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Abstract. Extensions of polygroups such as direct hyper product and wreath product of polygroups have
been introduced and studied earlier by Comer. In this paper, we define and study some other extensions.
We first define regularly normal subpolygroups and prove that they induce quotient polygroup extensions.
In addition, we prove that the kernel of every strong homomorphism is a regularly normal subpolygroup.
This leads to new versions of the isomorphism theorems with respect to such subpolygroups. The main
objective of the paper is to present a new extension K of a polygroup L by a polygroup H via the quotient
polygroup H/I where I is regularly normal in H. This extension is a generalization of both the direct hyper
product and the wreath product of polygroups.

1. Introduction and Preliminaries

The idea of constructing extensions of polygroups via factor polygroups comes from an extension that
De Salvo introduced in [13] which is called (H, G)-hypergroups. Basically, given a hypergroup (H, +) and
mutually disjoint sets {Ai};cc where G is a given group such that Ag = H. Set K = |J A; and define a hyper

i€G
operation @ on K as follows: Forallx,y € H,x®y = x+y. Forallx € A;and y € Ajsuch that A;xA; # HXH,
x®y = Ar where i + j = k. This extension of G by H represents a hypergroup. The wreath product H[G]
introduced in [2] can be obtained by De Salvo’s construction when H and G are polygroups, Ag = H and
Aj =i} fori #0.

In our construction, we consider two polygroups H and K. We restrict the cardinalities of sets A;, i # 0
to be equal to the cardinality of some factor polygroup H/I and the cardinality of Ay equals to that of H.
The hyper operation on K = (J A; is based on the hyper operations on the factor polygroup H/I and the

i€l
polygroup L. In principle, the element zero of L is enlarged by the polygroup H and the rest of the elements
of L are enlarged by isomorphic copies of the factor polygroup H/I.

This construction yields a polygroup in the case when the subpolygroup I is normal. However, the
kernel of a strong homomorphism is not necessarily normal, [10]. Therefore, by weakening the condition
of normality, we obtain the utmost possible extension. Indeed, we define and study regularly normal
polygroups. After introducing the isomorphism theorems subject to these polygroups, we are able to
present our new extension via factor polygroups.

Now, we recall some definitions and basic results for the development of our paper.
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A hypergroupoid (H, +) is a non-empty set H together with a hyper operation + defined on H, ie., a
mapping + : H X H — ¢*(H) where p*(H) is the set of all non-empty subsets of H. The hyper operation +
can be extended to subsets of H in a normal way, so that A + Bis definedby A+ B=J{a+b:ae€ A,b e B}.
In particular, for x € H, we have x + A = {x} + A.

A hypergroupoid (H, +) is called a hypergroup if for all 4,b,c € H, we havea+ H = H+a = H and
a+ (b+c)=(a+0b)+c. Thelast equality means that

A non empty subset K of a hypergroup (H, +) is called a subhypergroup if it is a hypergroup under the
hyper operation of H.

For a hypergroup (H,+) and an integer n > 1, consider the relation f, defined on H as af,b <
A(x1,x2.....,x,) € H" such that {a,b} C Y.i_; x,. Moreover, let f; = {(x,x): x € H} and B = J,;s1 B»- Then
p is an equivalence relation on H and the set of equivalence classes of f on H is denoted by H/S. If we
define a hyper operation ® on H/f as ¥® i = {Z: z € x + y}, then (H/B, ®) is a group,[11]. In fact, § is the
smallest equivalence relation on H such that H/f is a group. The kernel {x € H : W(x) = 0} of the canonical
projection Wy : H — H/f is called the heart of the hypergroup H and is denoted by wp.

Definition 1.1. [12]Let A be a non empty subset of the hypergroup H. Then A is called a complete part of H if for
any n € N and for all ay,ay, ...a, € H, the following implication holds: AN Y,y a; # 0 = Y,i_; a; C A.

If A is a subset of a hypergroup H, then the smallest complete part of H containing A is called the
complete closure of A and is denoted by C(A). The class of all complete parts subhypergroups of H is
denoted by CPS(H). In the following proposition, we show how the heart of a hypergroup H is related to
complete parts of H.

Proposition 1.2. [12]Let (H, +) be a hypergroup and A be a non-empty subset of H. Then

1. vy+A=A+wy = C(A)
2. wpy is a complete part of H.
3. wn = kecpsay K-

Definition 1.3. [11]A hypergroup H is called a polygroup if the following conditions are satisfied.

1. There exists an element 0 € Psuchthat0+x=x+0=xforallx € P.
2. Every element x € H has an inverse —x € H which means that 0 € x + (—x) N —x + x.
3. Forx,y,z € H, wehavez € x + yimpliesx € z+ (—y) and y € (—x) + z.

A non empty subset K of a polygroup (P, +) is called a subpolygroup of P if foralla,b € K,a+b C K
and —a € K.

Definition 1.4. [12]A subpolygroup N of a polygroup P is called normal in P ifa+ N —a C N foralla € P.

If N is a normal subpolygroup of a polygroup P, then we define on P a relation Np where xNpy if and
only if (x—y)NN # 0 forx,y € P.

Proposition 1.5. [12]Let N be a normal subpolygroup of a polygroup P. Then

The relation Np is an equivalence relation on P.

