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Abstract. In this paper, we consider the following linear process

)

XII = Z C,'En,,', ne Z/

i=—o00

and establish the central limit theorem of the randomly indexed partial sums S,, := X; +--- + X,,, where
{ci;i € Z} is a sequence of real numbers, {{,;n € Z) is a stationary m-dependent sequence and {v,;n > 1}
is a sequence of positive integer valued random variables. In addition, in order to show the main result,
we prove the central limit theorems for randomly indexed m-dependent random variables, which improve
some known results.

1. Introduction and main results

Consider the linear process

Xy =) cibni n€Z, (1.1)

i€Z.

where {c;;i € Z} is a sequence of real numbers and {&,;n € Z} is a stationary sequence of real random
variables defined on a probability space (Q, ¥, P) with [E§; = 0 and ]EE% € (0, 00). For any square summable
sequence {c,;n € Z}, the processes {X,;n € Z} can be defined if and only if the stationary sequence
{&x;n € Z} has abounded spectral density. Define S, = Xj +- - -+ X;,. If (£,)nez is a sequence of independent
identically distributed random variables with mean zero and finite variance and assume that } jez Icjl < oo,
then Anderson [1] proved that n~12s, converges in distribution to the normal random variable. Hannan
[11] proved the asymptotic normality by assuming only that the spectral density

2

F) = BE@m) | Y cje (12)
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is uniformly bounded and is continuous at A = 0 with f(0) > 0, which weakened the conditions of Anderson.
Hall and Heyde [10] observed that the result in fact continues to hold without the uniform boundedness
of spectral density. Recently, Peligrad and Utev [25, 26] studied the central limit theorems of moving
average processes generated by dependent sequences {&,; 1 € Z}, which are weakened by Miao et al. [20]
without the assumption of finite second moment for the sequences {&,;n € Z}. In addition, Miao [17, 19]
studied some central limit theorems for moving average processes. Other fluctuation results for the moving
average processes have been proved by various authors. For example, Yokoyama [35, 36], Li and Zhang [14]
considered the law of iterated logarithm; Lin and Li [15], Tyran-Kamiriska [33] gave the functional central
limit theorems; the large and moderate deviations principle were obtained in [5-7, 12, 16, 18, 21-23, 34].
Let {X,;;n > 1} denote a sequence of independent and identically distributed random variables with
mean value zero and variance one and let {v,;n > 1} be a sequence of positive integer valued random

. P . .. " . .
variables, such that n~ v, — v, where v is a positive constant or positive random variable. When v is a
positive constant, Anscombe [2] proved that

SVn

Vn

= N, 1) (1.3)

where N(0,1) denotes the normal random variable. Rényi [28] obtained the central limit theorem (1.3)
provided v is a positive discrete random variable. Blum et al. [4] weakened the conditions in Anscombe
[2] and Rényi [28] by assuming that v is a positive, not necessarily discrete, random variable. Shang [30]
gave the central limit theorem for randomly indexed martingale differences. Shang [31] studied the central
limit theorems for functions of random variables under mixing conditions on the differences between the
joint cumulative distribution functions and the product of the marginal cumulative distribution functions.
Shang [32] and Belloni [3] considered the central limit theorem for randomly indexed m-dependent random
variables. These known results did not assume that the random sequence {v,;n > 1} is independent of
the sequence {X,;;n > 1}. Miao and Yang [24] discussed the moderate deviation principle for m-dependent
random variables with unbounded m. Fakhre-Zakeri and Farshidi [8] and Fotopoulos and Wang [9] studied
the central limit theorem (1.3) of the linear process (1.1) driven by the stationary independent sequences
{Enn e Z).

Motivated by the these known works, we are interested in the central limit theorem (1.3) of the linear
process (1.1) driven by the stationary m-dependent sequences {£,;n € Z}. The following theorem is our
main result and its proof will be given in the next section.

Theorem 1.1. Let {&,;n € Z) be a sequence of stationary m-dependent random variables on a probability space
(Q,F,P) with EE; = 0 and IEE% < oo. Consider a linear process of the form

o)

Xn = Z Cién—il ne Z/

j=—00

with Y12, leil < 0o, Assume that {v,;n € N} is a sequence of positive integer valued random variables defined on

i=—00

the same probability space. Let S, := X1 + -+ + X,,. If there exists a positive random variable v, such that
— >V, (1.4)

then we have

S,
= 2 N(0,0%c),

E

wherec:= Y > . ci # 0and

{=—00
m+1

o? = E&+2 Z & &,
k=1
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2. Proofs

2.1. Some lemmas

In this subsection, we give some lemmas to prove our results.

