;(t, @, ¢) (i = 1,2) with respect
to @ and 1 is at most linear on each of the two subintervals [0, t,,] and [t,,, 00), that is there exists non-negative real
numbers b;, c;, e;, Bi, C;, E; such that

bideo(@,0) + cide (1, 0) + € t e [0, tul;

o A 1
(Bidoo((Pr 0) + Cidoo(t, 0) + Ei)E‘ZQ(f‘”) t € [ty, ), 16)

deo(git, @, ), 0) < {

for all (p, ), (@, V) € Ec x E. and 0 is zero fuzzy number.

Denote C(Joo, Ec) by the space of all (#,v) € C(Jo, Ec) X C(Joo, E¢) such that for all t € ], the following
Hukuhara differences exist

F@@:m@@A%ﬁMﬂ

Y@)(1) = Ax(0) © (-)ELTh.0(t) (17)

where A,, A, are defined in Lemma 3.4.
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Hypothesis 4. Assume that C(Jew,Ec) # 0 and if (u,v) € C(Jw, E.) then there exist Hukuhara differences

{Az(X(u)) o (1KLY X(u)(t) forall t € Je. i

A(Y@) 0 (~DELTT Y(0)(#)

Remark 3.7. For simplicity in presentation, these notations are introduced

q m q m

tm _ b ~ ~
B = T+ 1)(1 +a;uk)andﬁz = —F(q - 1)(1 +a;ak)
_ |1 ape _ b G _|oup1 o12p2 o1 o2
0 [bzﬁl Czﬁz]' M = [Ez Ez]' M, = [021[31 0n2p2 ndMs =16, o

— fam 0], _ rea (EO\_ 1 [fE-syEE)ds
Mk—[o ﬁdk] (e=1,m), "Ly (v(t))_F(q) [ [t =5 v(s)ds

On the other hand, if x(u(t), v(t)), y(u(t), v(t)) are defined by (7) or (8) then they can be rewritten in following
compact form

G1(u, v)(t) = g1 (£, x(u(t), o(t)), y(u(t), v(t))) and Hy(u, v)(t) = hy (¢, u(t), o(t))
Gao(u, v)(t) = g2 (t, x(u(t), o(t)), y(u(t), v(t))) and Ha(u, v)(t) = ha (t, u(t), v(t))

Therefore, system (12) and (13) can be rewritten as follows

u(t) = G (1, 0)() + Hi(1,9)(1) )
0(t) = Ga(u, 0)(t) + Ha(u, 0)(8).

We will transfer system (19) into fixed point problem by consider operators
T1(u, v)(t) = G1(u, v)(t) + H1(u, 0)(t), To(u,v)(t) = Go(u, v)(t) + Hao(u, v)(t). (20)

For j =1, we consider operator
T(I) (ur 'U)(t) = (Tl (M, U)(t)/ TZ(u/ U)(t))/

where x(u(t), v(t)), y(u(t), v(t)) are given in (7).
For j = 2, we consider operator

T (e, 0)(t) := (T (u, 0)(1), To(1, 0)(F),
where x(u(t), v(t)), y(u(t), v(t)) are given in (8).
3.4. Global existence of mild fuzzy solutions
Theorem 3.8. Assume that following assumptions hold
1. gi (i = 1,2) are continuous functions satisfying hypothesis (H2);
2. h; (i = 1,2) satisfy hypothesis (H1) and hi(t,0,0) = 0, where 0 is zero fuzzy number;
3. The spectral radius of the matrix My + M, is less than one.

Then the problem (1) — (2) has a unique mild fuzzy solution in type (i) in C(Jo, Ec) X C(Joo, Ec). In addition, if
hypothesis (H4) is satisfied, it ensures the global unique existence of mild fuzzy solution in type (ii) of the problem.
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Proof. Forallt € |, and (1,v), (4,0) € C(Joo, Ec) X C(Jw, E;) defined by (19), we have

doo(T1 (11, 0)(1), T1 (1, 0)(D) | _  |deo(G1(u, 0)(1), Gi(, 0)(1)) | |deo(H1(u, 0)(E), H1 (11, 0)(F))
deo(To(ut, 0)(1), T2, D)) |~ |deo(Go (1, 0)(#), G2, 0)(1)) | ™ | deo(Ha (1, 0)(¢), Ha(31, D)(1))

When j = 1, by applying Lemma 6.2 and Lemma 6.7, one receives

[D(Tl(”/ 0), Tl(ﬁj))] < [011,31 Glzﬁz] [D(u,ﬂ)] + [51 51} [D(u,ﬂ)]

D(Tl(u, U), Tl(ﬂ, 5)) 0’21‘31 02252 D(Z), 5) El EZ D(Z), 5)
_ [011ﬁ1 + El o12f2 +c1||D(u, H)] 1)
onp1+by onpy+0||P@O)|

Since the assumption matrix M; + M, has spectral radius less than 1, it implies that T is a generalized
contraction. Therefore, by applying Perov’s theorem, the unique existence of fixed point of operator T§; is
shown.

When j = 2, (x(t), y(t)) is defined by (8). From Hypothesis (H4), we have Tj is well-defined. Thanks
to Lemma 2.2 in [22] and analogous arguments in Lemma 6.2 and Lemma 6.7 (see Appendix), we receive
again the generalized contractive property of operator Tj. This follows the unique global existence of mild
fuzzy solution in type (ii) of the problem. The proof is complete. [

Remark 3.9. The proof of Theorem 3.8 is based on Perov’s fixed point theorem with Lipschitz property of mapping
hi and g;, (i = 1,2). If these conditions are released, in concretely if the hypothesis (H2) is not satisfied, mappings
gi (i = 1,2) are only bounded at most linear, then the use of Perov’s theorem to prove the global existence of the problem
becomes useless. In this case, by using our extended result of Krasnoselskii theorem in Section 2, we receive a result
on the global existence of mild fuzzy solutions as follows.

Theorem 3.10. Assume that
1. gi (i = 1,2) are compact functions satisfying hypothesis (H3);
2. h; (i = 1,2) are functions which satisfy hypothesis (H1) and h;(t, 0, O) =0;
3. The following inequality is fulfilled

bif1 + by + cofy + € < min{2, 1+ (b1 + b1)(caPa + C2) — (baf1 + ba)(c1fBa + 1)}

Then the problem (1)-(2) has at least one mild fuzzy solution in type (i). Moreover, if hypothesis (H4) also holds for
all t € o, this problem has at least one mild fuzzy solution in type (ii).

Proof. Denote G(u,v) = [Gl(u, v) Go(u, v)]T, (1,v) € C(Joo, Ec) X C(Joo, E¢). Firstly, when j = 1, we consider
the global existence of mild fuzzy solution in type (i). The proof will be given via three steps.
Step 1. G is completely continuous.