Np(x) =N+ xforall x € P.

Forallx,ye P, N+ (x+y)=N+zforallzex+y.

P/N = {N+x:x¢€ P} is a polygroup under the hyper operation @ defined as (N+x) ® (N+y) =
(N+z:zex+y}

W N
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Definition 1.6. [12]Let (P1,+) and (P, ®) be polygroups with identities e; and e, respectively. Let ¢ : Py — P, bea
mapping such that ¢ (e1) = e. Then ¢ is called a strong homomorphism if ¢ (x + y) = @ (x) ® @ (y) for all x, y € P;.

The kernel of a strong homomorphism ¢ : P; — P, is defined as Ker(¢) = {x € P; : ¢ (x) = o} whichisa
subpolygroup of P; but not normal in general. In [4], Comer determined that the heart of a polygroup P is
a subpolygroup of P generated by all x — x where x € P.

In the case of normal subpolygroups, Davvas, [10] presented the following isomorphism theorems.

Theorem 1.7. [10](First isomorphism theorem) Let P1 and P, be polygroups and let ¢ : Py — P, be a strong
homomorphism with kernel K such that K is a normal in P1. Then P1/K = Img.

Theorem 1.8. [10](Second isomorphism theorem) If K and N are subpolygroups of a polygroup P where N is normal
in P, then K/(N N K) = (N + K)/N.

Theorem 1.9. [10](Third isomorphism theorem) If K and N are normal subpolygroups of a polygroup P such that
N C K, then K/N is a normal subpolygroup of P/N and (P/N)/(K/N) = P/K.

Definition 1.10. [12]Let (P, +) be a polygroup and Q) be a non empty set. A map f: QX P — ¢*(Q) is called an
action of P on Q) if the following axioms hold.

1. f(w,e) ={w} =wforallw e Q.

2. f(f(@,9),h) = Usegsn f(w,a) forall g,h € Pand w € Q.
3. Uwea f(w,9) =Qforallg e P.

4. Vge P,wehavea € f(8,9) = B € f(a,—9).

Forw € Q, wewritew’ = f(w, g). Thekernel of theactionisdefinedasK = {g € P : v’ = {w} forall w € Q}.
Extensions of polygroups by polygroups in a notion of product can be done as the direct hyper
product of two polygroups and as the wreath product introduced in [2]. The direct hyper product of
two polygroups (P1,+) and (P,,®) is (P1 X P, ®) where for (x1,y1),(x2, 12) € P1 X P2, (x1,11) ® (x2,12) =
{(xyy):xexi+x, y€y1 ® Yo}
Suppose that (A, +) and (B, +) are two polygroups whose elements have been renamed so that ANB = {e}.
An extension (M, @) of A by B (denoted by A [B]) is formed in the following way: We set M = A U B and let
e®dx=x®e=xforall x € Mand for all x, y € M\{e},

xX+y ifx,yeA

x ifxeB,yeA
XOy= Y ifxeAyeB

x+y if ,yeB,y+ —x

(x+y)UA ifx,yeB,y=—x

In this case, A [B] is a polygroup which is called the wreath product of A by B, [2].

2. Regularly normal subpolygroups and isomorphism theorems

In this section, we define regularly normal subpolygroups by weakening the condition of normality.
We prove that kernel of a polygroup strong homomorphism is always regularly normal and then give new
versions of isomorphism theorems for such subpolygroups.

In [9], Davas has proved that if I is a normal subpolygroup of a polygroup H, then I induces an
equivalence relation ¢ on H defined as x@y if and only if (x — y) N I # @. In the following lemma, we prove
that this is in fact true for any subpolygroup of H.

Lemma 2.1. Let (H, +) be a polygroup and I be a subpolygroup of H. Then I induces an equivalence relation p on H
defined as xpy if and only if (x —y) NI # @.
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Proof. Since 0 € x —x for all x € Hand 0 € [, then (x —x) N[ # @. So, xpx and p is reflexive on H. Let
x,y € Hwithxpy and leta € (x —y) NI. Thena € x — y and a € I which imply that -a € ~(x —y)and —a € .
Hence, —a € (y — x) NI and ypx. Thus, p is symmetric on H. Finally, we check the transitivity of p on H. Let
x, Y,z € Hsuch that xpy and ypz. Then (x—y)NI # @and (y—z)NI # @. Leta € (x—y)NIland b € (y-z)NL
Thenaex—-y,acl,bey—zandb €l By the reversibility in H, we have x € 2+ yand y € b + z. Thus,
xea+yCa+(b+z)=(@+b)+zanda+b C Il So, thereisu €a+bsuchthatxeu+zandthenu €x -z
and u € I. It follows that (x —z) NI # @ and xpz. O

If I is a subpolygroup of a polygroup H, then I + x = p(x) for all x € H. Indeed, for y € I + x, there
exists i € I such that y € i + x which implies thati € y —x. So, (y —x) NI # @ and ypx. Thus y € p(x) and
I+ x C p(x). Similarly, we can justify the other inclusion.

