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Abstract. This paper defines a new class of L-fuzzy sets called r-L-fuzzy biconvex sets in (L, M)-fuzzy
convex structures (X,C), where C is an (L, M)-fuzzy convexity on X, and some of their properties were
studied. Inaddition, we introduce (L, M)-fuzzy topological convexity space and study some of its properties.
Finally, we introduce locally (L, M)-fuzzy topology (L, M)-fuzzy convexity space and study some of its
properties.

1. Introduction and Preliminaries

Abstract convexity theory in [26] plays an important role in various branches of mathematics. It deals
with set-theoretic structures which satisfies axioms similar to that usual convex sets fulfill. Here, by “usual
convex sets”, we mean convex sets in real linear spaces. Also, abstract convexity theory has been applied to
many different mathematical research fields, such as topological spaces, lattices, metric spaces and graphs
(see, for example, [7, 11, 12, 24, 27, 29, 35]). The concept of convex structures as a topology-like structure, it
can be also treated as a special kind of spatial structures and some topology-like properties.

For a generalization of a convex structure, Rosa in 1994 introduced the notion of fuzzy convex structure
in [20, 21] which is called I-convex structure. Also, he studied a fuzzy topology together with a fuzzy
convexity on the same underlying set X, and introduced fuzzy topology fuzzy convexity spaces and the
notion of fuzzy local convexity. By framework, which proposed in [23], Li [9] presented a categorical
approach to enrich (L, M)-fuzzy convex structures, Xiu et al [32] presented a degree approach to study the
relationship between (L, M)-fuzzy convex structures and (L, M)-fuzzy closure systems and Wu and Li [31]
introduced (L, M)-fuzzy domain finiteness, (L, M)-fuzzy restricted hull spaces and several characterizations
of the category (L, M)-CS of (L, M)-fuzzy convex spaces. Recently, there has been significant research on
fuzzy convex structures ( [8, 13-17, 22, 28, 33, 34]).

The main contributions of the present paper are to give some further investigations on (L, M)-fuzzy
convex structures, mainly including fuzzy hull operators and fuzzy topological convexity structures with
respect to (L, M)-fuzzy convex structures. The transformation method between L-fuzzy hull operators and
(L, M)-fuzzy convex structures were introduced. The continuous image of the locally (L, M)-fuzzy topology
(L, M)-fuzzy convexity space was given. A characterization of the product of the L-fuzzy hull operator and
the locally fuzzy convex space was obtained.
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Throughout this paper, let X be a non-empty set, both L and M be completely distributive lattices with
order reversing involution * where 1Ly (Lr) and Tpu(Tr) denote the least and the greatest elements in M(L)
respectively, and M,,, = M — {Lp}(Ly, = L — {L1}). An L-fuzzy subset of X is a mapping y : X — L and
the family L denoted the set of all fuzzy subsets of a given X [3]. The least and the greatest elements in LX
are denoted by xp and xx, respectively. For each a € L, let a denote the constant L-fuzzy subset of X with
the value a. The complementation of a fuzzy subset are defined as p’(x) = (u(x))’ for all x € X, (e.g. y’(x) =
1 — u(x) in the case of L = [0, 1]). Let X = [];cr X; and p; € L%, then p € LX denote the product of all y; € L%
is defined as follows: u(x) = Ajerui(x;) for all x € X [25].

Definition 1.1. ([5]) Let@# Y C Xand u € LX; the restriction of p on Y, is denoted by p|Y. The extension of
€ LY on X, denoted by uy, is defined by

o), ifxey,
“X(x)‘{ 1, ifxeX—-Y.
Definition 1.2. ([4, 18]) A fuzzy point x; for t € L, is an element of LX such that

]t ify=x,
xt(y) - { 1y, lfy * X.

The set of all fuzzy points in X is denoted by P;(X).

Definition 1.3. ([36]) Let f : X — Y. Then the image f~(u) of u € LX and the preimage f~(v) of v € LY are
defined by:

7wy = \/{y(x) :x e X, f(x) =ytand f~(v) = vo f, respectively.