Let B be a bounded subset of C(Jo, Ec) X C(Jo, E¢), i.€ there exist Ry, R, > 0 such that B C {(u,v) €
C(Joo, Ec) : D(1,0) < Ry; D(v,0) < R,}. We will apply Theorem 4.1 in [33] to prove that G(B) is relatively
compact in C(Je, E¢) X C(Jw, Ec), which is equivalent to

e G(B) = (G1(B), G2(B)) is equicontinuous on B,
o G(B)(t) is relatively compact in E; X E. for t € J.

Since g; (i = 1,2) are continuous on [ X E. X E. for all € > 0, there exists 69 > 0 such that |t — | +
doo (x(t), x(t')) + deo(y(t), y(t')) < O¢ then

oo (g1 (t, x(1), y(1), 1 (', x(¥'), y(t'))) < €. (22)
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For all (u,v) € B, lett, t’ € J» (t < t') such that |t — t'| < 6, then

oo (X(1) X(¢)) = deo(Ar(u) + FE T3, u(t), Ar() + RT3 u(t) < deo(F-T5, u(t), f T3 u(t'))
< %q)(dm( fo (t =) u(s)ds, fo (=) u(s)ds) + doof ft (' = 9" u(s)ds, 0))
¢ *
< %q)dm(ﬁ [(t/ _ S)q—l _ (i’ _ S)W_llu(s)ds/ 0) + ‘[ (t/ - S)q_ldoo(u(s)/ O)dS (23)

Case 1: For t, t’ € [0, t,,], (23) becomes

t ¢
T(@)doe(8), x(¢) < Dy, (1,0)] f [~ 97 (¢ )" ]ds + f (t sy ds]
0 t
Rl Rl Rl
< AT H - (F 1]+ — (¢ - )T = (T — 7).
< 7 [ ¢ =8+ g =1t g ( )
Case 2: For t, t’ € [t,, o), (23) becomes

t t
T(q)doo (x(t), x(')) < Dy, (u, 0)( fo‘ [(# —s)17t = (t —5)T 11e% s + ft t - s)q—lee(s—n)ds)

¥ t
< Rl(f (t' _ S)qflee(s—w)ds — f (t- S)q—lee(s—q)ds)
0 0
< Ry [t’qu,lJrq(Qt,) - th1,1+q(9t)] ,

where E1144(.) is the Mittag-Leffler function.
Case 3: For case t € [0,t,,] and t’ € [t,,, ),

t t”l
T(q)den (), X(t') < f [ = ) = (¢ — 5)T dun(uu(s), O)s + f (¢ = 5" do(u(s), O)ds
0 t
)
¥ —s)1 1., ,0)e7 0606 g
. f (t = )7 do(1(s), 0)e 0Dl
< Dtm(u, 0)

)
=11 = 1))+ Dy 0, 0) [ 1= 50
t"l

R
< 71[1"”7 — 11— (' = £)T] + Ry Dt — £,)1E; 111 (6t — Oty

#a_
< Ry( — XU — 1)Ey 11 (OF — OF)).

It follows from case 1 to 3 that if ¢, ' are closed, then x(t), x(t') are also closed. It means that there exists
01 > O such that if [t — | < 671 then doo(x(t), x(t')) < % Similarly, there also exists 6, > 0 such that if |t —t'| < 6,
then do (y(t), y(t')) < 2.

Put 6 = min{64, 05, %"}. Thanks to (22) for all € > 0, there exists 6 > 0 such that for all (x, y) € B and ¢,
t' € | satisfying |t — t'| < 6 then

deo(gi(t, x(t), y(1)), gi(t', x(t'), y(t))) <e.

Therefore, G;(B) (i = 1,2) are equicontinuous on B.
According to Lemma 4.1 in [33], G(B)(t) is relatively compact in E, X E. if G(B)(t) is compact-supported

subset of E. X E. and level-equicontinuous for all t € J«. Since differences Y. aRET] u(t) o ¥ axRlT) u(ty),
kefa keJx



N.T.K. Son, N.P. Dong / Filomat 33:12 (2019), 3795-3822 3806

kEQz EQl
Y aReT) u(tk)] c K; and [ Z LT ot) e X ﬁkﬁLIgw(tk)] C K. In addition, for each t € ], there
kep keQq

Y aptIg.v Tot) e Y, G I, v 7. 0(t) exist, there are compact sets Kj, K, C R such that [ Y apt Iy T u(t) ©
ke]»

exist compact sets Ki3, Ki satlsfymg BLIT u®)]° € Kg, [RE 1. 0(H)]° € Kis. Thus, we have

0 = 7 )[Zak;ﬂ ut e ¥ af Tl u(e)] + LIdu(e)’ quq + K.

kej» ke T'(q)
o) = r(”)[k;@ak?ﬂ tk)ek;g“’* @] + [T300 € ko + K

This follows [G,-(u, v)(t‘)]0 - g,-( Joo, M K1 + A3Ki3, A2 Kp + )\4Kt4) (i = 1,2), which are compact sets. Hence,
Gi(B)(t), i = 1,2, are compact-supported subsets of E.. The second condition can be inferred from hypotheses
gi (i = 1,2) are compact functions.

Step 2. Let (4,v), (1,0) € C(Joo, E¢) X C(Joo, Ec). According to Lemma 6.2, we have

D(H;(u,v),H1(u,v)) < D

b1 D(u, ) + ¢1D(v, D);
D(H»(u,v), Hy(3,7)) < b

D(u,u) + c2D(v,v).
It can be rewritten in following form

D(Hl (1/[, T)), Hl (ﬁ/ Z_])) ]

D(H(,0), (@, 7)) | % Ml[ D(v,9) ] %)

From assumption (Mg + M;)* — 0 as k — co, we deduce that M’{ — 0 as k — oco. Hence H is generalized
contractive in Perov’s sense.
Step 3. In this step, we will prove that there exists a nonempty, bounded, closed and convex subset B of
C(Joo, E¢) X C(Joo, E¢) such that G(B) + H(B) c B. From Lemma 6.6, on each of two intervals [0, t,,] and [£,,, o),
we have

D, (G1(u,v),0) < bip1Dy,,(1,0) + c182D4, (v, 0) + e1, (25)
D, (Gi(1,0),0) < (Bip1Dy,, (1, 0) + C12Dy, (v, 0) + Eq ) 200
+ (B1Q(6, @)Dy, (1, 0) + C10(6, 9)Dy, (v, 0)) 727
< (BipaDy,, (1, 0) + C12Dy,, (0, 0) + Eq ) e 20t
+ (B1Q(6, 9D, (1, 0) + C1Q(0, 9)Dy, (0, 0)) e 2t (26)
Q6. 9)
Tg+1)

Now by taking advantage from the special choice of metric D;,,, concretely from the choice of 1] < t,,, we
can choose 0 > 0 large enough such that

where Q(0,q) = , Q(0,9) is defined in Remark 6.8.