E|&1|P < oo for some p > 2. Then foralln > 1,

Lemma 2.1. [13] Let {{,;n > 1} be a sequence of stationary m-dependent random variables with IEE; = 0 and

E|max & + - + &P | < CEIE PP,
1<j<n

where the positive constant C, depends only on p (regardless of m).

Definition 2.1. Let (Q, 7, IP) be a probability space. A sequence of events {A,, € F;n > 0} is said to be P-mixing, if
for any event B € ¥ with IP(B) > 0, we have

lm [IP(A4]B) — P(A)] = 0.

Lemma 2.2. Let (Q, F,P) be a probability space. A sequence of events {A, € F;n > 0} with P(A,) > 0is P-mixing,
if and only if for every k, we have

lim [IP(A,]Ay) — P(A,)] = 0.

n—o0

Proof. Following the method of Theorem 2 in Rényi [27], we can get the lemma. [J

Lemma 2.3. Let {&,;n > 1} be a sequence of stationary m-dependent random variables on a probability space
(Q, F,P) with E&; = 0 and E|&;|* < oo. For any x € R, define

S1+&++ &,
Bn: > ’
{ o <x}

then the sequence {B,;n > 1} is IP-mixing.
Proof. Letn, :==& + & + -+ + &,, then for any k + m < n, we have

M = Nk+m + Ni+m <y Nk

o vﬁ)

Based on the central limit theorem of m-dependent random variables, it is easy to check that

Mn — Nk+m Nk Mn — Nk+m
P <x <x|=P|—— <x]|—> D(x)
( o\n o Vk ) ( a\n )

where @(') is the distribution function of normal random variables, and for any r > 0

[1k4ml Mk )]P
P >rl——=<x|—0,
(Gw/ﬁ o Vk

as n — oo. Hence the sequence {B,;;n > 1} is P-mixing. O

IP(B,|By) = ]P(

Lemma 2.4. [4] Let Wy, Xi,,, Yl(]:l and Z;JZ be random variables for ,n =1,2,--- and j =1,2,--- , k. Suppose that

k
Wi = Xp + ) Y20
j=1

and
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(a) llim limsup]P(Ingr)ll > r) =0foreveryr>0andj=1,--- ,k

n—oo

®) Jim lim sup lir;l_)s;lpll’(lzm >M)=0forj=1, k

(c) the distributions of {Xi, )} converge to the distribution function F for each fixed I.

Then the distribution functions of {W,} converge to F.

Lemma 2.5. [29] Let {Y,; n > 1} be a sequence of random variable such that Y, 25 Y, where Y is a random variable.

Let vy, be a sequence of positive random variables which take on only integral values such that v, L, co. Then we have
P

YVH - Y

2.2. Central limit theorem for m-dependent random variables

In this subsection, we prove the central limit theorems for randomly indexed m-dependent random
variables. Firstly, we consider the case that the random variable v has a discrete distribution.

Proposition 2.1. Let {&,;n > 1} be a sequence of stationary m-dependent random variables on a probability space
(Q,F,P) with E&y = 0 and ]EE% < oo, Assume that {v,;n € IN} is a sequence of positive integer valued random
variables defined on the same probability space. If there exists a positive random variable v having a discrete
distribution, such that

W, 2.1)

then we have
E1+&+-+ &,

0V

= N, 1).

Proof. Letn, =& + & + -+ + &, then it is easy to check that

o\ o [nv] Vn

Mo _ M [m/](f?vn—mnv]) o M ( [nv] _1]' 2.2)

o V[nv] o V[nv] Vo

Let {bx;k > 1} (0 < by < by < ---) denote the values taken on by v with positive probability and let Ay denote
the event Ay = {v = by}. For any x € R, we have

Mnv] - Minby]
ml ) = bd A PAy). .
IP(U — Sx) ;JP(G — §x| k)lP( 0 2.3)

From Lemma 2.3, for any fixed k, we have

]P(M < x‘Ak) — O(x), as n — oo,
o

VInby]

which from (2.3), implies

lim P (L < x) - O (x). 2.4)
n—oo \g/[nv]

From the condition (2.1), we have

M[ @_1)30_ (2.5)

o V[nv] Vn
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In order to prove the proposition, from (2.2), (2.4) and (2.5), it is enough to see that
T]Vn - n["V] E) 0‘ (2.6)
[nv]
For any r > 0 and p > 0, we have
]P(ITIVH B n[ﬂvll > 7’) — Z]P(|T1Vn B n[”vll >ry= bk)
o o V[nv]

ol k=l .7)

Z ]P(mv” i) >1,v =Dy, v, — [nb]] < np) + P (lv, — [nv]| = np)
p o V[nbi]

