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Abstract. Using the convolution of harmonic functions, we introduce a generalization for a previously
defined class of right half-strip harmonic mappings and determine sharp radii of univalence, full convexity
and starlikeness for such functions.

1. Introduction

Let H be the class of all complex-valued harmonic functions f in the unitdisk D = {z : |z| < 1} normalized
by f(0) = f2(0) — 1 = 0. It is well known [2] that each f € H can be decomposed as f = h + g, where 1 and g
are analytic in ID such that

hz) =z + Zanz” and g(z) = 2 bz (Iby] < 1). 1)

n=2 n=1

The Jacobian of f = h + g is given by J¢(z) = I’ (z)” — |¢’ (z)|*. According to Lewy's Theorem [11], f is locally
univalent in D if and only if J¢(z) # 0 for any z € ID.

It is also known (see [2]) that necessary and sufficient condition for the harmonic function f = i+ g to be
sense preserving and locally univalent in ID is that the Jacobian J¢ is positive in ID. Denote by Sy the class
of univalent and orientation-preserving functions f € H. We note thatif f =h+7 € Sy and g(z) =0in D,
then f = h € S, where S denotes the well-known class of normalized univalent analytic functions in ID.
Also let Ky, (K), S;;, (8) and Ch, (C) be the subclass of Sy, (S) consisting of mapping ID onto convex,
starlike and close-to-convex domains, respectively. Denoted by K7, S}, CY and S}, the class consisting of
those functions f in Ky, S};, Cy and Sy respectively, for which f£(0) = by = 0.

A harmonic mapping f of D is said to be fully convex of order @, 0 < a < 1, if it maps every circle |z| = r < 1
in a one-to-one manner onto a convex curve satisfying

J J i0
%(arg(%f(re )))>a, 0<0<2n,0<r<l
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If « = 0, then f is said to be fully convex.

Similarly, a harmonic mapping f of ID with f(0) = 0 is said to be fully starlike of order a, 0 < a < 1, if it
maps every circle |z| = 7 < 1in a one-to-one manner onto a curve that bounds a domain starlike with respect
to the origin satisfying

%(arg(f(reie))) >a,0<0<2m,0<r<1.

If « = 0, then f is said to be fully starlike.
Let F Kn(a) and ¥ S*1(a) denote the subclass of Ky consisting of fully convex functions of order « and the
subclass of S, consisting of fully starlike functions of order a, respectively.

For f(z) = z + X,,.,a,2" € S, de Branges [1] obtained the sharp coefficient bound that |a,| < n, n > 2.
But this coefficient bound is not sufficient for f to be univalent. For example, f(z) = z + 222 is clearly not a
member of S.

We remark that several subclasses of S possess a similar coefficient bound. For instance, the nth coefficients
of starlike analytic functions, convex analytic functions in the direction of imaginary axis, and close-to-
convex functions satisfy |a,| < n(n > 2) (see [14-15]).

Other examples include functions which are convex, starlike of order & = 1/2, and starlike with respect to
symmetric points. The nth coefficients of these analytic functions satisfy |a,| < 1 (n > 2), see [16]. Also we
note that a normalized analytic function f with Ref’(z) > 0 satisfies |a,| < % forn > 2.

Simple examples show that these bounds are not sufficient to characterize the geometric properties of the
classes of functions. The problem of determining sharp radius of univalence, or starlikeness of subclasses
of analytic or harmonic functions have been investigated by many authors (see [6-8-9-10-16-17]) .

Gavrilov [6] showed that the radius of univalence of normalized analytic functions f satisfying |a,| <
n(n > 2) is the real root ry ~ 0.164 of the equation 2(1 — r)* — (1 + r) = 0, and the result is sharp for
f(2) = 2z — = Gavrilov also proved that the radius of univalence of functions f satisfying the coefficient

bound |a,| < M(n > 2)is 1 — /7. The condition |a,| < M clearly holds for functions f € A satisfying

|f(z)] < M, and for these functions, Landau [12] proved that the radius of univalence is M — VM? — 1. In
fact, Yamashita [17] showed that the radius of of univalence obtained by Gavrilov [6] is also the radius of
of starlikeness for functions f satisfying |a,| < n or |a,| < M. Additionally, Yamashita [17] determined that
the radius of convexity for functions f € A satisfying |a,| < n is the real root ry ~ 0.090 of the equation
2(1 —r)* = (1 + 4r + r?) = 0, while the radius of convexity for functions f € A satisfying |a,| < M is the real
root (M +1)(1 —7)> = M(1 +7) = 0.