Bleie(t"’in) < by Cre” Oltn=m) <cy; Eleig(tin) <e. (27)
By combining (26) with (27), we get

Dy, (G1(u,v),0) < byp1Dy,, (u,0) + c182Ds, (v,0) + e

BlQ(QI Q)Dtm (u/ 0) ClQ(G/ Q)Dtm (U, 0)
e26(t,,,—q) eZG(tm—r]) :

(28)
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From (25) and (28), it implies that

A B1Q(6,9) A C10(0,9) A
D(Gl(u, Z)), 0) < (blﬁl + m D(M, 0) + Clﬁz + m D(U, 0) +e1. (29)
By similar estimation, we also get
A B2Q(GI LI) A C2Q(9/ Q) A
D(Gz(u, ’0), 0) < (bZ,Bl + m D(M, 0) + C2‘B2 + m D(U, 0) + e5. (30)
The inequalities (29), (30) can be put under the vectorial form
D(G1(u,v),0) D(u,0)| | [ex
[D(G2<u, 0),0)] 5% M| Do, 0)| ez G
where
bifr cp2 Béo%(e-',q)) c;g%(e_,z)
M9=M0+MQ=[ + | A ez, (32)
bapr cofp| | 2000 G000
On another hand, from (24) we deduce that
D(Hl (Ll, U), (:)) <i» D(Hl (1/[, v)/ Hl (Q/ (:))) D(Hl (Q/ Q)/ Q) <o M D(ul (:)) (33)
D(H(u,v),0)| ™% | D(Ha(u, v), H2(0,0))| " | D(H(0,0),0)| ~* ™ | D(v,0)

for each (1, v) € C(J, Ec) X C(Joo, E¢)-

Put B = {(1,7) € C(Joo, Ec) X C(Joo, Ec) | D(1,0) < Ry; D(v,0) < Ry}, with Ry > 0, R, > 0. According to
estimations (31) and (33), the condition G(B) + H(B) C B is guaranteed by inequality (M@ + Ml)R +E <
R, R = [Ry Ry]", which is equivalent to

E< (1 — Mg — Ml)R. (34)

Since Mg+M; = Mo+Mg+My, p(Mo+M;) < 1and the entries of M are small as desired for large enough
0 > 0, we can choose 0 such that p(My + M;) < 1. According to property of matrix with spectral radius

less than 1, the inequality (34) is equivalent to R > (I — Mg — Ml) 1E. This leads to there exist Ry, R, > 0 for
which the inwardness condition G(B) + H(B) C B is satisfied. Applying Krasnoselskii’s fixed point theorem
in Section 2, we receive the existence of at least one fixed point of operator T in B, i.e nonlocal problem (1)
- (2) has at least one (i) - mild fuzzy solution.

In addition, based on analogous arguments used in the proof of Lemma 5.2 in [22], we can check
that (C(Jw, Eo), p) is a generalized semi-linear Banach space. Thus, if hypothesis (H4) holds, the operator
Ty : Ceo, Ee) X CJo, Ec) = CJoo, Ec) X C(J o, E) is well-defined, where X, Y : C(Jo, Ec) = C(J, E.) are
defined in (17). By applying analogous argument, the existence of (ii) - mild fuzzy solution of nonlocal
problem is also attained. [

3.5. The behavior of fuzzy solutions

In this subsection, assume that all hypotheses of Theorem 3.10 are fulfilled, that guarantees the global
existence of at least one mild fuzzy solution in type (i) (or type (ii)).

T
Let Or: = [O 0] and pg be a vector-valued metric defined by

ot 70 =[G 50



N.T.K. Son, N.P. Dong / Filomat 33:12 (2019), 3795-3822 3808

where w(t) = [x(t) y(t)]T, w(t) = [E(t) y(t)]T € E.XE.. Our main aim is about the boundedness, attractivity
and stability of mild fuzzy solutions in the sense of type (i) and (ii) on J» = [0, o).

Indeed, let us assume that z(t) = [u(t) o(®)]', () = [1(t) 3]  satisfying system (12) (or (13)). Then,
we have the following results

Theorem 3.11. If z and z are fuzzy solutions of the system (12) (or (13)) then the following limit holds
lim po(z(t), 2(t)) = Oge.

Proof. Assume that z(t) = [u(t) U(t)]T, zZ(t) = [ﬁ(t) E(t)]T are fuzzy solutions of system (12) (or (13)). Then,
for each t € [t,;, ), from the formula (19) and Hypothesis (H1), we have

doo(u(t), u(t)) 1 |deo(G1(, 0)(¢), G1(u, V)(F))
[dm(v(t),a(t))] Ske (I =M™ [dm(Gz(u, 0)(1), G2, 5)(0)] '

In addition, since x(u(t), v(t)) and y(u(t), v(t)) are defined by (7) (or (8)) and g; (i = 1,2) satisfy linearity
assumptions (H3), the following inequality holds

doo(G1 (1, 0)(1), G (3, D)(1)) < doo(Ga (1, 0)(8), 0) + oo (G (3, D)(¢), 0)
< (B1(doo(x(t), 0) + deo (x(t), 0)) + Cr(do(y(t), 0) + ds(F(t), 0)) + 2y ) 20~

(35)

Pat? Q(9,9)

tjn e20(t=n) — eOt=n)

Bit1 Q, q)) 2F,

£20(t-1) tZz eo(t-1) e20(t-n)

< 2B1R; ( ) + 2C1R2(

Since e729¢-" can be as small as desired as ¢ tends to +oo, it follows that
thm doo(Gl (M, ’l))(t), Gl (ﬁ/ 5)(l’)) =0.

Similarly, we also obtain tlim doo(Go (1, 0)(t), Go(u, v)(t)) = 0. Thus, tlim po(z(t),z(t)) = Orz. The proof is
complete. [

For simplicity, we can denote zero fuzzy-valued function 0 : R — E, t — 0(t) = 0, where 0 is zero fuzzy
number and denote ® = (0,0) € E. X E.. Then, we have

Theorem 3.12. The fuzzy solutions of system (12) (or (13)) converge to ®. Moreover, the behaviors of mild fuzzy
solutions in type (i) (or (ii)) of the nonlocal problem (1) - (2) are asymptotic to a set &y as t — +oo.