Definition 1.4. ([23]) The pair (X, C) is called an (L, M)-fuzzy convex structure, where C : LX — M satisfies
the following axioms:

(LMC1) C(xo) = Clxx) = Tm-

(LMC2) If {u; : i € T} € LX is nonempty, then C(Ajer i) = Nier C(1i)-

(LMC3) If {u; : i € T} € L¥ is nonempty and totally ordered by inclusion, then C(\/;cr i) = Ajer C(thi)-
The mapping C is called an (L, M)-fuzzy convexity on X and C(u) can be regarded as the degree to which u
is an L-convex fuzzy set.

Definition 1.5. ([23]) Let (X,C) and (Y, D) be (L, M)-fuzzy convex structures. A function f : X — Y'is
called:

(1) An (L, M)-fuzzy convexity preserving function if C(f(u)) > D(u) for all u € LY.

(2) An (L, M)-fuzzy convex-to-convex function if D(f~(u)) > C(u) for all p € LX.

Theorem 1.6. ([23]) Let (X, C) be an (L, M)-fuzzy convex structure, ® # Y C X. Then (Y,ClY) is an (L, M)-fuzzy
convex structure on Y, where

€M) = \/ICw) : v e LX, vy = ),
for each i € LY. The pair (Y,C|Y) is called an (L, M)-fuzzy convex sub-structure of (X, C).

Definition 1.7. ([23]) Let {(X;, C;) : i € I'} be a set of (L, M)-fuzzy convex structures, X be the product of the
sets X; for i € T and 7i; : X — X; be the projection for each i € I'. Define a mapping ¢ : LX — M by

p(u) = \/ \/ Ci(v), for each u,v € LX.

i€l ni(v)=p

Then the product convexity C of X is the one generated by subbase ¢. The resulting (L, M)-fuzzy convex
structure (X, C) is called the product of {(X;,C;) : i € T'} and is denoted by [ [;r(Xi, C)).



O.R. Sayed et al. / Filomat 33:13 (2019), 4151-4163 4153

Definition 1.8. ([6], [25]) An (L, M)-fuzzy topology on X is a map 7 : LX — M with the following
conditions:

M T (xo) =T (xx) = Tm.
Q)T (uAV) 2T (W) AT (v), YuvelX

B) T (Vier i) = Nier T (i), Yui € LX,i€T.
The pair (X, 7") is called an (L, M)-fuzzy topological space.

Definition 1.9. ([25]) Let f : (X, 7!) — (Y, 72) be a mapping. Then, f is called
(1) An (L, M)-fuzzy continuous if 7 (f~(u)) > 72(u) for all u € LY;
(2) An (L, M)-fuzzy open if 72(f~(u)) > 7 ' (u) for all u € LX.

Proposition 1.10. ([2, 19]) Let (X,7") be an (L, M)-fuzzy topological space and A C X. Define a mapping T :
LX — Mby

Taw) = \/IT() :v e LX,vA = ).
(\ being the supremum operation on M). Then T 4 is an (L, M)-fuzzy topology A.

Theorem 1.11. ([1,30]) Let f : X —> Y. Then, for all u, y; € LY and v,v; € LX
(1) p = f7(f () with equality if f is surjective.
(2) v < f(f~(v)) with equality if f is injective.
(3) F() = (F~ ()"
(4) f~Vier i) = Vier £~ (ua)-
(5) f(Nier t4) = Nier f~(1a)-
) [7(Viervi) = Vier f7 (vi)-
(7) f7(Nier vi) £ Nier f~ (vi) with equality if f is injective.

2. r-L-Fuzzy Biconvex Sets

Definition 2.1. Let (X, C)be an (L, M)-fuzzy convex structure,r € M, and u € LX. Then p s called r-L-fuzzy
biconvex set if C(u) > ¥ and C(u’) > r.

Note: xp and xx are r-L-fuzzy biconvex sets.

Proposition 2.2. Let (X, C) and (Y, D) be an (L, M)-fuzzy convex structures, f : X — Y be (L, M)-fuzzy convexity
preserving function and u be r-L-fuzzy biconvex set in Y. Then f(u) is r-L-fuzzy biconvex set in X.

Proof. Let u be r-L-fuzzy biconvex set in Y. Then D(u) > r and D(u’) > r. Therefore, by assumption we
obtain C(f (1)) = rand C(f (1')) = r. By the equality, f~(u’) = (f < (1))’ we have C((f~(u))’) = r.So, f~(u)

is r-L-fuzzy biconvex set in X is obtained. [

Proposition 2.3. Let (X, C) be an (L, M)-fuzzy convex structure, ) # Y C X and p is an r-L-fuzzy biconvex set in
(X, C). Then ulY is an r-L-fuzzy biconvex set in (Y, C|Y).

