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Abstract. We introduce the cosine-type approximation processes in abstract Banach space setting. The
historical roots of these processes go back to W. W. Rogosinski in 1926. The given new definitions use a
cosine operator functions concept. We proved that in presented setting the cosine-type operators possess
the order of approximation, which coincide with results known in trigonometric approximation. Moreover,
a general method for factorization of certain linear combinations of cosine operator functions is presented.
The given method allows to find the order of approximation using the higher order modulus of continuity.
Also applications for the different type of approximations are given.

1. Introduction

The aim of this paper is to introduce an abstract framework of certain approximation processes and to
estimate the order of approximation using a cosine operator functions concept. Historical roots of these
processes go back to W.W. Rogosinski [14], who proved that the arithmetical mean of shifted Fourier partial
sums converges uniformly to a given 27m-periodic continuous function f € C,,. In notations: for f € Cy,
the Fourier partial sums

n
Su(f,x) = %0 + zakcoskx + by sinkx
k=1

define the Rogosinski means by

s

1 I
Rn(f,X) = E(Sn (f,x+ m)+sn (f,x— m)) (1)

Let X be an arbitrary (real or complex) Banach space, and [X] the Banach algebra of all bounded linear
operators U of X into itself.
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Let {Pi}}? ) € [X] be a given sequence of mutually orthogonal projections, i.e. PjPx = 6Py, (0« being the
Kronecker symbol). Moreover, let us assume that the sequence of projections is total, i.e. Pif = 0 for all
k=0,1,2,..implies f = 0, and fundamental, i.e. the linear span of |J Px(X) is dense in X. Then with each

k=0
f € X one may associate its unique Fourier series expansion

f~ i Pif
k=0

with the Fourier partial sums operator or Fourier projection operator

Snf = i Pkf
k=0

As we know from trigonometric Fourier approximation the strong convergence of the Fourier partial
sums is not guaranteed for all f € X. The improvement of that situation will be given by some matrix
transformation like

U,f =) Ok(m)Pcf.
k=0

The first matrix transformation with 6x(n) = 1 — % for the trigonometric Fourier series was introduced
by L. Fejér in 1904 [5]. Later on, W.W. Rogosinski [14] introduced the arithmetical mean of shifted Fourier
partial sums (1), which appeared to be the matrix transformation with ®(n) = cos %

In this paper we introduce in abstract setting the Rogosinski- and Blackman-type operators and find
the order of approximation via a modulus of continuity (smoothness), which is defined by a general
operator cosine functions. A little less abstract setting we used in [9]. The Rogosinski- and Blackman-type
operators are interesting, because they are applicable in approximation by Fourier expansions of different
orthogonal systems [18], in summation of Fourier transforms [3] and in approximation by generalized
Shannon sampling operators [10].

Definition 1.1. (compare [13])A cosine operator function Cj, € [X] (h > 0) is defined by the properties:

(i) Co = I(identity operator),
(i) Chy - C, = 3(Coys, + Ciiy—nal),
(i) ICufll < TIfIl, the constant T > 0 is not depending on h > 0.

Remark 1.2. Let 1, € [X], h € R, be a translation operator, defined by the properties
(i) To=1,

(11) Th1 : Thz = Th1+h2/
(iii) It fll < TIfIl, 0 < T— not depending on h € R.

Then Cy, := %(’Ih +1_3), h >0, is a cosine operator function.

The following example demonstrates why sometimes we should use the cosine operator function.
System of symmetric trigonometric functions with respect to .  Let X = C,_ denote the space of
symmetric functions with respect to  (shortly m-symmetric) and in addition 47nt-periodic, i.e. we suppose
that f(t — x) = f(r + x) (or equivalently, (2 — x) = f(x)) and f(47t + x) = f(x) for all x € R. The space C;_
and the corresponding m—symmetric orthogonal system {cos kx, sin(k + 1/2)x} (k = 0,1, ...) on [-7t, T] were
studied in [11]. For example, for k = 0, 1, 2, ... the functions y = cos kx, y = sin(k + %)x, are in space C,_, but
y = sin((k + 1/2)x) are not in Cy;; . An interesting phenomenon of m-symmetry is that for any continuous
function f on [~ 7] its -symmetric and 4m-periodic extension is always continuous on R. This is not the
case of 2m-periodic extension of any continuous function f on [~ 7] - to be continuous in addition the
equality f(—m) = f(n) should be valid.
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If a function f € Cyy, it is obvious that for the ordinary translation operator 7,(f,x) = f(x + h), h € R,
we have 1, f € Cy;; as well. But here we may note that the ordinary translation operator 7,(f,x) = f(x + h),