T
Proof. Assume that z(t) = [u(t) U(t)] is a fuzzy solution of the system (12) (or (13)), i.e., u(t), v(t) satisfy
system (19), we have

[doo(u(t), (:))] <, [doo(Gl(”r 0)(t), (:))] N [dw(Hl(”/ o)(t), (:))]
doo(v(t)/ 0) ~R doo(GZ(u/ U)(t)/ 0) doo(HZ(u/ U)(t), O)
For each t € [t,,, o), from (27), (60) we can choose 0 large enough such that

deo(G1 (1, 0)(¢), 0) < (B11Dy,, (1t,0) + C1p2Dy, (v, 0) + Eq ) 20

+(B1Q(6, 9)Dy, (1, 0) + C1Q(0, 9)Dy, (0, 0)) e~

< b1 Brdeo(u(t), 0) + c1f1de (v(t), 0) + E1e20¢—
%dm(u(t),f» ¥ %
< (blﬁl + %

deo(0(t), 0)

)doo(u(t), 0)

)doo(v(t), 0) + Eye~20¢-,
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By using similar arguments and applying Corollary 6.3, the following estimation holds for all > ¢,

N r B1Q(6,9) GiQ(6,9) A
[dm(u(t),O)] o [P Toenatn 2+ Wl [doo(u(t),O)]

A B,Q(0,9) C0(0,9) 0
doo(v(t)/ 0) _bZ,Bl + I'(qi—TeQ?"i) C2‘32 + WiTesg‘”) doo(v(t)r 0)
Lo e f|deo(u(d), 0) o~20(-1)
»bg Co oo(?](t) O)
r B1Q(0,9) G10(0.9) A
< bipr + Wizﬂq)n cifz + Wﬁgﬁ)n [doo(u(t), 0)]
»bzﬁl + 1"(q-:1)—89(;z’*’7) Czﬁz + r(q_:l)—eﬁ(/[z,,,” doo(v(t)/ 0)
N by c1||deo(u(t), 0) -20(-1)
b2 o] |deo(v(t), 0)
o doo(u(t), 0) —26(t—1)
—(M9+M1)[ oo( (t) 0) + e 1
~ bipr + Blo(Qz ?) c1fa + sz?(f”?) ~ Q(0,q) by
where My = et o], Q0,9) = and Mj = .
[ bapy + T oy + G | Fq+1) b
This inequality is equivalent to
deo(u(t),0 ~ "L E1| _opg—s ~ _20(—
[d Evgt; O;] < (I_ M, — Me) [Ej ¢7200) .= KA, o 20, (36)

—29(tm—

Since 0 < 1 < t,; and 6 > 0 can be chosen big enough, e " can be as small as we desired as ¢ tends to

+00, that implies tlim po(z(t), ©) = Oge.

On the other hand, since u(t), v(t) are continuous in closed interval [0, t,,], there exist positive real
numbers P;, P, such that

de(u(t),0) < P1,  de(o(t),0) < P> forall t € [0, ty]. (37)

Let w(t) = [x(t) y(t)]T be a mild fuzzy solution in type (i) (or (ii)) of the nonlocal problem (1) - (2). Then,
from Lemma 3.4, we have

[ (), 0)} 61k§1 Axdoo (?L]?)qu(tk),()) . [dm (?Lfau(t),ﬁ ]
Ay 0] ™2 § g (27 000,0)| L (£ 75,00,0
=
. akzm“lmf (tr = 8)T ' do (u(s), 0)ds f(t—s)q Yo (u(s), 0)ds
iy S f (e — 5)7'deo(0(s), 0)ds F(q f (t — 81w (0(s), 0)ds
L k=1 T(q)
- aktq —29(5—1])
&G S f (t =57 s
L akt q 1 —29(5 )
1L T+ f ¢- a

m #
m Praay L 61 f _ \q-1,-26(s—1)
ZF(q+1) [Pzﬂﬂk]+r(q) [92] oo

where Pj, P, are real numbers defined in (37) and M; g = [g;] defined in (36).
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In Lemma 6.10, if A = 20 is a big enough number such that 26¢,, > 1 then we immediately obtain

[ o (x(1), (A))} - - [P1] + ]\ﬂ [629””) 4 p20(t-n-1) (1 _ l)]
dea(y(8),0)] 5% L T( q+1) T(q) | 20 7 20
ot P1| | Mg [ 20¢-p-n (1 1
s ) (q+1>M[ ]’LTq)[%” g 20
< . [Pl] 201 My 9 N (1 B i) Mg o~ 200-1-1).
(q +1) 260 T(q) oM

3810

(38)

Because the first term in the right hand side of (38) is a constant vector while the second term tends
to zero vector when t — oo, we imply that there exists a set & C E X E such that mild fuzzy solution

w(t) = [x(t) y(t)]T of nonlocal problem (1) - (2) is asymptotic to &y as t — oo. The proof is complete. [

Theorem 3.13. All mild fuzzy solutions of nonlocal problem (1) - (2) are bounded.

Proof. When j = 1, suppose that (¥, y) € C(Jw, Ec) X C(Jo, E.) is a mild fuzzy solution in type (i) of nonlocal

problem (1) - (2). Then,

N a f Ao RL 74 u(tk),f) RL 79 0

[jm(xx),g)] = (P 0. ) +[doo(;LIg+u(t),(A))]

0] ™17 § ad (17 000,0)| 1 (F75,20).0)
k=1 -

< o (1(t), 0) doo(u(t),0)
R ;‘M I, (d (o(ty), 0)) +U, (dm(v(t), 0))’

where M; (k = 1,m) are defined in Remark 3.7. Then, inequality (39) is equivalent to

w(x(1),0) S P P
[m(y(t) 0)] Z I, (Pl) o, (Pl)

#
P||T(g+1) St
where P1, P, are real numbers defined in (37). It follows

_Dtm (x, 0)
»Dtm (y’ O)

For t € [t,,, ), from the proof of Theorem 3.12, we have

[ (u(t),0) T E1| 20— ._
_dw(v(t),f»] S]RZM[Ez]e =

Thus, inequality (39) becomes
A q
dos (x(1), 0) i P1 t
[dm@/(t), 0]~ ZMk MG+ |P] " Tar D"
Dividing both sides by ¢?*~" and taking supremum w.r.t f € [t,,, ), we obtain

Dy, (x,0) tZ, q’ _
[Dtm (v, 0)] SR ZMk [Pz] 0= (g + 1) eeqe—ﬂnr(q + 1)”7 1= S

] Sre S1.

(39)
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Therefore, we have po((x, y), (0,0)) SR, max{Si, Sy}, which implies the boundedness of mild fuzzy solu-
tions in type (i) of nonlocal problem (1) - (2).