Proof. Let u be an r-L-fuzzy biconvex set in (X, C). On one hand, C(u) > r. Then,
CM@Y) = \/ICw) : v e LX, Y = Y},
Put v = u, we obtain (C|Y)(u[Y) = r. On the other hand C(u’) > r. Hence,
CM((uiyy) = \/ICA): A € LX,AlY = (ulYY)
=\/ICW) : A e LX, AlY = Y.
Put A = p’, we obtain (C|Y)((u|Y)") = r. Therefor u|Y is r-L-fuzzy biconvex set in (Y, C[Y). O
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Theorem 2.4. Let (X,C) be an (L, M)-fuzzy convex structure. For each u € LX and r € M,,, a mapping CO :
LX x M,,, — LX is defined as follows:

CO(w, 7) = /\{v elX:pu<v, Cv) =1}
For u,v € LX and r,s € M., the operator CO satisfies the following conditions:

(1) CO(xo,7) = Xo-

(2) p < CO(y, 7).

(3) If u < v, then CO(u, r) < CO(v, 7).

(4) ifr <'s, then CO(u,r) < CO(u,s).

(5) CO(CO(u, 1), 1) = CO(u, 7).

(6) For {u; : i € T} C LX is nonempty and totally ordered by inclusion, CO(\/jcr i, 7) = Vier CO(thi, 7).
A mapping CO is called an L-fuzzy hull operator.

Proof. (1) For all r € M,,,, we have C(xp) = r. So, we obtain CO(xy, 1) = Xo.
(2) and (3) are satisfied from the definition of CO.
(4) Suppose that r < s. Then by (2) we have

CO(u,r) < CO(CO(u, s), ).

By the definition of CO, we obtain C(CO(y, s)) > r. So, CO(CO(y, s), ) = CO(u, s). Hence CO(u, r) < CO(y, s).
(5) It is enough to verify that CO(CO(u, r),r) < CO(u, r). Suppose that there exists u € L*,r € M,,, and
x € X such that

CO(CO(, M, N(E) > COW, P)(x).
By the definition of CO(y, r), there exists v € LX with u < vand C(v) > r such that
CO(CO(u, ), 1)(x) > v(x) = CO(u, r)(x).

Ontheotherhand, CO(u, r) < vand C(v) > r. By the definition of CO(CO(y, 1), r), wehave CO(CO(u, r), r)(x) <
v(x). It is a contradiction. Thus, CO(CO(u, r),r) = CO(u, 1).
(6) Fori e I, we have

ui < \/ i. Therefore by (3) we have CO(u;, r) < CO(\/ Ui, 7).
Hence,

\/ €O, r) < co\/ pin. M
On the other hand, by (2), we have \/ u; <\ CO(u;, ). Since CO(u;, r) are L-fuzzy convex sets totally ordered

by inclusion, \/ CO(u;, r) is an r-L-fuzzy convex set containing \/ p;. So, CO(V u;, r) is the smallest fuzzy
convex set containing \/ y; and hence,

\/ i< co(\/ i) < \/ COs, . @)
From equations (1) and (2), we have CO(\ p;, 1) =V CO(u;, ). O

The triple (X, C!, C?) is called an (L, M)-fuzzy biconvex structure ((L, M)-fbcs, for short) where C' and C?
are (L, M)-fuzzy convexities on X.

Proposition 2.5. Let (X,C', C?) be an (L, M)-fbcs. For eachr € M, ,, and u € L, a mapping CO'? : LXxM,,, —
LX is defined as follows:

CO"(u,r) = CO'(u,r) A CO*(u, 7).
Then, CO'? is an L-fuzzy hull operator.
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Proof. (1) By Theorem 2.4 (1), we have CO'(xp,7) = xo and CO?(xy, 1) = xo forall r € M,,. So,
CO"(xg,r) = CO"(xo,7) A CO*(x0,7)
= Xo N Xo = Xo-
(2) Since, pt < COY(u, ) and p < CO?(u, r), we obtain
p=pAp <CO'Y(u,1ACOu,r)
= CO"(u, ).
(3) Let 4 < v. Then by Theorem 2.4 (3) we obtain
CO'(u,r) < CO'(v,7) and CO?*(, r) < CO*(v, 7).
Therefore,
CO2(u,r) =CO'(u,r) ACO*(u,7)
< COYv, 1) A CO?(v,7)
= CO2(v,7).
(4) Let r < s. Then we have from Theorem 2.4 (4)
CO'(u,r) < CO'(u,s) and CO*(u,7) < CO*(, s).
Therefore,
CO2(u,r) =CO'(u,r) ACO*(u,7)
< CO'(u,s) A CO?*(u,s)
= CO"(u,s).
(5) Forall u € LX,r e M,,,.
CO(CO%(u,r),r) = CONCO™(u,r),r) A COHCO™(u,7),7)
< CONCO(u,7),7) A CO*(CO?*(u,1),7)
= COY(u, 1) A CO?*(,7) = CO™(u, 7).

(6) Let {u; : i € T} ¢ LX be nonempty and totally ordered by inclusion. Then, for r € M,,,, by applying
Theorem 2.4 (6) we have

COP(Vier ;) = CO'(\/ ;1) A COP(\/ i)

iel’ iel’
=\/ €Oy, n) A \/ COP (i, 1)
iel’ iel’
= \/(COl(yi, r) A COz(yi, r)) Since L is distributive lattices
iel’
=\/ CO%(u;,7).
iel’

So we obtain CO(Vcr i, ) = Vier CO2(ui, 7). O

Proposition 2.6. For an (L, M)-fuzzy hull operator CO2, u € LX and r € M,, a mapping C°” : LX — M is
defined as follows

C%(w) = \/{r e My, : it = CO™(, ).

Then:
(1) C°©" is an (L, M)-fuzzy convexity on X.
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(2) (COR2)C™" = comn.

Proof. (1) (LMC1) Since for all » € M,,,, CO%2(xp,7) = xp and xx < CO2(xx,r) we have C°”(xp) =
CO(xx) = Ti. ; )
(LMC2) Let it = Ajer i and CO7 (Ajer i) # Aier C°€ (i) Then there exists rg € M, such that

CO"(u,r0) < CO™(u;, o) foralli € T.

and

CCOH(/\ i) <o < /\CCOH(M)

i€l iel’
So, CO¥2(u,19) < Ajer CO™(ui, ro). For all i € T, there exists r; € My,, with CO"(u;,7;) = w; such that
7o <71 < CCOn(yi). On the other hand,

wi < CO™(u;, o) < CO™ (i, 1) = i
Implies that CO'(u;, 79) = pi. Therefore,

CO%(u,r) < \ CO(wiro) = [\ i =

iel’ iel’
Hence CO(u, r9) = . S0, CO”(Ajer i) = 1o. It is a contradiction.

(LMC3) Let {y; : i € T} € LXisnonempty and totally ordered by inclusion and suppose that C%©” (\/ ;cr ;) #
Nier CCOlZ(y,-). Then there exists ryp € M, ,, such that

CO*(\/ ) <ro < \ <% (ui.

iel iell
For all i € T, there exist r; € M,,, with COlz(p,-, r;) = pi such thatrg < r; < CCOlZ(yi). On the other hand,
pi < CO™ (i, ro) < CO™ (i, 1i) = pi.

Implies that CO"2(;, 1) = ;. Since CO™(\jer i, 10) = Vier CO2(ui, 70) = Vier i, then CO” (Vi i) = 0. It
is a contradiction.
(2) Let u,v € LXand r € M,,,. Then,

(COP (1) = (COYT (1,1) A (CONE™ (u,1)
=(Avel¥: [T Clcou(v) >r})
/\(/\{v elX:u<v, CSOW) =)
=(ArvelX: usv= CO%(v,r)})
/\(/\{1/ eLX: u <v=CO%v,n)}
=AvelX: usv= CO™2(v,r)}.
On one hand, take each p € LX such that u < v = CO'(v, 7). Then it follows that
CO"(u,r) < CO™(CO™(v,r),r) = COP(v,1) = v.
This implies
CO™(t,7) < (CO™) (u, 7). ©)
On the other hand, since u < CO(u, ) = CO*(CO(y, 1), 1), it follows that

(COYC" (u,7) < CO(u, 7). (4)
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From equations (3) and (4) we have (COlZ)CColz (u, 1) = CO%(u,r). O

Corollary 2.7. For a nonempty set X, there is a one-to-one correspondence between an L-fuzzy hull operators and an
(L, M)-fuzzy convex structures.