h € R, is not good for the m-symmetric functions, since, for example, 7}, (sin (%0) , x) = sin %(x +h) ¢ C;_for
every h # 2km, k € Z. But for the operator cosine function

Cf, ) = 5 (F+ 1)+ flx =), h20, @

if f € C,,, then for every h > 0 the cosine operator function Cy,f € C; .
Fourier-Chebyshev series. For f € C[_1,1] let us consider the Fourier-Chebyshev partial sums operator

Sif,x) = fr0) +2) " fr)Tix),
k=1

where

du
2

1
A 1
frk) :== — | fu)Ti(u)
! oot

is the k-th Fourier-Chebyshev coefficient, and Ty (1) = cos (karccos u) is the k-th Chebyshev polynomial of
the first kind. For this case a suitable cosine operator function (see [2], [4]) is

C,{(f,x) = %{f(xcosh + V1 —-x%sinh) + f(xcosh— V1 —xZSinh)}, 0<h<m.

2. Modulus of continuity, best approximations, general cosine-type approximation operators

In the present section we will define the general cosine-type approximation operators and the apparatus
that is needed for estimating the order of approximation. The leading idea for definitions below appeared
from the trigonometric approximation (see [14], [3], [12], [15]) and references cited there.

An abstract modulus of continuity, defined by the cosine operator function, will play an important role
in our paper.

Definition 2.1. The modulus of continuity of order k € IN is defined for 6 > 0 via the cosine operator function by

wi(f,0) = sup I[(Cy = D fl. 3)

0<h<d

The next properties are adaptions of the well-known properties of the ordinary modulus of continuity
(see, e.g. [3], [15], [17]).

Proposition 2.2. The modulus of continuity wi(f,6) (w(f,6) := wi(f,0)) in Definition 2.1 has the following prop-
erties:

(D) wi(f,md) <mk(1+ (m - DT)wi(f,6), m € N;

(ii) wi(f, A0) < ([A] + DF(L + [AITY wi(f, 8), A > 0, ([A] < A is the entire part of A € R);
(iil) wi(f,6) < (1 + D) wi(f,6), k> land kI € N.

Remark 2.3. Let t;, : X — X, h € R, be a translation operator and let us define another modulus of continuity of
order k € N by

wi(f,0) := sup ||(Th/2 — ) f”
0<h<s
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Then, by Remark 1, Cj, := %(Th + 1), h > 0, defines the modulus of continuity wy by (3). Since
C,-1= % (T2 — T_h/z)z , we have

wlf,) = suf,0) @)

Another quantity we need is the best approximation. Let A; C X be a dense family of linear subspaces
with A, C Ag,,0 < 01 < 02, meaning that for every f € X there exists a family {g,}s~0 C |U As such that

>0
im0 [If = g5ll = 0. Let A; C X consist of the fixed points of a linear operator S, : A; — A, i.e. for any

g € A wehave S;g = g.
Definition 2.4. The best approximation of f € X by elements of A, is defined by

Eo(f):= inf If =gl

Remark 2.5. We often may suppose that there exists an element g. € A, of the best approximation, i.e. E (f) =
If = gl

First, let us define our approximation processes as operators only on the subspace A,. In the following
definitions instead of S, g, (g € A;), we could write just g, because by our assumption S,g = g. But we prefer
the given definitions, since in some cases we are able to define the operators S, on the whole space X, still
with a set of fixed points A,, and in this case also the approximation operators will be defined on the whole
space X. To clarify the situation let us give two characteristic examples.

