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Abstract. In this paper we obtain an approximation of the block numerical range of bounded and
unbounded block operator matrices by projection methods.

1. Introduction

Let H be a Hilbert space and let B(H) denote the space of all bounded linear operators from H to H.
The spectra of linear operators play quite a relevant role in many branches of mathematics and in numerous
applications. The classical tool to enclosed the spectrum of a linear operator A € B(H) is the numerical
range (see [1, 2]). In [4, 7], the notion of quadratic numerical range was introduced and it may give a better
localization of the spectrum than the usual numerical range. In [5], the quadratic numerical range of a
(finite) block matrix was approximated by projection methods.

This concept was generalized to block numerical range in [8]. Using the refinement of the decomposition

of the space, it was shown that there exists a decreasing sequence of compact sets {Wk(A)}* ., such that

k=1
o(A) € Nieqg WE(A) (see [8]). A total decomposition of H and an estimable decomposition of H for o(A)
were introduced in [6]. By an estimable decomposition, one can approximate the spectrum of A by block

numerical ranges of A, i.e., there exist a decreasing sequence {IW¥ (A}, such that o(A) = Nirey WK(A). But,
the existence on the estimable decomposition is, in general, hard to obtain and numerical approximations
for the spectra may not be reliable, in particular, if the operator is not self-adjoint or normal. This paper
arose from an attempt to gain a better understanding of the block numerical range. In contrast with the
quadratic numerical range, we consider how to compute W"(A) by projection methods, which reduce the
problem to that of computing the block numerical range of a (finite) block matrix. When A is unbounded,
we do assume either that A is diagonally dominant or off-diagonally dominant.

The organization of this paper is as follows: In section 2 we are going to introduce the related definition
and lemma. In section 3 we will give an approximation of the block numerical range of bounded block
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operator matrices. In section 4 we obtain the approximations of the block numerical range of unbounded
block operator matrices which are diagonally (off-diagonally) dominant.

2. Preliminaries

The following notion of block numerical range for the bounded block operator matrix is due to Tretter
and Wagenhofer [8].

LetH = Hy @ --- & H,, where Hi, ..., H, are Hilbert spaces. With respect to this decomposition, the
bounded linear operator A on H has a block operator matrix representation:

Ayn - A
A= i o1, 1)
Anl e Ann

where A;; € B(H;, H)),i,j=1,...,n.

Definition 2.1. Let S" := {(x1,...,xy) € Hi @ - ®H,, : ||x1ll = - -+ = |lxull = 1}. Forx = (x4, ..., x,) € S", define
the n x n matrix Ay as follows:

(Anxy,x1) -+ (ArnXa, x1)
Ay = : : . 2)
(Amxt,x0) oo+ (AunXn, Xn)

Let
W'A) :={AeC:Aea(A,),xeS"}

be block numerical range of the block operator matrix A, which is defined by (1).

Remark 2.2. For n = 1, the block numerical range is just the usual numerical range, for n = 2, it is the quadratic
numerical range.

In the following Lemma we state some properties for block numerical range of the bounded block
operator matrix. (For details see [7, 8].)

Lemma 2.3. Let A as in (1) be a block operator matrix on H. Then
(1) 0,(A) € WH(A), where o,(A) is the point spectrum of A.
(2) o(A) € W(A), where o(A) is the spectrum of A.
(3) WHA) € W(A).
HW'A)={A: A€ W"(A)}. _
(5) WH(A) € W(A), where Hy @ - - - & H; is a refinement (see [7], Definition 1.11.12) of H1 & - - - & H,,.

3. Convergence Theorems for Bounded Operator

Theorem 3.1 (For bounded operator). Let

A - Aw
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be a bounded operator in H = Hy &---&@H,. Fori=1,...,n, let (U, );°_ be nested families of space in H;, given by
Ulicl = span{at, . .. ,a;ﬂ_ ), where () is orthnormal. Let N, := {1,2,3, - -}, and multi-indexk := (ky, ..., k,) € N%.
Consider

Aty Akgxk,
Ak = . t. . . , (3)

Aps = Ak,
where (Ax,xk,)st = (qua'z,af),s =1,....k;t=1,....k;p,q=1,...,n. Then W'(Ar) € W'(A).