Proposition 2.8. Let (X, C) and (Y, D) be (L, M)-fuzzy convex structures. Then, f : X — Y is
(1) An (L, M)-fuzzy convexity preserving function if and only if f~(COc(u,r)) < COp(f~ (1), r) for all p € LX.
(2) An (L, M)-fuzzy convex-to-convex function if and only if COp(f~ (), 7) < f~(COc(u, 7)) for all u € LX.

Proof. (1) (=) Suppose there exist u € L* and r € M,,, such that f~(COc¢(u, 1)) £ COn(f~(u), 7). There
exists y € Y and t € M, such that
f7(COc(, M)(y) >t > COp(f (1), 1)(y)-

If f={y} = 0, it is a contradiction because f(COc¢(u,t)) =Lm. If f~{y} # 0, there exists x € f~{y} such that

f7(COc(p, () > COc(p, 1)(x) > t > COD(f (1), 1)(f " (x)). (5)

Since COp(f~ (1), r)(f~(x)) < t, there exists v € LY, D(v) > r with f~(u) < v such that
COp(f~ (), n(f~(x)) < v(f~(x)) < t. Moreover, f~(u) < v implies that ¢ < f~(v). Since C(f<(v)) =
1,COc(p, 7)(x) < COc(f~(v), )(x) = f~(v)(x) = v(f(x)) < t. It is a contradiction for (5).

(&) Let u € LY such that D(u) > r. Then

f7(CO(f™ (), 1) < CO(f7(f7 (W), 1) < COp(,7) = .

Therefore COc(f (1), r) < f<(u). By Theorem 2.4 (2), we obtain CO¢c(f (), 1) = f(u). Hence C(f~(u)) > r
and f is an (L, M)-fuzzy convexity preserving function.

(2) (=) Let u € L¥ and suppose f : X — Y is an (L, M)-fuzzy convex-to-convex function. Then,
C(CO¢(u, 1)) 2 rand u < CO¢(u, ). Since f is an (L, M)-fuzzy convex-to-convex function, D(f ~(CO¢(u, 1)) =
rand f~(u) < f7(COc¢(u,r)). Hence

COp(f~ (1), 1) < COp(f~(COc(p, 1)) = f~(COc(u, 1))

(&) Let u € L such that C(u) > r. Then, CO¢(u, ) = p and hence f~(COc¢(u, 7)) = £~ (). Therefore,

COn(f™(u), 1) < f7(CO(p, 1) = £~ (1)-

By Theorem 2.4 (2), we have COp(f~(u),r) = f~(1). Hence D(f~ (1)) > r and f is an (L, M)-fuzzy convex-
to-convex function. [

3. (L, M)-Fuzzy Topology (L, M)-Fuzzy Convexity Spaces

In this section we introduce the concept of an (L, M)-fuzzy topology (L, M)-fuzzy convexity space, (L, M)-
fuzzy topological convexity space and define a locally (L, M)-fuzzy topology (L, M)-fuzzy convex space and
their properties were studied. Also, the relationships between these concepts were investigated.

Definition 3.1. A triple (X,C,7) consisting of a set X, an (L, M)-fuzzy convexity, and an (L, M)-fuzzy
topology is called an (L, M)-fuzzy topology (L, M)-fuzzy convexity space ( (L, M)-ftfcs for short ).

Definition 3.2. Let (X,C,7") be an (L, M)-ftfcs and @ # Y C X. Then, the corresponding triple (Y, C|Y, 7v) is
an (L, M)-fuzzy subspace of (X,C, 7") such that 7y is an (L, M)-fuzzy topology on Y.

Definition 3.3. Let C,7 be an (L, M)-fuzzy convexity and an (L, M)-fuzzy topology respectively. Then, 7°
is said to be compatible with C, if 7((COc(u,))’) > r for each u € LX and the triple (X,C,7) is called an
(L, M)-fuzzy topological convexity space ((L, M)-ftcs for short ).