When j = 2, (x(t), y(t)) is defined by (8). Thanks to Lemma 2.2 in [22], the inequality (39) still holds.
Therefore, by repeating arguments of the case when j = 1, we also receive the boundedness of mild fuzzy
solution in type (ii). Hence, the proof is complete. [

3.6. Ulam-Hyers stability of nonlocal problem
In this subsection, we will develop the Ulam - Hyers stable for differential systems in [9] to the problem

1) -©).
Theorem 3.14. Assume that following hypotheses hold
1. gi (i = 1,2) are continuous functions satisfying hypothesis (H2);
2. h; (i = 1,2) satisfy hypothesis (H1) and h;(t,0,0) = 0, where 0 is zero fuzzy number;
3. The spectral radius of the matrix My + M is less than 1.
Then nonlocal problem (1) — (2) is Ulam - Hyers stable in type (i), i.e there exists a matrix M € Matyo(R,) such
that for each €1, €, > 0 and (%, §j) € %”f(]oo,Ec) X %f(]m,Ec),for which
doo (S DIE(M), 1, 2(1), 5(1) + I (t, G, DI%(1), G, DT(1) < 1
deo (gHD;? §(t), g2(t, X(t), §(1)) + ha(t, gHz)‘]? x(t), ;Hﬂj y(t))) <e

x(0) + X ax(te) = X arx(te) (40)
ke ke

y(0)+ X ay(t) = X ary(t)
keQq keQ,

there exists a mild fuzzy solution in type (i) (x, y) of nonlocal problem (1)-(2) satisfying

In addition, if hypotheses (17) - (18) are fulfilled then the Ulam - Hyers stable in type (ii) of nonlocal problem (1)-(2)
are also attained.
Proof. For simplicity in presentation, denote M = (I = Mi)™' and M; | = (I - My1)™'M,.

We recall that (%, 7) € %].q (Joo, Ec) X (5;7( Joo, Ec) (j = 1, 2) is a mild fuzzy solution of differential inequations
system (40) (see Definition 4.4 in [24]) if for each t € ., there exist ®;(t), P,(t) € C(J, E.) such that

o [deo(@1(t), 0) €1
@ [dm(qbz(t), 0)] Sre [ez]
(ii) and

{gHZ)jfc(t) = g1(t, %(t), (1)) + h(t, ‘;Hz)‘]?x(t), ;HZ)‘]? §(t)) + D1 (t)

i=1,2. 41
D) = g2(t, %(1), () + ha(t, S DI, 0y DIF(E) + Da(t) J “h

For j = 1, applying transformation i(t) = gCHZ)?JZ(t), o(t) = gHZ)Llf

the proof of Lemma 3.4, we obtain that if the pair (%(t), 7j(t)) satisfies nonlocal conditions (2), then it is a
solution of the following fuzzy integral system

7(t) and using analogous arguments in

{f(t) = Ay(@) + RLTO a(t) = F ()
for t € Jo. (42)

(t) = A1(0) + RL.T o(t) = F1[o](H)
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Thus, we can transform (41) into the following form
u(t) = gi(t, ﬁ[ﬁ](t),fﬁ[ﬁl(t)) +hi(t, a(t), o(t)) + O1(t) (43)
o(t) = g2(t, F1[a](1), F1[01(F)) + ha(t, (), 0(F)) + Do ()

In addition, when (%,7) € C(Jwo, Ec) X C(Jw, Ec) is a fuzzy solution of system (43), we can find out
(% 7) € C(Joo, E¢) X C(Joo, E;) from the formula (42). It leads to the definition of mild fuzzy solution in type
(i) of differential inequations system (40).

Indeed, assume that (%,7) € C(Jo, E;) X C(Joo, Ec) is a mild fuzzy solution in type (i) of differential
inequations system (40). Since 7i(t), 9(t) satisfy system (43) and g;, h; (i = 1,2) satisfy the global Lipschitz
assumptions (H1), (H2), one gets

[dm(u(t), a(t))] <o M, [dm(x(t), fc(t))] M [dm(u(t), ﬁ(t))] N [el] .

deo(v(t), 0(t)) deo(y(t), (1)) deo(0(t), 0(t))
It follows

doo(u(t), 7(t)) . |doo(x(t), X(t)) . el

[doow(t),ﬁ(t))] swe Mg [dm@/(t), y(t))] M [ez] '

If (x,y) and (¥, #) are mild fuzzy solutions in type (i) of nonlocal problems (1) - (2) and (40) - (2) then we
have

[doo(xa), f(t))] < 'doo<x<t>,fffl[a1)] . [ d (x(t), F[a]) ]
oo (y(8), O] ¥ |deo(y(t), FlDD)] T |deo@(), F110])
- ’dm@[u],?ﬁ[a])]

K |dw(Falo), Fal2)

[doo(A1 (1), A1(@)] | [deo(R- L0, u(®), FT 7. 1(E)
deo(A1(0), A1(2) | (RLJ8+U(t),§Lf ! -0(t))

Y oo (), A(t)) oo (u(8), (1))
ke ;Mk“‘f 0 [d (o(t), v(t:))] s [dm@(t), ﬁ(t))] 4

Case 1: For t € [0, t,,,], the estimation (44) becomes
o (X(2), X(2)) R [ [As L EED] L e
[ oo(y(t),y(t)]N]Rz ZM To- ( “’[d (y(t), y(tk))]+M1 [62})
RL o | doo(x(t), X(2)) . €1
o (MM [dmw(t), g(t))] M, [62])

q
S e s RLpd D, (x, )
SR ZMk My an | *Mis Lo Dy, (y, 9)

k=1 T(g+D)
€‘1tm o
+ M, Ta@+D | o prt RLIq Dy, (x, %)
caty, 0" \Ds,, (v, %)
T(g+1)

Taking supremum the left side when t € [0, {,,], we obtain

D ( ~) m Dtm (xrf)t;]n m €1 tz;

tm X, X * EVi * T(g+1) * A * T(g+1)

0] e o+ 5, o o« o 5.
m 4 k=1

T(g+1) k=1 T(g+1)
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Put

-1
q
tn

I'g+1)

L=

* - AT * tljﬂ
M1+;MkM1],N1—[I oM T(q+1)Z

Dtm(]// ]/)

Case 2. For t € [t,,, +o0), by applying analogous estimations as Case 1, (44) becomes

Then, we obtain [Dt”‘ (x, Jf)] <gre N1Lq [E;] .