Definition 2.2. Let H be a polygroup and I be a subpolygroup of H. Then I is called reqularly normal in H if
x+I=I1+xforall x € H

If a subpolygroup I is normal in a polygroup H, then it is regularly normal. Indeed, suppose x+I—x C I
forallx€e H. Thenx+[I—x+xCI+xandsox+ICI+xas—x+x CIsincelis normal. Similarly, we can
verify the other inclusion. However, the converse is not always true as we demonstrate in the following
example.

Example 2.3. Let H = {0, 1,2, 3, a, b} with a hyperoperation + defined as follow.

+ (0] 1 2 3 a b
0|0 1 2 3 a b
1|1 1 | 0123 3 ab b
212|012 2 23 a ab
33| 13 3 0123 ab ab
a|a a ab ab 0123ab | 23ab
b|b| ab b ab 13ab 0123ab

Then I = {0,1,2,3} is a subpolygroup of H. It is clear that [ + a = {a,b} =a+Iand [+ b = {a,b} = b+ 1. But
a+I—-a={a,b}-a=1{0,1,2,3,a,b} and so I is not normal in H.

Proposition 2.4. Let (H, +) be a polygroup and I be a reqularly normal subpolygroup of H. Then H/I = {I+x : x € H}
is a polygroup under the hyperoperation ® definedas (I +x)® (I +y) ={I+t:t € x + y}.

Proof. First, we check that the hyper operation is well defined. LetI+a =I1+x [ +b = [+ y and
I+te(+a)®(+D). Thentea+bCl+a+b=I1+[+a+b=I1+a+1+b=I+x+]+y= I+x+y. Hence,
tel+uforsomeuex+yandsol+tCI+uC((+x)®I+y). Thus,(+a)®((+b) S (I+x)d(+y). The
other inclusion can be proved similarly. For the associativity, welet I + x,I + y,I + z € H/I. Then

I+x)e[d+y)el+2)] (I+x)@f{l+t :tey+zl={[+h:hex+(y+2)}

{I+h:hex+y)+zi=[I+x)e(+y)]el+2).

The identity element in H/I is I + 0 = I where 0 is the identity element of H. Indeed, for every I +a € H/I,
(+0)e(U@a)={I+titeO0+a}=1+a=(I+a)®(+0). Next, for I + x € H/I, there exists a unique —x € H
suchthatO e x —x. Hence, [+ 0 C {I+t:t e x—x} = (I +x) ® (I + (—x)). Therefore, I + (—x) is the inverse of
I+x. Finally, forx,y,z€ H,let (I +x) € [+ y)®( +z). Thenx € y+zandsoy € x —zand z € —y + x. Thus,
I+ye(+x)e(+(—2)andl+ze(+(-y)d(+x). O

Lemma 2.5. Let I and ] be subpolygroups of a polygroup H with I reqularly normal in H. Then

1. I+ ] =] +Iis asubpolygroup of H.
2. lisregularly normalin I + J.
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Proof. (1) Since I is regularly normal then, [+ J ={I+x:x €[} ={x+1:x€ ]} =]+1 Leta,bel+]. Then

there exist i1, i, € [ and ji.j» € [ such thata € i1 + j; and b € i + jo. Hence,a+b € (i1 + j1) + (i + j2) C

W+ J+1+j=11+1+]+ j, =1+ ]sincelis regularly normal. Moreover, —a € (=j) + (=i) S J+[=1+].
(2) Itis clear since I € I + ] and I is regularly normalin H. [

Proposition 2.6. Let Hy and H, be polygroups, f : Hi — H, be a strong homomorphism and K = ker (f) . Then K
is a regularly normal subpolygroup of Hy.

Proof. It is easy to see that K is a subpolygroup of H;. Let x € a + K for some a € H;. Then f(x) = f(a) and so
f(x)=f(a) = f(a)— f(a) 2 e2 = f(e1). Thus, f(x—a) 2 f(e1) and (x—a)NK # @. It follows that xpa and x € K+a.
by Lemma 2.1. Conversely in the same manner, let x € K + a for some a € H;. Then there exists k € K such
that x € k+a. Since f is a strong homomorphism and k € K, then f(x) = f(a). By the uniqueness of inverses
in polygroups, —f (x) = —f(a) and so —f (x) = f(—a). Thus, e, € —f (x) + f(x) = f(-a) + f(x) = f(—a+x).
Hence, there exist t € —a + x such thatf(f) = e, and so t € K. By reversibility, x € a + t € a + K. Therefore,
x+ K = K+ xand K is regularly normal. O

Now, by considering regularly normal subpolygroups, we present the following new versions of
isomorphism theorems.

Theorem 2.7. (First Isomorphism Theorem). Let ¢ : Hi — Hj be a polygroup strong homomorphism with kernel
K. Then Hy /K = Ime.

Proof. By Proposition 2.6, K is a regularly normal subpolygroup. Define a mapping W : H1/K — Im¢ by
W(K + x) = @(x). For K+ x = K+ y, we have p(x) = p(y) and so (x — y) N K # @. Hence, clearly ¢(x) = ¢(y)
and W(K + x) = W(K + y). Thus, W is well defined. Now, for K + x, K+ y € H; /K,

Y[(K+x)®(K+y)] = VY[HK+t:tex+yll={p®t):tex+y}
= px+y) =) +ely)=YK+x)+WPEK+y).