Remark 3.4. It is obvious that an (L, M)-ftcs is always an (L, M)-ftfcs and the converse is not true.
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Example 3.5. Let L = M = [0,1] and p; be fuzzy subsets of X = {a,b,c} where i = {1,2,3} is defined as
follows:

pi(a) = 1.0, pi(b) = 1.0, pi(c) = 0.0,

Ua(a) =0.2, u2(b) = 0.2, U2(c) = 1.0,

us(a) = 0.0, us(b) = 0.0, us(c) = 1.0.
Define an (L, M)-fuzzy topology in [[6], [25]] 7}, 7% : [0,1]¥ — [0, 1] on X as follows:

1, ifve{0,1},

i, ifv=yp, 1, ifve{o1},

}Ir ifv= 2, 411/ ifv= 2,
T () = T2() =

1 ifv=yps 1 ifv =y,

1, ifv =1 A, 0, otherwise.

0, otherwise.

Define an (L, M)-fuzzy convexity C : [0, 11X — [0, 1] on X as follows:

1, ifvelo,1},

3 ifv =y,
Cv)=1{ 1, ifv=1-p,

i, ifv=yps,

0, otherwise.

Then (X,C,7!) is an (L, M)-ftcs. On the other hand, (X,C,7?) is an (L, M)-ftfcs but it is not (L, M)-ftcs
because 0 = 72(1 — COc(us, 1)) # 1.

Theorem 3.6. An (L, M)-fuzzy subspace of (L, M)-ftcs is an (L, M)-ftcs.

Proof. Let (X,C,7) be an (L, M)-ftcs and (Y,C|Y,Ty) be an (L, M)-fuzzy subspace of (X,C,7). Then by
Theorem 1.6, (Y,C|Y,Ty) is an (L, M)-ftfcs. To show that it is an (L, M)-ftcs, let A = COpy)(u, ) for each

A, u € LY. Then, (CIY)(A) >, A =v|Y and C(v) > r for each v € LX. Put v = CO¢(y, ). Since (X,C,7) is an
(L, M)-ftcs, T (v') = r and hence Ty(A’) > r. Hence, (Y,C|Y, Ty) be an (L, M)-ftcs. [

Remark 3.7. An (L, M)-fuzzy convexity preserving and an (L, M)-fuzzy continuous image of an (L, M)-ftcs
need not be an (L, M)-ftcs.

Example 3.8. Let L = M = [0, 1] and v; be fuzzy subsets of X = {a, b, c} where i = {1,2, 3,4, 5} are defined as
follows:

vl(a) =1.0, V1(b) = 0.0, Vl(C) = 0.0,

Vz(ﬂ) = %, Vz(b) =0.0, Vz(C) = 0.0,
v3(a) = 0.0, v3(b) = 1.0, v3(c) = 1.0,
H@=g  w®)=00,  w©=00
V5(ﬂ) = %, V5(b) = 0.0, V5(C) = 0.0.
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Define an (L, M)-fuzzy topology in [[6], [25]] 7! : I¥ — I and (L, M)-fuzzy convexity C : X — [ on X as
follows:

1, ifve{0,1},
411’ if A= V1,

1, ifAe{ol},
1 ifA =y,
! ’ 1 ifA=v
) . 6’ 1,
1 ifA=vs3,

T'(A) = CA =11  ifA=vs,

l, ifA= Vy,
! L if A =vs,
%, ifA=v,Vuvs,

0, otherwise.
1 .
37 fA=v3Vuy,
0, otherwise.

Let u; be fuzzy subsets of Y = {y1, y»} where i = {1, 2, 3, 4} is defined as follows:
p(y1) = 0.0, pi(y2) = 1.0,

1
u2(y1) = 0.0, u2(y2) = 3
us(y1) = 1.0, us(y2) = 0.0,

1
pa(y1) = 0.0, pa(y2) = 5

Define an (L, M)-fuzzy topology in [[6], [25]] 72 : ¥ — I and (L, M)-fuzzy convexity D : IY — I on Y as
follows:

1, ifvel01},

1, ifve{0,1},
o ifv=p, .

& ifv=p,
411/ ifv= Uz,

T2() = 1 ’ DW= L, ifv=p,

ar v = 7
1 U3 %’ =
1 e
3 ifv=wp Vs,

0, otherwise.
0, otherwise.