€1 tm

Dtm (xli)t?n
doo(x(t), X(t)) M | T@+D « | "I+
[dm (y(t)/ g(t) N]RZ Z M €2 tﬁ” Ml’U D’m (y’y)til

I(g+1) T(g+1)
€]i’q
oo (X(t t
o thq”]+M* g ([ O ),
T(g+1) 4

#
In addition, for 6 > g, we have max —- = Ll . Thus, dividing both sides by e?¢~"?, we get

[yoo) €9 e’
doo (x(£), %(1)) | o = 11 gm0 g
L<WQy@] e [2: MTe D Mﬁﬁmib

Dy, (x,%) tm ~
. e || T | e - |Q0,
+ {MM + Z MkMLa] [Dfm (9, ] e+ My, [Q(Q

k=1 T(g+1)

Then, we have
Dy, (0| _ [N 77 e b0 L € e D;, (x, %)
~ m ~ 2 M m ~
[Dtm(y,y)] R [;M MiTaTD T Miargen ||e) T QO Mis b, 4 p)

Y A N e
i v LO P Y MM, | LiNy |€2].

k=1

Put

. t?”efe(“m*’]) On— ’7‘7’1 1 o=0tm=n)

&= % € 1 * &= *
L= ; MM+ Migrgen + T (Ml,o + EleMl,o) LiN1.

N2 = (1-0@,9M;,) "

Then it follows

Dt (x/ f) €1
~ ~ 2 L .
[Dtn, (v, y)] Sre N2Lo [62]

D(x, %)

Let M = max{NiL1, N2L>}. Then, |D(% -

- Hyers stable in type (i).

Moreover, if all hypotheses (H1), (H2) and (H4) are satisfied, then by the setting di(t) =

3813

] <re M [2] , which implies that nonlocal problem (1) - (2) is Ulam

C L DIx(Y),

o(t) = C Z)qy(t) and by analogous arguments in the proof of Lemma 3.4, we have (%(t), 7(t)), satlsfymg
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nonlocal conditions (2), is a fuzzy solution of following integral system

{x(t) = Ax(it) © (-D)RET) () = Fala](t)
for t € Ju. (45)

(t) = Ay (0) © (-1)RLI] 6(t) = F2[0](H)

Then, system (41) can be transformed into following form

{a(t) = gu(t, Falal(e), Fal01(8) + In e, (), 8(1) + P (1) 6

0(t) = go(t, Folill(t), F2[01(1) + ha(t, (t), 6(t)) + Do)
Therefore, to find (¥, ), we only need to find out fuzzy solution (i, 9) of system (46). As a corollary, we
have (%, §j) € C(Jo, Ec) X C(Jo, E;), that implies the definition of mild fuzzy solution in type (i) of differential

inequations system (40). Then, by repeating analogous arguments as in Case j = 1, Ulam - Hyers stability
in type (ii) of nonlocal problem (1) - (2) is attained. [J

4. Example

To illustrate obtained results, consider following implicit fuzzy fractional differential system

1 Vn
DIt = ——K
" 4 V4f[+ i=1,2 (47)
FORGE \/_;‘HDZ x(t)

t € Joo = [0, ), with nonlocal conditions

{x(0)+x(112)— ‘/’;?x(fn)
y(O 24 \/_)y( ): n+1+my(4n)

where K is a triangular fuzzy number with its level sets [K]* = [a,2 — a], a € [0, 1].

(48)

By the transformation ;HZ);E x(t) = u(t), gCHZ);E y(t) = o(t), where x,y € ‘Kj.q( Joo, Ec) combined with nonlocal
conditions (48), we can represent x(t), y(t) in the form (49) w.r.t j = 1 and the form (50) w.r.t j = 2

t
x(t) = \/n +1 u(s) f u(s) \}_ ut(s_)S
(49)
i (\/E+1)\/7'c+1 ¥ u(s) o2t \3 o(s) 1 (" o)
yit)y=a + — —ds
2+/n /4n f /12 \n fo Vt-s
ol u) \/n +1 u(s) —1 ! us)
Hf) =~ \/EL i—s f ,477 \/t—s
(50)
12+ 3 v(s) \/_+ 1) Vn +1 v(s) -1 " o)
= dsle —=
v f f e ok [
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2 2
where q = L= .
- Vrn+1 5+42V3-n—-Vi2+m
In this example, we have g;(t, x(t), y(t)) = I \%K and g»(t, x(t), y(t)) = 0 are well-defined and continuous

functions on [0, +o0), which satisfy hypothesis (H2) with 611 = 021 = 022 = ﬁ, o1 = ‘/Tﬁ, and hq (¢, u(t), v(t))

0; ho(t, u(t),o(t)) = n‘/‘ﬁ?u(t) are functions satisfying hypothesis (H1) with respective coefficients El =

- _ 17 _1
€2 =15,b0= 1.
In addition, we obtain

1 1
v v v V2
B1= \/;:[1+a(1+nT+1)]; p2 = \/l:[l+a(2+ V3 + W#)]
r(s) r(3)
Then, the inequality

011P1 + b1 + 0pPo + T < min(2, 1 + (0111 + b1) (002 + C2) — (012P1 + b2)(02182 + T1)}

holds, which follows the spectral radius of the matrix M; + M is less than 1. Therefore, applying Theorem
3.8 guarantees the unique global existence of mild fuzzy solution in type (i) of the problem (47) - (48).
Assume that x(t), y(t), u(t), v(t) can be written in the following parameter forms

[x(H)]* = [x12(), 22D [yO]* = [Y12(8), Y2 (D)]; )
()] = [11a(0), 1a®];  [PO]* = [o1a(B), 02a®)]. ¢ €10

Then, system (47) can be rewritten as following interval FDEs

{[Mla(t),uza(t)] el 2-al, o [0:1] (51)

[010(5), 02a()] = —i=[t14(8) 12 (8)]

We now make this result precisely by giving concretely formulas of (i) - mild fuzzy solution of the problem.
Indeed, from the first equation of (49) and (51), we have

x (l’):% Vr+l fﬁ ds _flz ds ads
la L2 D vEryESs N VL 04\/Kr

_ aa | Nn+l ( ) n avt aE
= — arcsin -+ =Ciq +
4 [ 2 \2 T Va1 T o

%, (t) _ (-anp Vr+l f4n flz ds " t (2-a)ds
a 4 2 0 \/45Tw/ 0 mﬂlﬁ—s 0 4+4s+1Vt-s
_ (-a) | Vr+1 n Q-a)Vi _ (2—a) Vi
= [ 7 (5 - arcsin ) = § |+ 570 = Ca* S

Since v14(t) = % =7 J:f ;0a(t) = % = 4%?;‘&, then we receive

n+l+ \/n2+n T ow(s)ds _2+43 T3 01a(s)ds 1 [t va(e)ds
yla( ) = [ + -
](‘) 17_{ j(; ‘/ﬁ \f 0 t—s
Vr+l Vr _ dat A 4at

= R L 4+ dat__

4“”[ 8 441+ Va1 =Ca 4t+1+ Var+1
() = 7'(+1+ \/n2+n f4n Opa()ds  2+43 le V24(8)ds t vaa(s)ds
Y2a 0 Vi 0 Vis \F 0 Vi

_ Vr+l \f 42-a)t A 4(2-a)t
=42 -a) [ | T weva Co + 4t+1+ Vat+1
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Consider two fuzzy numbers %1, % given by their level sets as follows

741" = [Cua, Caul = § | 4572 (3 - arcsin /) - 2| KT,
(71" = [Cua, Caul = 4 Y51 - | ke

Then, by applying Stacking Theorem, mild solution in type (i) of the problem is given by

D=2+ vt K
{x( )= 2] Fe . (52)
yi) =%+ A1+ VAl

From (51), we have tlim po(z(t),®) = 0, z(t) = [u(t) U(t)]T. Moreover, it follows from (52) that w(t) =
[x(t) y(t)]T is asymptotic to set ¥y = [?/1 %Z]T as t tends to +oco0, and the unique (i) - mild fuzzy solution

T
w(t) = [x(t) y(t)] of the problem (47) - (48) is bounded.