Recently, Kalaj et al. [9] obtained the radii of univalence, starlikeness, and convexity for harmonic map-
pings satisfying certain coefficient inequalities. Also Long and Huang [10] obtained the radii of univalence,
starlikeness, and convexity for the convolution and convex combination harmonic mappings satisfying
certain coefficient inequalities.

The following lammas give sufficient conditions for functions f € H to be in the classes ¥ Kpn(a) and
F S*'u(a), respectively.

Lemma 1.1. ([7]). Let f = h + g, where h and g are given by (1). Furthermore, let

wn—a 0071+C¥
+ byl <1
;1_a|an| Y Tl <

n=1

and 0 < a < 1. Then f is harmonic univalent in D, and f € FSy(a).

Lemma 1.2. ([8]). Let f = h + g, where h and g are given by (1). Furthermore, let

) )

Z n(n—oz)lan| +Z n(n+0¢)|bnI <1

1-«a 1-a
n=2 n=1

and 0 < a < 1. Then f is harmonic univalent in D, and f € ¥ Ku(a).
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The convolution of two harmonic functions

flz) = h(z)+gz) Z+Zanz +Zb,,z

and

F(z) =H(z) + G(z) ==z + ZAnz" + Z B,z".
n=2 n=1
is defined as

(f*F)) = (h= H)) + 7+ G)(2) = Z+Za,, 2" +Zb B,z2".

There have been some results about harmonic convolution, (see [2-3-5]). The harmonic convolution f * F
of two harmonic functions f and F may not preserve the properties of f or F, such as convexity or even
univalence.

In 1984, Clunie and Sheil-Small [2] introduced what is now the well-known shear construction for pro-
ducing a planar harmonic mapping on ID. One interesting example is the harmonic right half-plane
mapping Ly : D + C defined as

I(z) + zI'(z) N I(z) — zI'(z)

Lo(z) = > > ,

where I(z) = z/(1 - z). Note that Ly is often considered the harmonic counterpart to the normalized analytic
half-plane mapping I. Recently Muir [13] introduced a family of right half- strip harmonic mapping and
investigate convolution preserving properties for this family. Motivated by her work we consider the
generalized half-plane mappings L. : ID +— C defined as

Lo(z) = I+ C)ZI’(Z);' (1-0I(z) . 1+ c)zI’(z)z— (1- C)I(Z), o

whereze€Dand 0 < c¢ < 1. For

f@)=z+ i a,z", g9(z) = i b,z"
n=2 n=2

define

Le[f,91(z) = Le(2) * h(2), ©)
where h(z) = f(z) + g(z) We note that

Llf.gle) ==+ Z (%)anz” + Z (W) b,
n=2

n=2

For simplification we set L[ f, g1(z) = z + Y.;) Auz" + Y.pey Buz" = H(z) + G(z), where

An:(%)an ind Bn=(W)bn.
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In this paper analogous to the works of Kalaj and et al. [9] and Long and et al. [10] we obtain the radii of
univalence, full convexity, and starlikeness of order a, for the L.[f, g].

To prove our theorems in the next few sections, we shall need the following identities.

[

Zrn ‘= an T (- r)2' anrn_l - (111-:)3’

n=1 n=1
- o 1+4r+12 4 A+nA+10r+7?)
3,n-1 _ 1
= , = . 4
Z”’ At Z a-rp 4)
n=1 =1

2. Radius constants concerning |a,| < n, |b,| <n
Theorem 2.1. Let f(z) =z + Y, 542" , §(2) = Y pp byz" with
laul <n, byl <n ()

forn > 2. Then for L.[f,g], @ €[0,1), c€[0,1),

(1) the radius of full starlikeness of order « is rs, where 15 = r5(av, ¢) is the unique real root of the equation
A+ +4r+77) -1 -cal -r? =[2(1 - a) +c(1 + @)1 - 1) 6)

in the interval (0, 1).
(2) The radius of univalence is r,, where r, is the unique real root of the equation

A+0)A+4r+)=Q2+c)1 -7 (7)

in the interval (0, 1).
Furthermore, all the results are sharp.