Proof. Let A € W"(Ay), there then exists 8 := (81, ..., Bn)', where f; € Ck, with lIBill =1,i=1,...,n, such that
A is an eignvalue of

(A fr,B1) -+ (Axyxk, B P1)

(Ar)p = : .- : 4)
Ak f1,Bn) -+ (Akyxk,Brs Br)
Define isometries n;q : Ulil — Ch, by nii(ﬁgai + 4 ﬁ;a;‘q) =B, .,ﬁ;{l)t =B, fori=1,...,n.
Choose x = (x1,...,%,)!, where x; € u,, such that () = Bi, llxill = 1, fori =1,...,n. By a simple

calculation, it then follows that (Ay)s = A,. Hence A € W'(A). O

Lemma 3.2. Let (Ll}i{_);f:1 and Ay be as in Theorem 3.1. Suppose that7<\,k e N} and/k\z k, in the sense that,E > ki,
foralli=1,...,n. Then W'(Ax) € W"(Aq).

Proof. This result is an immediate consequence of the fact that Ckiisa subspace of C?" f0r7<; >k,i=1,...,n.
In detail: suppose k; > k;, fori =1,...,n, and also A € W"(Ay). There then exists  := (B1,...,B,), where
Bi € Cki, with IBill = 1,i = 1,...,n, such that in the notation of (4), A is an eigenvalue of (Ay)g. For all
i=1,...,n, choose E, € Ch by setting E =(B,...,B,,0,...,0)". By a simple calculation, it then follows that

W"(Ax)p = WH(A%)E’ where E= (fi\l, ... ,,’B\n)t, and hence A € W'(A). O

Remark 3.3. In the proof of Theorem 3.1 and Lemma 3.2, the boundedness of operators is less important than one
might expect. In fact, the same results also hold, if A is an unbounded operator in H = H, & --- & H,,, and let
(Ulii)l‘zj’zl be nested families of space in D; := ﬂ;’zl D, where Dj; is the domain of Aj;, fori, j=1,...,n.

Roughly speaking, the proof of Theorem 3.1 and Lemma 3.2 also yield for unbounded operators.

Theorem 3.4. Let A, Ay and (uli-)ile be as in Theorem 3.1. Suppose that (a;;),‘j’:l is orthnormal basis of H;, for
i=1,...,n Then

U wran= [ weanw) = Wi,

n
keN; m"€IN'L

where m" := (m,...,m) € NI.

Proof. By Lemma 3.2, it is immediate that

U wraanc [ wiam),

keN m"eN’

where m := max{ky, ..., k,}. To see the other inclusion, consider m := min{kj, ..., k,}. And hence proves that

U Wr(Ay) = U WH( A

keIN% m"eN'}
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To complete this proof, it therefore now remains to prove that W"(A) € Uen: W™ (Ax).
Let A € W"(A). There then exists x € 5", such that A is an eigenvalue of A, as defined in (2). Since (a;;),‘:‘;l

is orthnormal basis of H;,i = 1,..., n, there exists a sequence (x});°, with each x; € span{a), ..., al } for some
k; > 0, such that ||x' — xf{ll — 0, and ||A ﬁxi - Aﬁxf(ll — 0, as k — oo, where x' denotes the i-th component of

xand j =1,...,n. Letx; = (xi, ... ,xl’j)t, by a simple calculation, we then obtain that ||[A,, — All — 0, as
k — oo.
Fix x; as above. Let n;{_ : U;;_ — Ck be the isometries in the proof of Theorem 3.1. Define f3; € Cchi,i =

1,...,n,by Bi = m, (x})/|I] (x})]l. Consider the matrix

(Akyxkif1,B1) = (Akyxk, Brs P1)
M := : - :
(Ak,xk B, Bn) -+ (Ak,xk,Brs Br)