In addition, the assumption about matrix having non-negative elements in Theorem 3.14 can be checked
by using computer algebra programs. The obtained matrix is shown below

M~ 0.14159 0.04922
~10.05786 0.14158|”
in which 7 = 107, 6 = 10° and Q(6, 3) ~ 0.48. Now, consider the following differential inequations system
C 3
4o (5,150, 125 2] )
Vi e |
o (§ D 910, =S, 05 0 2

we have that there exist fuzzy-valued functions ®;(t) = iKlel, D,(t) = }IK1€2, in which K; is a triangular
fuzzy number with level sets [K;]* = [2a,4 — 2a] and €1, €2 > 0, such that

n oo (D (t),O) €
® [d (cbl(t) 0)]4 1]

X(t) = i K+ 1K1€1

(if) i 4\’4? ) (54)
gHD; y( ) = HMEHDZXU’) + ZK1€2

By using analogous arguments, we imply that

x(b) = % + LK + 2 ¥k,

2 \/4t+ 2+m
Ez vt te ] o0
y(t) = + 4t+1+\/ﬁ Kl
is a mild fuzzy solution in type (i) of system (54) with nonlocal conditions (2) and it’s easy to check that
D (x x) 3 1
4 f t —_—
[D (v, )|~ l —] € ort <0, 771

1
= _10102 [Z] for t € [15,00).
Ve

D(x, %)

L9
Therefore, by choosing matrix M = [‘/8? 1 }, we immediately obtain [D (v, )

V3n
implies the problem is Ulam-Hyers stable in type (i).

<
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5. Conclusions

The main goals of this paper have been to investigate the global existence of (i) (or (ii)) - mild fuzzy
solutions of nonlocal problem for implicit fractional fuzzy differential systems under Caputo gH-fractional
derivatives for two cases: in first case, our problem satisfies Hypotheses (H1) - (H2) and the other satisfies
Hypotheses (H1) - (H3) . We have achieved these goals by using Perov’s fixed point theorem and an
extension of Krasnoselskii’s fixed point theorem (see Section 2). Under assumptions of the problem, we
have attained some results about qualitative properties of solutions, such as boundedness, decay, attractivity
and some new concepts of stability for fractional fuzzy differential system. The next step in our future
research is to investigate some controllability results for this problem.

6. Appendix

6.1. Some auxiliary lemmas

Lemma 6.1 ([25], Lemma 2.2.). If A is a square matrix that converges to zero and the elements of an other square
matrix B is small enough, then A + B also converges to zero.

Lemma 6.2. Assume that the hypothesis (H1) is satisfied. Then the following estimation
D(Hi (u,v), Hy(#,9)) < by D(u, W) + ©1D(v, D)
holds for all u,v,u,v € C(J, Ec).

Proof. Let (u,v), (1,0) € C(Joo, Ec) X C(Joo, E;) be arbitrary. Using the assumption (14), for ¢t € [0, t,], we
deduce that

deo(Hi (u, 0)(8), H1 (I, D)(1)) < brdeo (u(t), T(E)) + Trdeo (0(t), T(H)).
Then taking the supremum for f € [0, f,,] we obtain

Dy, (Hi(u,v), Hi(%,)) < biDy, (u, 1) + &1 Dy, (v,9) < biD(u, %) + 1 D(0, 7). (55)
For t € [t,, ), we have

deo(Hi (1, 0)(8), H1 (&, D)(1)) < brdeo(u(®), T(E)) + Trdeo (0(t), T(H))
Dividing both sides by ¢?“~" and taking supremum when ¢ € [t,,, o) we have :

Dy, (Hy(u,v), Hi (1, 9)) < 1Dy, (u, %) + 1Dy, (v,7) < byD(u, ) + & D(v,0). (56)
Combining (55), (56) one gets D(H;(u, v), H1(u,v)) < ElD(u, u)+c1D(v,v). O

Corollary 6.3. Under assumption that h;(t, 0,00=03G=1,2), by similar arquments as in Lemma 6.2, we have

doo(Hi (1, 0)(t), 0) b | [deou(t),0)] _ . [deo(u(t),0)
[doo(Hz( o)(0), 0)] K [Ez -Hdm@(t),f»]‘Ml [dww(t),fn] 57)

Remark 6.4. Forallt € [0,t,] (t, < 1), we have

u({13,00),0) = s f (t = s p(e)ds,0) < F() f (t = 5 ds(h(s), O)s

Dt 0
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Remark 6.5. Forall t € [t,, ), we have

R 1 [ _ .
Ao T3, (1), 0) < ) fo (t = 5 deo(p(s), O)ds

1 i ) ¢ A
- _ q—] _ q—l
Sr(cn(fo (¢ =) do(ple), s + f (t = 5" den(0(6), 0)ds)

1+ Yo 0(t-n)
< r(q + 1) tm + Dtm (¢’ O)Q(G/ q>€

Lemma 6.6. Assume that the hypothesis (H3) is satisfied. Then the following estimations

Dy, (G1(u,v),0) < b1p1Dy,,(,0) + c182D, (v, 0) + €1, (58)
Dy, (Gi(u,),0) < (Bip1Dy,, (1, 0) + C1B2Dy, (v, 0) + Ey ) 200~
+ (B1Q(0, 9)Dy,, (1, 0) + C1Q(6, 9)Dy, (v, 0)) e 20 (59)

hold for all u,v € C(J, Ec).

Proof. Without loss of generality, we suppose that x,y € %/(J«, E.) satisfy nonlocal condition (2) and
u,v € C(Jw, E;) are defined by setting (6). From (7) in Lemma 3.4 we have with ¢ € [0, ¢,,]

deo(x(t), 0) < deo(@ ) axfE 70 u(t), 0) + do(a ) ek 1], u(t), 0) + deo(F-25, u(t), O)

kE]z ke]l
Dt (1/[, O) - q
< == a agt! + 1
T'(g+1) [ ; k ]
A m
< Dtm (ul 0)

t:’;[a ag + 1]

“I'(g+1) e

= 1Dy, (1, 0).
Similarly, one gets dwo(y(t), 0) < 2Dy, (v, 0). Applying hypothesis (H3), we obtain
doo(Gl (M, Z])(t)/ 0) < bldoo(x(t)l O) + Cldoo(y(t)/ 0) te
< blﬂlDtm (u, 0) + ClﬁZDtm (U, 0) + eq.