Hence, W is a strong homomorphism. Let W(K +x) = W(K + y) for x,y € Hy. Then ¢(x) = ¢(y) and
0 € p(y) — p(x) = @(y — x). Thus, ¢(z) = 0 for some z € y — x and z € K. By reversibility, y € z+x € K+ x.
Thus, K + y € K + x. Similarly, K+ x € K+ y and W is one to one. Clearly,V is onto and so W is a strong
isomorphism. [

Theorem 2.8. (Second Isomorphism Theorem). If I and | are subpolygroups of a polygroup H where I is regularly
normal in H, then J/(IN]) = (I + ])/L

Proof. Since I is regularly normal in H and by Lemma 2.5, I + ] is a subpolygroup of H. Now, I C I+ Jisa
regularly normal subpolygroup of I + ], so we can consider the polygroup (I + J)/I. Define W : | — (I +])/I
by W(j) =1+ jandletx, y € J. Then

Yix+y)=Y[{t:tex+yll={[+t:tex+yl=I+x)@(+y) =Yx)d¥(y)

and so W is a strong homomorphism. Let I +a € (I + J)/I wherea € [ + ]J. Thena € i + j for some i € [ and
jeJandsoje —-i+aCl+a. Thus,I+j=I+aand W(j) =1+ =1+a Hence, W is onto. Moreover,
KerW)={je]: W)=} ={je]:1+j=1} =In]. Itfollows by Theorem 2.7 that J/(IN]) = (I +])/I. O

Theorem 2.9. (Third Isomorphism Theorem). Let I and | be reqularly normal subpolygroups of a polygroup H such
that I C J. Then J/I is a reqularly normal subpolygroup of H/I and (H/I)/(J/I) = H/].

Proof. Since I, ] are regularly normal in H and I C ], then [ is regularly normal in J. Let W : H/I — H/J
be defined by W(I + a) = | + a. Then WV is well defined since if | + a = I + b, then a and b are in the same
equivalence class of the relation p in Lemma 2.1. Hence, I N (a — b) # @ and since I C |, then [N (a - b) # @.
Therefore, | +a =] +band W(I +a) = V([ +b). Now, forI +a,] +b € H/I, we have

W({(I+a)+I+Db) = W{{+k:kea+b)={+k:kea+b)}
= (J+a)+(J+b)=VY({I+a)+W¥{J+D).



L. K. Shehu, H. A. Khashan / Filomat 33:12 (2019), 3655-3668 3660

So, W is a strong homomorphism with Ker (W) = {[+a: V(I +a) =]} ={[+a:[+a=]}={[+a:ac ]} =]/L
By Proposition 2.6, J/I is regularly normal in H/I. Since clearly WV is onto, then (H/I)/(J/I) = H/] by Theorem
2.7. O

If a subpolygroup I of a polygroup H is normal, then x+ I —x C [ for all x € H. Hence, we have x —x C I
and so wy = (x —x) C I. Since wy + I = I and by Proposition 1.2, we see that I is a complete part in H and
so absorbs any non-empty intersection with hyper sums in H. Hence, the equivalence relation p of Lemma
2.1 takes the form xpy & x — y C I. Therefore, when a subpolygroup I is normal, then it induces a stronger
equivalence relation on H.

Proposition 2.10. Let I be a reqularly normal subpolygroup of a polygroup H. Then I is normal in H if and only if
(H/L, ®) is a group where for [+ x, 1+ y e H/L, {+x)® ([ +y)={[+t:t€x+y}]

Proof. Since I is regularly normal in H, then (H/I,®) is a polygroup by Proposition 2.4. Let I be a normal
subpolygroup of H. ThenIisacomplete partin H and the equivalence relation p takes the form xpy & x—y C
Iforallx,y € H. Leta,be (I+x)®(I+y). Since [+x)+([+y) = [+]+x+y={[+z:z€x+y} = ([+x)D[+Y),
then there exist u1,u; € I + x and v1,v, € [ + y such thata € u; + v; and b € up + v2. Now, u;gpuy and v1pv;
andsou; —uy Cland vy —v, CI. Thus,a—bC (u1+v1) — (o +02) =u1 +01 -0 —up Cup+I1—1upy C1I
and then apb. This implies that any two elements from (I + x) ® (I + y) are in the same equivalence class.
In conclusion, |(I +x) & (I + y)| = 1and H/I is a group. Conversely, suppose (H/I,®) is a group. Define a
mapping f : H — H/I by f(x) = I+ x. Then clearly, f is a strong homomorphism with Ker(f) = I. For x € H,
we have f(x +1—x) = f(x) — f(x) = I since [ is the zero of H/I. The last equality holds since (H/I,®) is a
group, hence x + I —x C I and I isnormal in H. [J

3. Construction of The Extension

Let (H, +) and (L, +) be two polygroups and I be a regularly normal subpolygroup of H. Let {A;};c;, be
a family of pair wise disjoint sets such that A = H and for all i # 0, |A;] = |H/I|. For all 0 # i € L, we may

write A; = {111.7 :heH/ I} and with no loss of generality we have ag =Jand ag =h. Forallie L,let f : H — A;

be a mapping such that f is the identity mapping and for i # 0, fi(x) = aiﬁ for x € h.