Proof. Forr € (0,1) with r < r,, it is sufficient to show that L [f,, g,] € ¥ Sy(a) in D, where

Lf(r2),
Llfr, 9:1(2) = M

. i ((1 + c>n2+ (1- c))anrn_lzn . i ((1 + c)nz— (1- c)) bz,

n=2 n=2

Consider the sum

zi’;: . n—1+Z§li‘a

n=2 n=2

n-1

n

According to Lemma 1.1, it is enough to show that S < 1. By putting the values of |A,| and |B,| in the last
equation we show that

;I—a((1+c)n+(1—c))nrn_1 Ly nta ((1+c)n—(1—6))nrn_1 <1
n=2 a n=2

2 — 1 - 2
Using the identities (4), the last inequality reduces to
P(r,c,a) = (1 + o)1 +4r+7r*) — (1 —c)a(l —1)* = [2(1 — a) + c(1 + a)](1 - r)* < 0.
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We note that P(0,c,a) = —(1 — a) < 0and P(1,c,a) = 6(1 + ¢) > 0, and so intermediate value theorem shows
that the equation (6) has a root in the interval (0, 1). It is easy to check that P(r,c, «) is increasing as a
function of r. Thus, L.[f;, g,] € F Sy(a) for r < r5, where 1, is the unique real root of (6). Also, taking a =0,
equation (6) reduces to (7). Thus by Lemma 1.1, we obtain that L.[f, g] is harmonic univalent in |z] < 7y,
where 1, = 14(0, ¢).

To prove sharpness, we take

fo(z) =2z — and go(z) =z

_z -z
(1 -2z 1-27

Then L[ fo, g01(z) = Ho(z) + m, where

Hy(2) = (1 -2|-c)(22_ ﬁljz;))“‘(l;c)(zz_ a _Zz)z)’

Go(a) = (126)(z— filfzfs))‘(l;)(z‘ a —Zz>2)'

Direct computation gives us

21 =8P + (12 -)r2 =2(5+c)r+1
(1-n?

_ (cr® —4er? + (6c — 1)r — 6 — 2)r

H(r) = and  Gj(r) = 1—rs

Considering equation (7), for r = r,,, we have
H{(r,) + Gj(ry) = 0.
Hence,

]Lc[fo,go](ru) = [H(I)(ru) + Gé)(ru)][H(,)(ru) - G(,)(ru)] =0.

Therefore, in view of Lewy’s Theorem, the function L[ fy, go] is not univalent in |z| < r if » > r,,. This shows
that r,, is sharp.
Furthermore,
rH{(r) + rGy(r)
Ho(r) = Go(r)
_(c+ 2t —4(c+2)rP + (5c+ 11)r? —4(2c + 3)r + 1
A-r*(2-0r2-22-cr+1)

2 gLl fo, ~gul(re) =

At the same time, from equation (6), we have

(c+2r* —4(c+2)r* + (5c+ 11)r> = 4(c+3)r + 1

*= A—r2(2-0r —20-or+1) ' ®)

Thus it follows from (8), (9) and for r = r5(c, ¢)

J .
55 @9(Lelfo, ~gol(re)) = a.
This shows that bound r; is the best possible. [J

Theorem 2.2. Under the hypothesis of Theorem 2.1, L.[f, g] is fully convex of order « in |z| < ., where v, is the
unique root of the equation

A+0)A+rA+10r+7r*) =1 =c)ad+r1-r?=[21-a)+c1+a)]1 -7 (10)

in the interval (0, 1). Moreover, the result is sharp.
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Proof. For r € (0,1) with r < r,, it is sufficient to show that L.[f,, g,]1(z) € FKp(a) in ID. The proof of this
part of theorem is similar to the argument of the proof of Theorem 2.1 and so we omit details.
To prove sharpness, we take

foz) =2z and go(z) =z

__z -z
(1 -2z 1-27

Then L[ fy, 901(z) = Ho(z) + Go(z), where

Hy(z) = (1 ;C)(Zz— ?§1_+Z§;)+(1;C)(ZZ_ a _Zz)z)’

Go(z) = (1;)(2— ff_jz)‘(l;)(z_ (1 —Zz>2)'