1) Fourier projections are defined on the whole space X having the fixed point set as corresponding
generalized polynomials.

2) Let X = C(IR) be the space of uniformly continuous and bounded functions on R (for what follows,
see, e.g. [7]) with a family of the dense subsets By C C(IR) consisting of the bounded functions on R, which
are entire functions f(z) (z € C) of exponential type o, i.e. |f(z)| < e"¥||fllc (z = x + iy € C). In this case the
linear operator S, : B — B is the classical Whittaker-Kotel’ nikov-Shannon operator, for g € By, 0 < nw,
defined by

[

CATOEY g(%) sinc(awt k),

k=—c0

where the kernel function sinc(f) := 2% The fact that for Si" : BY — B the set of fixed points is
By, 0 < mw, is the statement of the famous Whittaker-Kotel'nikov-Shannon theorem: if g € BY,0 < nw,
then

(S35 g)(t) = g(t).
We define approximation operators in this paper as follows.

Definition 2.6. The cosine-type operators ﬁgrh,a 1 A; — X are defined by

l

@ Ci, (So‘g)/ h>0, 5)
0

ahald =
k

m
where a = (ag, ..., ay) € R™, m > 1, and
m
Zak =1. (6)

k=0
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The two typical cases of the operators (5) are the Rogosinski-type operators and the Blackman-type opera-
tors.

Definition 2.7. The Rogosinski-type operators FIEG,h,a 1 Ay — X are defined by

l

=

ohald ‘= Z aCry (Sog), h >0,

k=0

where (6) is supposed to be valid and, moreover,

Z ax Ccos k77'( =0. (7)

k=0

Remark 2.8. The case a = (0,1) € R? leads to the original Rogosinski operator R, : Con — Con which in
trigonometric approximation was introduced by W. W. Rogosinski [14] and afterwards elaborated by S. B. Steckin
in [16], see also [3], [15], [17]. In our notations the classical Rogosinski means (1) are in the form R,(f,x) =

Cﬁ (Snf, x).

Definition 2.9. The Blackman-type operators Eo,h,a 1 Ay — X are defined by

m

FBVU,h,ag = Zakah (So‘g), h>0,

k=0

where (6) is supposed to be valid and, moreover,
Y (~1fa =o0. (8)
k=0

Remark 2.10. In Definition 2.9 the Blackman operator in the case a = (1/2,1/2) € R? is called the Hann operator,
denoted here by H,,, and that is in Communications Engineering the original Hann operator [1]. If the projector
operator S, : Ay — A is translation invariant, i.e. CyS; = S;Cy, then it is easy to prove that Ri W = Hoon and

Bopnass = H2,, where Byjy3js = Bopa with a = (3/8,1/2,1/8) € R®,

The following Bounded Linear Transformation Theorem allows us to define our approximation operators
on the whole space X.

Theorem 2.11. ([8], Sect. 8.2, 8.3) Let A C X be a dense subset of a Banach space X and B: A — X be a bounded
linear operator with the operator norm ||B||. Then B has the unique bounded linear extension B : X — X with

[|B]| = ||§||. For f € X the operator B € [X] is defined by Bf = lim,_,o Egg, where {gs1550 C A is an arbitrary family
with f = limg—e0 Jo-

Thus, if the approximation operators flglh,a : A, — X are defined, their extensions will be denoted by
Uy e : X — X, correspondingly.
3. Order of approximation by general cosine-type operators

In this section we discuss the order of approximation of the general cosine-type operators by the modulus
of continuity. Let us define an accompaning operator to the approximation operator (5).
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Definition 3.1. Let for a = (ay, ..., a) € R™, m € N with

Y=t ©)

k=0
the operators Oy, € [X] be defined with

Onaf = ) aCuf, feX. (10)

k=0

Lemma 3.2. For every f € X for the operator Uy, : X — X it holds that

||Ua,h,af _fH < (”UU,h,aH[X] + ”®h,a”[X])E6(f) + H@h,af _fH . (11)
Proof. Let g. € A; be an element of the best approximation of f € X. Since S,9. = g., by Definitions 2.6 and
3.1