Let K = | J A; and define a hyper operation ® on K as follows: For k; € A; C Kand k; € A; C K,
i€l

ok = ) £ k) + £ ().

X€i+j

As special cases, we have:
1. For kl,kz (S AO =H,

ok =) L0500+ (k) = ki +Fo.

xe0+0

2. Fori,j#0,k =al’7€A,~ and k, = a?eAj,

kok = |JAFIE)+ @) =A@+

X€Ei+] X€Ei+]

X€Ei+]
3. Fork; € Ap =Hand k, =LZIEEA,',1'¢0,
| £ ) + £ @) = | felles +T) = fillea + )

x€0+i X€i

fillt st ek +h)=1{al :Feki +h).

ok,
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Proposition 3.1. Let H,L, 1, K and @ be defined as above. Then (K, ®) is a polygroup.

Proof. First, we check the associativity. For i, j, k # 0, let aiﬁ € A, a].ﬁ € Ajand ag € Ag. Then

a?@{ x€]+ky€m+h} { cpei+(j+k),g (m+h)}

i T
a; @(aj EBak)

{ﬂ:pea+jy+kqe(ﬁ+ﬁa+ﬁ}:m?@@ﬁ@ag
For h € H, we have,

he (@) ®a})

hofd :zei+jyen+m)=a:pei+jgeh++m)

{aZ:pei+j,ﬁe(E+ﬁ)+ﬁ} = (hoa!)@ay.
For h,k € H, we have,

he (koa')

Il
=
@

hﬁzeE+ﬁ}_{lqeh+( )|
+7)= (ol @d.

1l
—_——
i)
=
-
m
—~
=
+
=1
~

The identity element 0 of H is also the identity element of (K,®). Indeed, for aiﬁ € K, we have 0 @ aiﬁ =
{a? :7€0 +ﬁ} =4’ = a’ ®0. Now, let a¥ € A; and consider the elements —i € L and —k € H such that
Oci—iand 0 € k—k. Thena‘T‘eA_iandOelzagg{ pEi—i, qek k}—a ®at 1 andso—a" ak.

—1
Fmally,forul,a;”a €K, leta’ €a @ah—{y‘x€j+kyem+h} Theni € j+kand 7 € 7 + h. By the
reversibility in the polygroupsLand H/I, wehavejei—-k ke —j+ime n—hand h € —m + 7. Hence,

a’ e{p pei—-kgen- h}—a @a‘h—a ®(— a”)anda e{p pe—j+iqe m+n}—am€aa = —af T oal.

IfheHw1thheaj€Bai {p p€]+zqem+n} thenz——]smceheh—a Hence, hem+nandso

7 eh—-7n. Now, h (—aiﬁ) =h&® u:;‘ = { tJEX— n} 2 am = a . Similarly, we can see that u € u;.” + h.

Ifa?eh@a?forheﬁzaﬁ then we have a7 { ‘q€h+k}andsom€h+k. Thus, h € 7 — k and
heﬁzagg{ cpEi—i,gem— k}—a ®ak=a"®(-d"). O

-1

Proposition 3.2. Let H,L and K be defined as in Proposition 3.1. Then K/H = L.

0 if xeH

i if x=a,i#0
Indeed, if a?,a’f. € Kwith i,j,i +j # 0, then n(all.;@a’]?) = n{ ayip€i+jge h+k} =i+j=n@ "+ n(uk)
Similarly, we can check that 7 is a strong homomorphism in all other cases for any pair of elements in K.

Moreover, clearly 7 is surjective and Ker(nr) = {x € K : t(x) = 0} = H = Im(f). By Theorem 2.7, we conclude
that K/H=L. O

Proof. Let m : K — L be defined as n(x) = { } Then 7 is a strong homomorphism.

Remark 3.3. We will denote the above extension K of L via H/I by L Xy H.

In the following two corollaries, we justify that the new extension K = L Xp; H is in fact a generalization
of both the direct hyper product L X H and the wreath product H[L].

Corollary 3.4. Let H and L be polygroups and let I = {0} € H. If K = L Xgy; H, then (K, ®) is isomorphic to the
direct hyper product L X H of L and H.
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Proof. For I = {0}, the factor polygroup H/I ~ H which implies that |A;| = |H| for all i. With no loss of
generality, we can rename the elements of H so that each & € H can be written as 4; and the elements

of Ajas a’, h € H. Forall i € L, the mapping f; : H — A; is defined by f; (aﬁ) =4, h e H Now,
K=UA = {aZ :peL,ge H} Let ¢ : K — L X H be defined by (p(af,) = (p,q). Then it is straightforward to
i€l

h
0
a

prove that @ is a bijection. Moreover,

(p{aZ:p€j+i,q€k+h}:{(p,q):p€j+i,q€k+h}
(k) + G, 1) = p(@) + p(a)).

? (0} @)

So, ¢ is a strong homomorphism and K = L Xy H is isomorphicto L X H. [

Corollary 3.5. Let H and L be polygroups and let I = H. If K = L Xy; H, then (K, ®) is isomorphic to the wreath
product H [L].

Proof. For I = H, we have H/H =~ {0} which implies that |A;] = 1 for all i € L\ {0}. Set A; = {i} for i € L\ {0}
and Ap = H. Then K = H U L and by following the definition of the hyper operation ® on K, we have the
following cases:

For x,y € H,

xXOy=x+y.