Direct computation, gives us

d J o)\ _ Ho() + Gi(r) + r(H{ (r) + Gy (1))
50 (W’!]( Le[ fo, gol(re ))) = Hi(n) - Gy (11)
—(c+2)° +5(c+2)r* — (1lc+21)r* + (9 — o)r? — (16c + 21)r + 1
(1=7)2((c=2)r* + (=3c+6)r2 + (4c = 7)r + 1)

At the same time, from equation (10), we have

_ —(c+2)r° +5(c+2)r* = (11c + 21)r° + (9 — )r? — (16¢ + 21)r + 1
B (1 =72((c=2)r3+ (=3c+6)r2 + (4c — 7)r + 1)

(12)

Thus, from (11) and (12), we have

TR

This shows that the bound 7, given by equation (10) is sharp. [
By putting ¢ = 0 in the Theorems 2.1 and 2.2 we have the following corollary.

Corollary 2.3. Let fy = go + ho € Ky and g,h € S*. Then for F = go+ g +ho*h,
(1) the radius of full starlikeness of order « is rs, where 15 = rs(a) is the unique real root of the equation

A+4r+r)—al-r?=21-a)1-r?

in the interval (0, 1).
(2) The radius of univalence is r,, where r, is the unique real root of the equation

(1+4r+r)=201-r)"

in the interval (0, 1).
(3) The radius of full convexity of order « is 1., where r. = r.(«t) is the unique root of the equation

A+nNA+10r+) —a(l+r1 -1?=2(1-a)1 -7r)°

in the interval (0, 1).
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3. Radius constants concerning |a,| <M, [|b,| <M
Theorem 3.1. Let f(z) = z+ Yy an2" and g(z) = Y.oop by2", with
lanl <M, byl <M (13)
forn > 2. Then for L.[f,g], « €[0,1), c€[0,1), M >0,
(1) the radius of full starlikeness of order « is rs, where rs = rs(a, ¢, M) is the unique real root of the equation
M@+ )1 +7) - M1 -c)a(l -2 =[(M+ 1)1 - a) + Mc(1 +a)](1 -7)° (14)

in the interval (0,1).
(2) The radius of univalence is r,, where r, is the unique real root of the equation

(A+cM+1)7P =3((c+ DM+ 1> +(4c+ DM +3)r—1=0 (15)

in the interval (0, 1).
Furthermore, all the results are sharp.

Proof. The first part of the proof is similar to Theorem 2.1 and so we omit the details. To prove sharpness,
we take

2

fold) =z = M=

and go(z) = -M

1-z

Then Le[fo, 701(z) = Ho(z) + Go(2), where

Ho(z) = (%)(Z—Mz(zl(z_—z;))Jr(l;C)(Z—Mlz_zz),

2

z
1-z

1+c\, 22Q2-2) (l1-c
2 ) 1-27 +( 2

Then with a direct computation we have

Go(2) = —( )M

~-M+DP+3M+ 1D =B+ (c+3)M)r+1
(1-r)p3

—rM((r* =37 +3)c + 1)

Hy(r) = (1—rp

and  Gy(r) =

Considering equation (15), for r = r,,, we have
Hj(ry) + Gy(ry) = 0.
Hence,

]Lc[fo,go](ru) = [Hé(ru) + G(/)(ru)][H(’)(ru) - GE)(”H)] =0.

Therefore, in view of Lewy’s Theorem, the function L[ fy, go] is not univalent in |z| < r if » > r,,. This shows
that , is sharp.
Furthermore,

0 By rH{(r) — rGj(r)

59 @9(Lelfo, gol(re ) = o) + Gor).

=1+ e+ M) +3((c+ DM + 1)r? — 3+ 4(c + HM)r + 1
B A=A -0+@1-c)M)r)

(16)
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At the same time, we have

. ~(1+ (c+ DM +3((c+ DM+ 1) — (3 +4(c + Y)M)r + 1

(1-r21 -1+ 1-c)M)r) (17)

Thus it follows from (16) and (17) and for r = rs(a, c, M)

9 .
%(W{Z(Lc[forgo](f’eze))) = a.
This shows that bound 7; is the best possible. [

Theorem 3.2. Under the hypothesis of Theorem 3.1, L.[f, g] is fully convex of order a in |z| < r., where r. is the
unique root of the equation

MA@ +co)(1+4r+7) =M1 -a(l —r)* = [(M+1)(1 - @) + Mc(1 + @)](1 - 7)* (18)
in the interval (0, 1). Moreover, the result is sharp.