Let f: (X,C, T — (Y, D, 7?) be defined as follows:

f@a) =y2and f(b) = f(c) = y1.

Then, TH(f () > T () for each y; € IY,i = {1,2,3,4}. Therefore, f is an (L, M)-fuzzy continuous
map. Also, C(f (1)) = D(u;) for each y; € IY,i = {1,3,4}. Therefore, f is an (L, M)-fuzzy convexity
preserving map. On the other hand (X,C,7!) is an (L, M)-ftcs but (Y, D, 7?) is not an (L, M)-ftcs because
T2(L~ COp(us, 1) #1, 7€ (0,1].

Definition 3.9. Let x; be an L-fuzzy point of an (L, M)-ftfcs (X,C,7). Then, u € LX is called r-fuzzy
neighbourhood of x; if there exists v € LX, 7 (v) > r such that x; € v < p.
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Definition 3.10. An (L, M)-ftfcs (X, C, 7") is said to be locally fuzzy convex at an L-fuzzy point x; if for every
r-fuzzy neighbourhood p of x; there exists some r-convex fuzzy nieghbourhood v of x; such thatv < p.
(X,C,7T) is locally fuzzy convex if it is locally fuzzy convex at each of its L-fuzzy points.

Proposition 3.11. An (L, M)-fuzzy convex-to-convex, (L, M)-fuzzy open and (L, M)-fuzzy continuous image of a
locally (L, M)-ftfcs is a locally (L, M)-ftfcs.

Proof. Let f : (X,C, 71 — (Y, D,7?) be an (L, M)-fuzzy convex-to-convex, (L, M)-fuzzy open and (L, M)-
fuzzy continuous onto map. Let y; be an L-fuzzy point in Y. Then there exists an L-fuzzy point x; in X such
that f~(x;) = y,. Let u be r-fuzzy neighbourhood of y; in Y. Then f(u) is r-fuzzy neighbourhood of x; in
X. Since X is a locally (L, M)-ftfcs, there exists r-convex fuzzy neighbourhood v of x; in X such that

xr€v < f7(u).
Therefore
fT)efvysuy, ieysefv)<u
Since f is an (L, M)-fuzzy convex-to-convex and (L, M)-fuzzy open onto a map, f~(v) is r-convex fuzzy
neighbourhood of y, in Y. Hence, Y is a locally (L, M)-ftfcs. I
Proposition 3.12. An (L, M)-fuzzy convex subspaces of a locally (L, M)-ftfcs is a locally (L, M)-ftfcs.

Proof. Let (X,C,7T) be alocally (L, M)-ftfcs, @ # Y € X and (Y, C|Y, 7v) be the corresponding an (L, M)-fuzzy
subspace of (X,C, 7). Let x; be an L-fuzzy point in Y and p be r-fuzzy open neighborhood of x; in Y, i.e,,
x¢ € p such that 7y(u) > . Since 7y(u) > r we have p = v|Y, where 7 (v) > r. Since X is locally fuzzy convex,
there exists r- convex fuzzy neighborhood A of x; such that x, € A < v. So, x; € A|[Y < v|Y. Since Y is an
(L, M)-fuzzy convex, A|Y is r-convex fuzzy neighborhood in (Y, C|Y, 7y) and hence (Y,C|Y, 7Ty) is a locally
(L, M)-ftfcs. O

Proposition 3.13. Let (X, C) be the product of {(X;,C;) :i € T}. Thenform; : X — X;, re M, and u € X, a
mapping CO¢ : LX x M,, — LX is defined as follows:

COc(p,7) = | | €O (), 7).
iel’
Then, COc is an L-fuzzy hull operator.
Proof. (1) From Theorem 2.4 (1), we have COc,(7;” (xo), )(x;) =Lum for all x; € X;,i € 'and r € My,,. Hence,

COc(xo,M)(x) = H COc;(7;” (x0), )(xi)
iel
=1lm forall x € X.