By taking supremum, we receive the first estimation in (58). By doing same arguments for ¢ € [t;,, o0)
and using Remark 6.5, we have

deo(Gi (11, 0)(1), 0) < (Badeo(x(t), 0) + Caddeo(y(1), 0) + Eq) e 2~
< (B1piDy,, (1, 0) + C12Dy, (0, 0) + Ey ) 20
+ (B1Q(6,9)Dy, (1,0) + C1Q(6, q)Dy, (0, 0)) 1. (60)

Then dividing both sides of the inequality by ¢~ and taking supremum when ¢ € [t,, ©), we obtain
the inequality (59). O

Lemma 6.7. Assume that hypothesis (H2) is satisfied. Then the following estimations
D(Gi(l/l, U), Gi(a/ 5)) < Gil,BlD(u/ ﬁ) + (71‘2‘82D(v, 6)/ i= 1/ 2 (61)
hold for all (u,v), (u,9) € C(Jo, Ec) X C(Joo, E).
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Proof. Assume thatx, y € %f( Jeo, E¢) and satisfy the nonlocal condition (2) and u, v € C(J«, E;) are Caputo
gH - derivatives in type 1 of x, y, respectively. From Lemma 3.4, it implies that x, y satisfies the integral
forms (7). From G;(u, v)(t) = gi (t, x(u(t), v(t)), y(u(t), v(t))) and (H2), we imply that

oo (Gi(u, 0)(1),Gi(1, V)(F))
= deo (9i (t, x(u(t), v(t)), y(u(t), v(1)) , gi (t, x(u(t), (t)), y(u(t), v(t))))
< 01 [doo (x(u(t), o(t)), x(u(t), 0(1))) + 0ideo (y(u(t), o(t), y(u(t), o(t))]
< o [deo(Ar(w), A1 @) + deo (BT u(t), K10, 7(1)]
+ 012 [deo( A1 (0), A1) + deo (T 0(0), £ 15,5(0)) | (62)
Case 1. If ¢ € [0, t,;] then we have

doo(Ar (1), A1) < 0 ) ag doo(ST],u(t), BT T(1)) + 0 ) aicdeo 110, 1), RET3, (1)
ken keJy

=a ) edoo(F T8 utto), 1 I0. (1)
k

2
—_

1

a0 r(q)f (t = 9" dos(u(3), (5 s

=1

IA

< ﬁ kZ_;‘ aktZDtm (u, ﬂ),

and

doo (RT3, u(t), RLT0. (1)) <m f (t = 5)7" oo (u(5), 1(s) )ds

< F(q n 1)D (u u).
By doing the same arguments for the third and the forth terms in the right hand side of estimation (62),

we obtain

m

Z it + 19

doo(A1(0), A1) + deo (FH T 0(1), £ T3.5(1) < D,,(v,9).

1
F( +1)

Thus, the inequality (62) becomes

deo(Gilut, 0)(1), i, D(H) < T (q1+ 5 {[a Y ]+t

k=1

Dy, (u, ﬁ) +0p [ﬁi ﬁktz + 11

k=1

b, (o 5)} |
Then, by taking supremum for ¢ € [0, t,,], we obtain
D, (Gi(u,v), Gi(u,0)) < 0nf1Dy, (1, u) + 022Dy, (v, 1)
< oaf1D(u, u) + 0pf2D(v, u). (63)

Case 2. If t € [t,,, 00) then by using similar arguments, we also obtain

m

— a -
dOO(Al(u)/Al(u)) < r(q + 1) ; aktth”‘ (Ll, M),
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and
doo (" Tg.u®), £ T4, U(t)) < %q) f (t = 8)7 oo (u(s), 1(s))ds + f (t =) deo(u (),H(S))dS]
< %q) f ” (t — )T Dy, (u, w)ds + f (t — )T 1D, (u, u)ds]
%q) f (tw —s)"7IDy (u, u)ds + f (t —5)T 1D, (u, u)ds]
<z (qti 7DD + %Dtm (u, 0).

Then, the inequality (62) becomes

D, (u, 1) + "7 Q(6, q)D,, (u, M)}

m

ktq + tq

4 (G20, G D) < 55 {[aZakt‘utﬁn
1

Dy, (0,9) + 20 Q(0, 9)D, (v, v)l

(o)
F(q +1)

Dividing both sides by ¢~ and taking supremum when ¢ € [t,,, ), we obtain

Dy, (Gi(u,v), Gi(11,0)) < gil [[azaktq + 1| Dy, (u, 1) + Q(O,9)Dy,, (1, u)l
1

I'g+1)
m
[az At +

k=1

+

Dy, (v,9) + Q(6,9)Dy,, (v, 5)}

02
I'g+1)

[azakﬂ + 1, +Q(6,4)| D(u, )

k=1

F(q + 1)

1 aktq +t1,+Q(0,9)| D(v, ).

Hl\’ls

F(q + 1)

From Remark 6.9, we can choose a big enough number O such that ], + Q(6,9) < 1. Then, the above
estimation becomes

Dy, (Gi(u,v), Gi(11,0)) < oap1D(u, ) + 0;2f2D(v, ). (64)
Therefore, the inequality (61) can be implied directly from the estimations (63), (64). O

Lemma 6.8 ([24], Lemma 2.3). For all € > 0, the following estimation

t At 3 q
f(t—s)q_le"sds<e— 2( Cl ) +l( Cl )
0 q AT A\ )=

holds, where C > 0 does not depend on A, t € [0,00), g € (0, 1].
Remark 6.9. For C > 0 and q € (0, 1], the value of Q(A, q) tends to 0 as A — +oco.
Lemma 6.10. For q € (0,1] and A > q, the following estimation

At

e
=—Q(,
qQ( q)

t
f (t—9)Te™ds < Ji(A,q)
0

holds, where J(A, q) := % + e~ A1) (% _ % )



N.T.K. Son, N.P. Dong / Filomat 33:12 (2019), 3795-3822 3821

Proof. By changing variable s; = f — s, we have

t 1 t
1 - _ -1 -1
f si™e Mt=s)gs) < oM (f sT7eM1ds +f s eAS“dsl)
0 0 1
v ¢
<eM (eAf s’f dsy +f eA51dsl)
0 1

At (E_M + eMA - ‘7))

<
¢\ g

1 1 1
— —A(t-1) —
= te S -~ =19
O
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