Proof. The proof of equation (18) is the same as proof of Theorem 3.1 and so we omit the details. Now to
prove sharpness, we take

2 2

and go(z) = —Mlz_z.

fo(z)zz—Mlz_Z

Then L[ fo, g01(z) = Ho(z) + m, where

- (5 (5 e

and
_(l+cy, Z2(2-2) (1-c z2
Col2) = _( 2 ) (1-2p +( 2 )Ml—z'
Direct computation, yields
P 0 o)\ Ho() + Gi(r) + r(H{ (r) + Gy (r))
20 (’1”!7(%Lc[fo,go](7’€ ))) = HI() - G(0)
1+ M(1+c) = M(1 + ¢)Lrz2

a2y
1+M(1 - o7k

(19)

At the same time from equation (18), we have

[ +MQA+ 01 -2)* = M1 + o)1 + 4z + 2%) 20
YT T AMA -0l -2 —MA-0(1-22 20

Thus, from (19) and (20), we have

% (“rg (%Lc[fofgolmef@))) = a.

This shows that the bound 7, given by equation (18) is sharp. [
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Corollary 3.3. Let fy = go + ho € KY and g,h € K. Then for F = go+ g +ho +h,
(1) the radius of full starlikeness of order « is rs, where 15 = rs(a) is the unique real root of the equation

A+ -al-r?=21-a)1-71)°

in the interval (0,1).
(2) The radius of univalence is r,, where r,, is the unique real root of the equation

27 —6r2+7r—1=0

in the interval (0, 1).
(3) The radius of full convexity of order a is v, where r. = r.(«t) is the unique root of the equation

A+4r+r)—al-r?=21-a)1-1r?

in the interval (0, 1).

4. Radius constants concerning |a,| < %’, |b,] < %
Theorem 4.1. Let f(z) =z + Y0y an2", g(2) = Ypep bn2", with

M M
la,] < —, |bul £ — (21)
n n

forn > 2. Then for L.[f,g], « €[0,1), c€[0,1), M >0,

(1) the radius of full starlikeness of order v is 15, where rs = rs(ar, ¢, M) is the unique real root of the equation

M@ +¢c)+M(1 - c)a@(l -2 =[(M+ 1)1 -a)+Mc(1 +a)](1 - r)?. (22)

in the interval (0,1).
(2) The radius of univalence is r,,, where r,, is the unique real root of the equation

(c+DM+1)? =2(c+ 1M +1)r+1=0 (23)

in the interval (0, 1).
Furthermore, all the results are sharp.

Proof. Forr € (0,1) with r < r,, it is sufficient to show that L[ f,, g,] € ¥ Sy(a) in D, where
L[ f(r2), 9(r2)] S ((1+n+(1-c .
Lo = “LEAD] g y (G200 LEZ0), e,

n=2 2

. Z:; ((1 + c)nz— 1- c)) A

Consider the sum

= n (04 = n+auoa

S = Z A7+ 2 B, |[r" .

1-«a 1-«a
n=2 n=2

According to Lemma 1.1, it is enough to show that S < 1. Putting the coefficients |A,| and |B,| in the last
equation, we have

= n—a((1+c)n+(1—c))]\_/1rn_1+ = n+a((1+c)n—(1—c))Mrn_1Sl_

n:zl_a 2 n n:zl_a 2 n
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Using the identities (4), the last inequality reduces to

log(1—7)
r

M1 +¢)+ M1 -c)a 1= =[M+1)(1-a)+Mc(1+a)]1-r)?<0.

Set

q(r) = M(1 +¢) + M(1 - C)aw

1-7r?-[M+1)(1 - a)+Mc(1 +a)](1-r)?

We note that g(0) = —(1 — a) < 0 and g(1) = M(1 +¢) > 0, and so intermediate value theorem shows that the
equation (22) has a root in the interval (0, 1). Also is easy to verify that g(r) is increasing as a function of r.
Hence the equation (22) has exactly one root in the (0, 1).