So, we obtain CO¢(xo, ) = Xo-
(2) Let u € LX. Then by definition of product fuzzy sets,

H(x) < pi(x;) forall x € X.
Therefore,
p(x) = Ajerpi(x) < Nierphi(xi) = [lier wi(x;) for all x € X.
Put pi(x;) = 7,7 (u)(x;) for all x; € X; where 77 : LX — L% is a projection and
i (W)(xi) = Viu(x) : x € X, ;7 (x) = x;}( Definition 1.3 [10]).
We have
() < ier pi(xi) = [ier 77 ()(x2)- (6)
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For all i € I' we have ;7 (u)(x;) < COg,(7t;” (), )(x;) for each u € LX. So, by equation (6) we obtain,
u <[] @)
iel’

<[] coc (), N
iel’

= COc¢(u, r)(x) forallx e X.

Hence, u < COc(u, 7).
(3) Suppose that u(x;) < v(x;) for all x; € X;. Then by Theorem 2.4 (3) it is obtained that

COc (1" (), r)(xi) < COg; (1" (v), 1) (xi)-

Therefore,
COc(u,N() = [ | COc. 7 (), 7)(xi)
iel’
<[] coc.tr (), r)ix)
iel’

= COc¢(v,71)(x) forall x € X.
(4) Let r < 5. Then from Theorem 2.4 (4), we have
COc, (17 (1), 7)(x;) < COc,(1t;” (1), 5)(xi) for all x; € X;.

Therefore,
COcp, ) = | [ COc(my (), ()
iel’
<[] coc (w9
iel’

= COc¢(u, s)(x) forallx € X.
(5) It is enough to verify that COc(COc(u, 1), 7) < COc(u, 7). So taking any p € LX and r € M,

COc(COc(u,1),1) = HCOci(ﬂf (COc(, 1)), 1)

iel

< [ ] coc(coe (), 7,7
iel’

= [T coc.tz (), 7) = COc(u, .
iel’

4161

(6) Let {u, : @ € A} C LX be nonempty and totally ordered by inclusion. Then, for r € M, ,,, we have,
t pty y y M

COVgen tar?) = [ [ COar(\/ e )

iel aeA

= [Tcoc(\/ 7 (ua) n

iel’ aeA

= H \/ COc¢, (1" (1a),r) Theorem 2.4 (6)

il aeA

= \/ H COc, (1" (a), 1) Since L is distributive lattices

aeA iel’

=\/ COc(ta, 7).

aeA
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Hence, COc(V gen par ) = Vaea COc(tta, 7). O

Theorem 3.14. Let (X, C) be the product of {(X;,C;) : i € I'}. Then for eachi € T, m; : X — X; is an (L, M)-fuzzy
convex-to-convex function.

Proof. By Proposition 3.13, we obtain 7t;”(u) < 7.7 (COc(u, 7). Therefore,

COC:‘(TCI'_)(‘U)/ 1") < COC,’(T(Z'_)(COC(‘U/ 1’)), 1’)
1, (COc(u, 7)) because Ci(1;”(COc(u, 1)) > 1.

Hence from Proposition 2.8 (2) we obtain 7; is an (L, M)-fuzzy convex-to-convex function. [J

Theorem 3.15. The product space [[;cr(Xi, Ci, T) is locally fuzzy convex if and only if (X;, C;, T) is locally fuzzy
convex.

Proof. Suppose that each X; is locally fuzzy convex. Let x; be a fuzzy point in X = [[;cr Xi and A, 77 (1a)
be r-fuzzy neighborhood of x; where m; : X — X is the projection map, p, is r-fuzzy open neighbour-
hood of (x;,); in X;, for a = 1,2,3,...,n. Since X;, is locally fuzzy convex, then there exist r-convex fuzzy
neighbourhood v,, of (x;,); such that

(i)t € Va < Ua-

Which implies that

Xt € /\n;;(va) < /\ni‘;(ua)-

Therefore, A\, ;- (va) is r-convex fuzzy neighbourhood of x;. Hence X is locally fuzzy convex. On the other
hand, let (x;); be a fuzzy point in X;. Then we can find a fuzzy point x; € X such that 7;”(x;) = (x;);. Let
i be r-fuzzy neighbourhood of (x;); € X;. Then 77" (w;) is r-fuzzy neighbourhood of x; € X. Since, X is
locally fuzzy convex, there exists r-convex fuzzy neighourhood v of x; such that v < 7{™(y;). Since, 7; is an
(L, M)-fuzzy convex-to-convex function, 7t;”(v) is r-convex fuzzy neighbourhood of (x;); € X; such that

(xi) € 7 (v) < i

Hence, X; is locally fuzzy convex. [
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