Since {by, k > 1} are the values taken on by v with positive probability, then there exists a positive constant
M, such that P(v > M) < p. Furthermore, from Lemma 2.1, for any k, there exists a positive constant Cy

such that | | C
M= Nny] kP
Pl max ———>7r|<—.
(|1—[nbk1|<np o VInbd ) r2by

Hence we can get

- [, = Nt
]P(”— >1,v=Dby, v, — [nb]l < np
kZ‘ o V[nb]

M
01 = Non| )
< Pl max —" S v l+Pw>M N
; (ll—[nbk]|<np g\/m ( ) ( )

From (2.1), (2.7), (2.8) and the arbitrariness of p, we get the claim (2.6). [
Next we consider the case that the random variable v is not necessarily discrete.

Proposition 2.2. Let {&,;n > 1} be a sequence of stationary m-dependent random variables on a probability space
(Q,7,P) with EEy = 0 and ]ch% < oo, Assume that {v,;n € IN} is a sequence of positive integer valued random
variables defined on the same probability space. If there exists a positive (not necessarily discrete) random variable v,
such that

Vy P

— 2.
" 5y, @9)

then we have

+&+--+
&1+ & &, = N, 1).
o\,
Proof. Let us define
k k-1 k
yl—E when T<V<E

and
Hin = va + [n(ur = v)].
It is easy to check that y; is a discrete random variable for each /,

1
0<yl—v<§ and %Eyl>v.
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Letn, ==& + & + -+ + &,, then we have

Mv, M N (TM - 77#:,") ny +( Viin — \/_) T

N NgT Vi \Vn Vi (2.10)
=X + Y2 + YD 72,

From Proposition 2.1, for each m, we have
X = N(0,1) and Z? 5 N(0, 1), (2.11)
which implies that for any M > 0,

lim sup IP (1X;,,| > M) = limsup P (121 > M) = 1 - D(M) + D(—M).

n—o00 n—o00

For any ¢ > 0, there exists a positive constant [y, such that for all > [y, we have

]P(O<v<i)<s.
21

Hence, for any r > 0 and all / > Iy, we have

lim sup IP (|Y1(,2”)| > r)

=limsup]P(M > 12 +2r)

:hmsuplp(wwz% v_n_V|SL)
n—oo Vi 2l+1

<limsup P M>r2+2r,vzil +¢&
n—oo n(v_zl%) 2

ol
Slimsupl[’([ n/2 ]>r +2rv>21]+5

n—oo

2l+1

S]P(1 > 7 +er>i)+e
I 2!

While | — oo and from the arbitrariness of ¢, we have

hm lim suplP(IY( )| > r) 0. (2.12)

[0 00

By the similar proof as (2.12), we can get

hm lim sup limsup P (IZ P M) 0. (2.13)

Moo |—00 n—oo

Furthermore, for any r > 0, we have

P (Y > r =1P(—’7”"_”“’“ >r)
(l l,n| ) \/Vl_}ll
Th’n - T]P»l,n Vi 1 l
el a el <)
1 ,ul,n 1
HP( n | 2l)+]P(‘ n _’“”|ZE)’
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which yields
. Q)
111;1 _)S;lp]P (lYl,nl > r)
. v = Ny Vn 1| Hin 1
<limsupP||——=|>7, ——v|<—, — — |<—
op ( N 21 THI S g
. i —1j
<limsupP| max |——|>r7r].
ng)oop |in‘1—v|<2‘l Vn,ul
ljn! k<2
For any ¢ > 0 and for all / large enough such that
-1
]P(v<—orvzl)<e,
2!
we have
i —1;j
Pl max |—|>7r
lin1—vj<2! | M
ljn —l<2™!
2 ni-njl k-1 k
S£+Z]P max : / >, <v<—
- lin1—vi<2 | 2! 2!
k=1 lin1— —1+1
jn~t=v|<2
Z i = Mnk-3)2-! r k-1 k
; - _
<e+2) P| max ¢>—,—1SV<—Z
o |lial<a % 202 2
1!
<e+2 Z P (An,l,k‘Bl,k) ]P(Bl,k)
k=1
where
i — _3)2- -1
Aurr =14 max 0~ M2 >Z and Bjy := k—Sv<£ .
B = BN 2 ol 2
21

By the similar proof as Lemma 2.3, for any fixed [, k, we can obtain that the events {A,,;x; n > 1} are P-mixing.
Hence we get, from Lemma 2.1,

lim P (An,l,k|Bl,k) = 1lim P (An,l,k) <
n—oo

¢
n—00 k !
which implies
12!
lim lim r (An,l,k|Bl,k)]P(Bl,k) =0.