Fori,j€ L\{0}and i # —j, we have

ioj= A O+ = fH+H) =i+]

X€i+j X€i+j

Fori,je L\{0}andi = —j,

ioj= A =HEHU] | ] fE)=HUG+)).

X€Ei+] xei+j\{0}

ForxeH,ieL,

x@i= | AU @+ £70) = fite+ H) = f(H) =4

x€0+i

Similarly, we can see that i @ x = i for i € L and x € H. Thus, for x, y € K\{0}, we have

x+y ifx,yeH
x ifxelLyeH
XOy= y ifxeHyel

x+y ifxyely#—x
x+yUH ifx,yely=—x

This is exactly the hyper operation on H[L]. O

Corollary 3.6. Let H and L be polygroups and K = L Xy H. Then [ = 1TU {a? 1 € L\{0}} is a regularly normal
subpolygroup of K. Moreover, K/] ~ H/IL.
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Proof. For hi,hy € I, hy —hy € I € J. For a?,a? € | where i,j € L/{0}, we have —a; = a(j]. € J. Hence,
a?@—a? = a?eaaqj = {ag :x€i—jiCJ. Forhe Ianda? €, i#0, wehaveh@(—a?) = —a? € J. Therefore, | is

a subpolygroup in K. Now, leth € I C K. Thenh+[=]=]+h. For u? € Kand since I = ag we have

do] = (ded:icll={a] xej+iforallicLandyek+0}={a':xeL)

= laf:xei+jforallicLandye0+kl={d @ :iel)=]ad

Therefore, | is regularly normal. Now, let ¥ : K — H/I be defined by W(alﬁ) = hforalli € L. Then ¥ is
clearly well defined and onto. Let a?,a’]? € Kwherei, j,i+j# 0. Then

V@ od)=W(ial :xei+jyeh+k)=(F:Feh+k =h+k=Wa)+ W@

The other cases for pairs of elements of K can be checked similarly. Thus, WV is a strong homomorphism.
Also,

ker (W) ={a! : W@y =D} =(a :h=I={a":h=0)=Tu{a:iel}=]
Based on the first isomorphism Theorem 2.7, we have K/] = H/I. [
Corollary 3.7. Let H and L be polygroups, K = L Xgy Hand [ =1U {aiali € L\{O}}. Then J =~ L xj;; I ~I[L].

Proof. Based on Corollary 3.5, L X;;; [ = [ UL where I N L = {0} and we can define a hyper operation @ on

xX+y ifx,yel
x ifxeLyel
Lxylas: x® y= y ifxelLyelL Y............... *)

x+y ifx,yel y#—x
(x+y) Ul ifx,yely=—x
! x ifxel
Define ¢ : | = Lxyl by ¢(x) = { ; ifx=a?€]\1
with a? # —a?. Then i # —j and from (*) we have thati® j =i+ j. So,

}. Then clearly ¢ is bijective. Now, let a?, 11]6 €]

qj(a?eaa?):(p{ag:xez#j}=i+j:i€B’j:(p(a?)€B,(p(a?).

For a?,a? € J with a? = —a?, we havei=—jand by (*) wehavei® j=(i+j)UL So,
p@ed) = plad:xei+jf=pMUelad:xei+i\o}

TU(+)MO) =TU (i +j) =@ j= @) & p(a).

Forh, kel wehaveh+k=h& k. So,

ph+k)=@(t:teh+k)={t:teh+kl=ha k=qph) & k).
Finally, for h € I and a? € J\I, we have

plh@d) = @) =i=he i=ph) e p@a).
Therefore, | ~ L x;; I = I[L]. O

Corollary 3.8. Let H, L be polygroups and K = L Xgy; H. Then K/I = (H/I) X L.
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(h,i) if k=al',ieL\{0)
(h,0) ifkel+h
defined and onto. Let a?,a’; € Kwherei, j,i+j# 0. Then

Proof. Let ¢ : K — (H/I) X L be defined by ¢(k) = { }.Then @ is obviously well

@(a?@af) = o(lal:xeci+jyeh+k})

(W,x):x€i+jyeh+kl=i+k)) = qo(al.ﬁ) +(p(af).

After considering the other cases, we conclude that ¢ is a strong homomorphism. Moreover, Ker (¢) = {al :

(p(u?) =(0,0)} = {a;1 : (E, i) = (0,0)} = {ag} = I. According to Theorem 2.7, we get K/I = (H/I) X L. O

Corollary 3.9. Let I and I be regularly normal subpolygroup of polygroup H such that I C I and | be a regularly
normal subpolygroup of a polygroup L. Then, | X, , I is a regularly normal subpolygroup of L X,,, H.