Thus, Lc[f, 9,] € FSy(a) for r < r5, where 7, is the unique real root of (22). Also, taking a = 0, equation
(14) reduces to (23). Then by Lemma 1.1, we know that L.[f, g] is harmonic univalent in |z| < r,, where
ry = 15(0, c, M). To prove sharpness, we take

fo(2) =1+ M)z+Mlog(1 —z) and go(z) = M(z + log(1 — z))

Then L[ fy, 901(z) = Ho(z) + Go(z), where

Ho(z) = (%)((1 + M)z — 1”%22) + (1 R C)((1 + M)z + Mlog(1 - 2)),

Go(z) = (1 ; C)M(z - iz) - (%)M(z T log(1 - 2))

Direct computation, implies
2M + 1)1 — (4 + (c + 3)M)r +2
2(1—r)?

Mr(2cr —3c - 1)
2(1-r)?

Hy(r) = and  Gy(r) =

According to equation (23), for r = r,,, we have
H{(ry) + Gy(ry) = 0.
Hence,

]Lc[fo,go](ru) = [H(/)(ru) + G(/)(ru)][H(’)(ru) - GE)(ru)] =0.

Therefore, in view of Lewy's Theorem, the function L[ fy, go] is not univalent in |z| < r if » > r,,. This shows
that r, is sharp.
Furthermore,
rH{(r) + rGj(r)
Ho(r) = Go(r)
1+ 1+ A+ M) + (=2 + (=2¢ — 2)M)r)
T (1= 1)A=M(=1+c)log(1 — ) — r(=1 + M(~1 +c)))’

) .
%(Wg(Lc[fo, 90](re%))) =

(24)

At the same time, we have

A+ 1+ A+ M + (=2 + (=2c - 2)M)r)
T (1= 1)2(=M(=1+c)log(1 — ) — 1(=1 + M(~1 +c)))’

Thus it follows from (24) and (25) and for r = rs(a, c, M)

(25)

9 .
%(Wg(Lc[folgol(reze))) =a.

This shows that bound 7; is the best possible. [
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Theorem 4.2. Under the hypothesis of Theorem 4.1, L.[f, g] is fully convex of order a in |z| < r., where v, is the
unique root of the equation

M +0)1+7) =M1 - c)a(l —r)* = [(M+1)(1 - a) + Mc(1 + a)](1 - r)? (26)
in the interval (0, 1). Moreover, the result is sharp.

Proof. The proof of (26) is the same as proof of Theorem 4.1 and so we omit details. To prove sharpness, we
take

fo(2) =1 +M)z+Mlog(1 —z) and go(z) = M(z + log(1 — 2)).
Then L[ fo, g0l(z) = Ho(z) + m, where

1+c

HO(Z)Z( 1Nfzz)+(1;c

) ((1 + M)z — ) (1 + M)z + Mlog(1 - 2)),

Gol2) = (1 ; C)M(z - fz) - (%)M(z T log(1 - 2))

By direct computation, we have
9 P . H{\(r) + G\ (r) + r(H] (r) + G// (1)
20 (arg(%uf 0'90](7619))) == . ;j(r) i(G? (:)) -
0 0
N e e e M) + (3 + (Bc + 3)M)r? + (=3 + (—4c — 4)M)r + 1

A-=r2((c-1DM-1r+1) @7)
Also from equation (26), we obtain
_ (14 (=1- M) + (3 + (Bc + 3)M)r? + (=3 + (—4c — HM)r + 1 28)

1-r2((c-1)M-1Dr+1)
Thus, relations (27) and (28), yields

% (arg (%Lc[ fo, go](rceie))) =a.

This shows that the bound 7. given by equation (26) is sharp. O

Corollary 4.3. Let fo = go+hg € K}, and the normalized functions g, h satisfy the condition Reg’(z) > 0, Rel’(z) > 0.

Then for F = go = g + hg = h,
(1) the radius of full starlikeness of order « is rs, where 15 = rs(ax) is the unique real root of the equation

log(1 —
2+2aw

1-r?=31-a)1-7r?

in the interval (0, 1).
(2) The radius of univalence is r,, where r, is the unique real root of the equation

3 —6r+1=0

in the interval (0,1).
(3) The radius of full convexity of order a is v, where r. = r.(«t) is the unique root of the equation

21 +7) —2a(1-7r?=31-a)1-r)°
in the interval (0,1).
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