|— 00 n—00

From the above discussions and the arbitrariness of ¢, we have

lim lim P (Y| > r) = 0. (2.14)

|—00 n—00

From (2.10)-(2.14) and by using Lemma 2.4, the desired results can be obtained. O
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Remark 2.1. Shang [32] and Belloni [3] considered respectively the central limit theorems for randomly indexed
m-dependent random variables based on the cases that v is a positive (discrete or general) random variable. But they
assume the following additive condition: there exist some ko > 0 and ¢ > 0 such that for any A > 0 and n > ko, we
have

IP( max Sy, = S, — (ke — k)| > ¢ <

ko<ki<ko<n

cVar(S, — Sk,)
g2 '

In Proposition 2.1 and Proposition 2.2, the above condition is removed.

2.3. Proof of Theorem 1.1
Let

C=ch and E=Z|c]-|.

j€zZ j€Z
For [,k € IN, define

! !
a; = Z cj, X1 = Z Cik-js

= j=1
1
6 =0, &= Z G, j=0,1,---,1-1,

i=j+1

[y

j-
E—l:O, :j=ZC]-’ j:—l+1,_l+2’... ,0,
i=—1
0

I
& = Z Cik-js & = Z Cikj-

j=0 =1

According to the above notations, it is clear that

Zl‘cj]ék—[Zc]] k+Zc]5k] [icj]ék+icjék_j

j=-1 j=1 j=-1 j=1

!
{Z C]] Ek —Coék+Z(C1 1= Cj)ék- j—Coék+Z(C]+1 k-

j=-1 j==1

Xi1 =

(2.15)

=&+ &y — &+ Epa1 — &
Based on the decomposition, we get

Vi Vi

Zxk Zsz+ZZC]5k j

k=1 |jl>1

=a; Z &k + 50 - év” + 5v,,+1 51 + i Z ngk ; (2.16)

=1 |ji>
=:M1 + - +M6.

From Proposition 2.2, for any x € IR, we have

V,
" Ek .
lim lim P (g, =51 <« = d(x),
li)l’gnl—r)](r)lo (l 1[1/” ) ()
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where ®(-) denotes the distribution of the normal random variable N(0, c262). Hence it is enough to show

M;

P .
—0, fori=2,---,6.
VVn

Now we consider the term M3. For any / and #, &, contains only {&,, En—1,-++ , En—i), SO it is easy to prove
that n~12&, 2%, 0. From Lemma 2.5, we know that

_ _1ps P
vn1/2M3 = vnl/zév" — 0.

By the same proof, we have

M EO, fori=2,---,5.
Vv
For any r > 0 and t € IN, we have
lim P 1/,;1/2 Z ZC]'Ek_]' >r
e k=1 [jl>1
Vi
<lim P|v,? Z chék_j >7, Yn —v| <27t
e k=1 [jl>1 n
Z\]|>1 |C]
<lmP| ——— & >r <v<t
n=oo |\ (v — 271 dggn A2 Z J (2.17)

t
+]P(v£ §)+]P(v>t)

z Lot e

<Y limp| =

par yn(i—2)2 ’JSZST

n—oo
t
+]P(v < E)-HP(V > t).

9
IS
k=1

[ i
>7’ <V<§]

For any ¢ > 0, there exists a positive constant T > 2, such that forall t > T,

IP(V < ZL) + Py >1) <e. (2.18)

By the similar proof of Proposition 2.2, we have

Z|]\>1 lc;l i
lim P il >, — <v< =
n—co [ ,71(1—2)2 T zzfszgx;l ; i ot
1 i
>r ( v < E) .

Y lejl
= lim P| =2 Zék]
Vi@ —2)2-t ‘zfsf,<%

From Lemma 2.1, we get

(2.19)

n—oo

(2.20)
< (Z|j|>l |Cj )2 E

n(i —2)27" Bl
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where C is a positive constant. From (2.17) to (2.20), we have

Vi

el T | >

k=1 |ji>1

IA
e
)
™
T"m

N
=
L~
—_

|

A
N
S—

+

o

Ij>1 i=t
2
C
SZ'CJI mﬂ?( of SV<t)+8
1>
Letting [ — oo, we can get
vi M B0

So we finish the proof of Theorem 1.1.

3. Conclusion

In the paper, we establish the central limit theorem for randomly indexed linear process driven by

m-dependent sequence. The main methods are to use the decomposition (2.16) for the sums S,, and the
the central limit theorems for randomly indexed m-dependent random variables (see Proposition 2.2). The
randomly indexed linear processes driven by the independent random variables and m-dependent sequence
have been discussed, so a more general and worth studying question could be: whether the central limit
theorem with random indexed linear process driven by other dependent sequence holds?
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