Proof. Sincel C I and Iisregularly normalin H, thenIis regularly normalin Iy and so J X, , I1 isa polygroup.
Sincel; CH,JC Land /I C H/I, then]x,l/, L €Lx,, H Letx,ye]x
0+#jleJandkhel;/I. Thenx®y = {aé:de]’+l,fel§+ﬁ} eJx
I; can be checked similarly. Also, if x = 11’]? €Jx

i [t where x = a]]? and y = a? for

I, since I /I is a subpolygroup of H/I.
I, then =k € I; /I and

I; is a subpolygroup of L X, H. By Theorem 2.9, I; /I is

L1

The other cases of elements of | X, ,

I;. Therefore, | X

/1

L/

—j € J. Hence, —xza:'}?&]x i

a regularly normal subpolygroup of H/I. Thus, for af’ €Lx,, H, he H/I and i € L, we have

do(x,ph)=dellula:xe\0,geh/l}=d e{al:xe]yeh/
:{a{:eei+],fefz+(11/1)}:{a[:ee]+i,fe(11/1)+fz}=(}xh/ﬂl)@aﬁ.

It follows that, | X, , I is regularly normal in L x,,, H. O

/1 H/I

Corollary 3.10. Let L X, Hand | X, , I be as in Corollary 2.9. Then (L X, H)/(] X, , I) = (L/]) x (H/1).

L1

Proof. Define a mapping W : (L X, H)/(] X, [r) = (L/]) x (H/I) by W((J %, , Il)GBa?) = (J+1,1, +h) where

a? €L X, H. Then WV is well-defined and one to one. Indeed, for af’,a? €L x,,, H, we have
%y, )@a! = (x,, h)ed
e @ea)n(x,, L)+
o (-pnjzoandth-kNhL+

& W x,, ed) =W(( x,, )ed).

Now, let (J x, , h)@al (] X, , 11)@a§ (L X, H)/(J X, , ). Then

L/

V(] %, @) & (I %, , )@d) = W%, )@l :xei+jgeh+k]
{J+xh+y):xei+jyeh+kl=J+iL+h)xJ+jhL+k

W] x,,, @A )XW((] %, , [)@a).

I

Hence, WV is a strong homomorphism. Finally, it is straightforward that V' is onto and the result follows. [J

Corollary 3.11. Let M, L and H be polygroups and let | C L, I C H be regularly normal subpolygroups in L and H

respectively. Then (M X L) x H=M X L x H).
L/ " H/I Ly /GxD — HI
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Proof. By Corollary 3.10, (L X,,, H)/(] X, , I1) = (L/]) X (H/I1). Thus, the elements of M X (L X H)can
1 Ly /XD~ HIT

be denoted by cl(.h”kl) where iy = J+h € L/], ky =I1+k e H/I and i € M. In this case, the hyper operation ®

can be expressed as

By o) gy (PrI) _ [ (Y121)
¢ e = { - xez+],y]eh]+p],zlek1+q1}

On the other hand, we may denote the elements of (M L>/<[L) ﬁ;IH by b'}% where af” € ML>/<]L and k; = I+k € H/L.
a.

The hyper operation @ can be written as b:’ bq’ = {bz%j iX€Ei+j, g Eh+P), 2z €k + 171}. Therefore, it is
: . ki (ko)
easy to check that the mapping ¥ : (M L>/<] L) ﬁ;l H-M « XH)/ - (L h>[< H) defined by \I/(b ) =c

strong isomorphism. [J

Example 3.12. Consider the two polygroups H = {0, 1,2, 3}and L = {0, xjwith the following tables

H|0| 1 2 3

0101 2 3 L|0]| x
/11101 23 | 23 00 x

2 1223|013 123 x| x| Ox

3 (13]23] 123 012

Then clearly, I = {0, 1} is a subpolygroup of H with I+2 = {2,3} = 2+ 1. We now present the extensions K = LXy/1H
of Lby Hvia H/I when I ={0},1 = Hand I = {0,1}.
Case 1: I = H. In this case, K is isomorphic to H[L] with the following table.

K|0o]| 1 2 3 x
0|10] 1 2 3 X
1(1]01] 23 | 23 x
2 (21(231]013| 123 X
3 13|23 (123 | 012 X
X | x| x X X 0123x

This is the extension of L by H via H/H and it is the minimal extension since |K| = |H| + [L\{0}| = 4+ 1 = 5.
From the table, we can see that K is obtained by enlarging the element 0 in L by H.
Case 2: I = {0,1}. In this case, K is represented as follows.

K|{o0o|1] 2 3 ad az
00| 1] 2 3 ad az
1[1]01] 23| 23 | & a2
2223|013 123 | @2 | 42
30323123012 @ | a2
ad | al | ad | a2 | a2 | 0140 | 2342
a2 | a | a2 | ada? | a2 | 23a2 | 0123402

and |K| = |H| + |H/IIL\{0}| =4+ 2 = 6.
Case 3: 1 = {0}.
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K|0| 1 2 3 a) al a al
00| 1 2 3 a) al a2 a

1 (1] 01 23 23 al | alal asa’ aal
212123 | 013 123 | a2 | aia} ddala atala;
313 23| 123 012 | a | aa aiatal adalal
ay | ay | ay . a; | 0ay | lay 2a; 3ay
al | al | alal | a2a} | a2ad | 1al | 01a%. | 23a2a 23a2a’
az | a2 | a2ay | adalad | ala2ad | 242 | 23a2a3 | 013alalal | 123alaad
a | a> | ala) | alalal | adalad | 3al | 23a%al | 123alaZal | 012ala2a]

This is the extension of L by H via H/{0} and it is isomorphic to L X H. It is the maximal extension of L by H since
IK| = [H| + [H/{O}IL\{O}| = |H| + [H|.IL\{0}| = |[H|.IL| = (4)(2) = 8. From the table, we can see that K is obtained by
enlarging the elements of L by copies of the polygroup H.