A simple calculation yields that M = A,,. Since || Ay, —Al| = 0ask — oo, this entails that ||M—A,|| = 0, as
k — co. Obviously, the eigenvalues of My are elements of W"(Ay), where k := (ki, ..., k,) € IN};. There hence

exists Ay € W"(Ay) such that Ay — A, as k — oo. It then follows from Lemma 3.2 that A € Uen: W"(Ax). O

4. Convergence Theorems for Unbounded Operator
For a unbounded linear operator A in H which admits a so-called block operator matrix representation:

An - An
Anl e Ann

where Ajj : ‘H; — H;, is closable operators with dense domains D;; € Hj, fori,j = 1,...,n. We always
suppose that A with its natural domain D(A) := D1 & --- & D, where D; := Nty D;; € H;, is also densely
defined fori,j=1,...,n.

Remark 4.1. It should be noted that, unlike bounded operators, unbounded linear operators, in general, do not admit
a matrix representation (5), with respect to a given decomposition H = H; & - -- & H,,.

Definition 4.2. The block operator matrix A in (5) is called
(1) diagonally dominant if A;j is Aji-bounded (see [7], Definition 2.1.2),
(2) off-diagonally dominant if A;; is Ani1-j-bounded, wherei,j=1,...,n.

The definition of the block numerical range for bounded linear operators (see [7], Definition 1.11.12)
generalizes as follows to unbounded block operator matrices A of the form (1) with dense domain D(A).

Definition 4.3. Let S" := {(x1,...,%,) € D1 @ ® Dy, : |[x1]| = - -+ = ||xull = 1}. For x = (x4, ..., x,) € S", define
the n X n matrix Ay as follows:

(Anxy,x1) oo (AXn, x1)
Ay = : . :
(Amxi,xn) - (A, Xn)
Let
W'(A):={AeC:Aeg(A)xeS")
be block numerical range of the unbounded block operator matrix A, which is defined by (5).
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Remark 4.4. For n = 1, the block numerical range is just the usual numerical range, for n = 2, it is the quadratic
numerical range, as the bounded case.

The following result shows some important properties of the block numerical range of the unbounded
block operator matrix.

Proposition 4.5. For an unbounded block operator matrix A, we have
(1) 0,(A) € WH(A), where o,(A) is the point spectrum of A.
(2) W'(A) € W(A). . .
(3) Wi(A) C W'(A), where Dy & - - & Dy is a refinement (see [7], Definition 1.11.12) of D1 & - & Dy,.

Proof. The proofs are completely analogous to the proofs of the bounded case (see [7]) if we take x =
(x1, ..., x,) €S O

In the following result we describe a property of convergence for unbounded operator.
Theorem 4.6 (For unbounded operator). Let
All e Aln
A=| 1
A - Am
be an unbounded operator in H = Hy & --- & H,. Fori=1,...,n, let (U} );°_, be nested families of space in D,
given by Ul := span{at, ..., al }, where (at)%  is orthnormal. And Ay denotes as in Theorem 3.1. Suppose that
A is diagonally dominant, and (l,l,’;’_),‘(’l‘v’=1 is a core (see [3],Section I11.3) of Aii,i = 1,...,n. Then Ukew Wr(Ag) =
Unrens WH(An) = W(A), where m" := (m, ..., m) € NJ.

Proof. Since (U;;i)]‘:zl is a core of Aj;, for i = 1,...,n, there exists a sequence (x;;)]‘z"zl, with each x;{ €
span{ali,...,a;;i} for some k; > 0, such that ||lx' — xi|| — 0, and [|Azx' — Ai,-x;;ll — 0. Because Aj is Aj-
bounded for j =1,...,n, we have [|Ax' — Ajixi |l = 0, as k — oo. The rest of proof is completely analogous
to the proof of Theorem 3.4. [

Remark 4.7. The same result holds if A is off-diagonally dominant with (U, )Y, being a core of A1, for
i=1,...,n

Remark 4.8. Note that, the result of Theorem 2.3 in [5], is the n = 2 case of Theorem 4.6.
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