4. Properties of the construction

An extension of a polygroup L by a polygroup H can always be done as their direct hyper product
L x H or wreath product H[L]. The possibility of other extensions depends on the existence of regularly
normal subpolygroups I of H. In that case, we can collapse the polygroup H into the factor polygroup H/I
and use the canonical homomorphism ¢ : H — H/I as the base for the extension. Every non zero element
of L is enlarging by isomorphic copies of H/I and the zero element of L is enlarging by H. Indeed, for

A= {a? cheH/I }, 0 # i € L, the functions f; : H — A; are defined as copies of the canonical homomorphism
@ : H—> H/I For alli € L, we define a hyper operation &; on the set A; as a? @ af = {af cxeh+ l_c}. Then
one can easily see that (A;, ®;) is a polygroup and f; is a homomorphism for all i.

Proposition 4.1. Consider the extension K = L Xyy1 H defined in proposition 3.1. Then for all i € L\{0} , H acts
on A; by the action g; : A; x H — p (A;) defined as g; (aif, h) =adfeh={a:Xe k +hl.

Proof. We check the axioms of Definition 1.10.
1) For all a¥ € A;, g; (af.‘, 0) =afe0=ad".
2) For all h, W' € H and ai,‘ € A;, we have

ool )

7 (af oh, h’) — g ({(t, W)ted h})

= (tokltcdon =(don)on

a?@(h@h’)z{af@t:teh+h’}: U gi(alg,t).

teh+h’

3)Forallhe H,

o)

H?GA,‘

Il
—_——
N
<
D
=
N
~T
m
=
N
Il
— e,
i)
X
=i
m
=1
+
F‘I
=
m
=
—~
—_—

{af :xe®H/T) + R} = {af : x € H/I} = A

4)Leth eHandletal’?egi(a?,h). Thena?eaiﬁeah = {aflfer_z+ﬁ}. Hence, keni+handsoni€k—h. It
follows that a7 € {a[¥ € k - h} = af & (<h) = g; (aF,~h) . O
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Remark 4.2. In the previous Proposition, we consider the right action of H on A; . Similarly, we can consider the

- - - —\h
left action defined as g; (h, a;‘) = h @ a¥. For simplicity, we will denote the right action g; (ai.‘, h) of Hon A; by (ai.‘)
Proposition 4.3. The kernel of the action of H on A; defined by g; (al’.?, h) = al’? @ h is the subpolygroup I of H .

Proof. For alli € L, Ker(g)) = (h € H : g;(a", ) = a* for all k € H/I}. Let x € Ker(g)) C H . Then a* & x = a*
for all af € A; and so {aiyly €k+ x} = a? Hence, k+% = k for all k € H/I and then ¥ = 0 = I since H/I is a
polygroup. Therefore, x € I and Ker(g;) € I. Conversely, for x € I, af & x = af for all & € A;. It follows that

gi (al’.;, x) = al’.; for all aiE € A; and so x € Ker(g;). Thus, I C Ker(g;) and the result follows. [

Remark 4.4. For polygroups L and H, the direct product L X H is an extension of L by H via H/{0}. Thus, the kernel
of the action g; of H on A; is Ker(g;) = {0} . On the other hand, the Wreath product H [L] is an extension of L by H
via H/H and in this case, Ker(g;) = H.

To visualize the table of a polygroup extension of L by H via H/I and also simplify the construction, we
consider some notations. By B (A;), we denote the block of A; that represents the table of hyper sums of
(Ai, ®1).

Elyl T
00 O i
1 1 - =
B(A) = Yio | X | o0 | where Z =a; &; aiy
: : . xy

By the definition of the hyperoperation ©, we can write a? EBa’;? = {az cpeitj,qeh+ I_c} = U {a;_} &y aﬁ}.
pEi+j
Also, we have, A; ® A; = {Ay:xe€i+j}. Thus, we denote the block of hyper sums in A; ® Aj with
BAi®A)= U B(Ay). where

X€i+]
X X
U ‘ZOO U ,Z(‘)ﬁ
XEi+] X€Ei+]
X X
U By =| Y X | ULy
xeitj XEi+] XEi+]

Whenever 0 € i+ j, then B(Ag) € U B(Ax). Although|B(Ao)l = [B(Ax)| for k € (i + j)\{0}, but the
kei+j
hyperoperation @ defined on K fits B(Ag) in the union by collapsing Ay = H into factor polygroup H/I.
Indeed,

a' @ a*

[oa; = {aZ:pei+j,qefz+E}={ag:qefz+l§}u{az:pe(i+j)\{0},qel_1+l_c}

= {7: geh+ku( U (a @, ab))
pe(i+\{0}
Therefore, the table for (K, ®) has the form

(&) H A; Aj

H | B(H) | BAML B(AY)L

A [ BADx | U B | U B(AY
€i+i €i+j

Aj [ BADR | U B(AY | U B(Ay)
kej+i kej+j
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