®h,ag* = Uo,h,ag*r

and we get

Uspage = Fl < 1©a9. = Opafll + 1Oaf = fII. (12)

For the first term in the right-hand side of (12) we obtain

11,29 — Onafll < 1@nallxEs(f)- (13)
The operator a@h,a : Ay — X and its extension U, , : X — X coincide on the subspace A,, therefore

WUgpaf = FIl < WUopaf = Uspagell + 1Ugpage = fIl < WopalliEo(F) + 1Ugpage = fII.

Combining all inequalities together we obtain the assertion. o
The rest of this Section deals with the problem how to estimate the term ||G);,/a f-f || in (11). The original
trigonometric Rogosinski means (1) are defined, in our notations, as (see, e.g., [3], formula (1.3.9), Th. 2.4.8)

Ruf = Coy (Saf),

which is the special case of (5) with m =1, a9 = 0, a7 = 1. Therefore, in the present case (h = ﬁ), by
Definition 2.1

|©1af - £l = |Cuf = f|| < w(f,6) O <h<0).
In the following we are interested in whether it is possible to infer the higher order modulus of continuity.
The next result is an important tool for what follows.

Lemma 3.3. Let u = (g, ..., Uy,) € R™1, m € N satisfy

gk
=
S
I
o

(14)

=~
I
(=}

Then

1 m
uCrn =2 ) "Cian (Cp = 1) Z (I=k)u (15)
0 =0 1=k

u, =
k

(Y. means here and in the following that the first term is halved).

m m—



A. Kivinukk et al. / Filomat 33:13 (2019), 4213-4228 4219

Proof. For m = 1 the equation (15) follows immediately. Let m > 2 and define

1 1
Dy = EL Dy, = §I+ Ch+...+Cy, I = 1,2,...

Then by induction on j > 2 we obtain

—.
—

.-
_J ;
Dy, = EI + ;‘ (] - l) Clh' (16)

i

1l
fe=}

Multiplying (16) by 2(C, — I) we get

j-1
j(Ci=D+2) (=D (Ci—DCu
=1
j-1
](Ch - I) + Z (] - l) (C(1+1)h + C(l—l)h - ZClh) .

=1

1
2(C,=1) Z Dy,
1=0

For the sum on the right-hand side we have

j-1

jCh=D)+ Z (7 = D) (Carayn = Cin = (Ci = Cm)

=1

j-1
-1+ 1) Cin — Cy- 1)h Z (- l) Cin — C- 1)h)
=1

-1
= Cjp—Cjoyn + (Clh - C(l—l)h) =Cy - L
I

M\

=1

—.

Il
—_

Therefore,
j-1
2(Cy _I)ZDlh =Cp -1,
1=0

which together with (16) gives the equation

j-1
th_lz(Ch_I)[jI+ZZ(j_l)Clh]/].22‘ (17)
1=1
By the assumption (14) and equation (17) we may write
m m m m j-1
Z‘u] Z‘ul ]h—l (Ch_D Z]M]I+22u]‘ (j—l)Clh .
j=0 j=1 =2 1=l
The equation (15) follows by changing the order of summation in the sum
m j-1 m-1 m
j=2 I=1 =1 j=I+1
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Proposition 3.4. For the operators ®,, : X — X in (10) the following equation holds

m=1 m
®pa—1=2)"Ca(Cr=D ) (I-K)ay. (18)
k=0

I=k+1

Proof. Take ug = a9 — 1, ux = a (k = 1,...,m) in Lemma 3.3.
For that follows we need certain combinatorial identities.

Lemma 3.5. Forl>p, I,p € N the following equations hold

I—
l+p—k—1) (l+p)
= , (19)
k_o( 2p-1 2p
f,(l+p—k—1)_i(l+p—l) 0)
e 2p-1 2p\ 2p -1

Proof. The equation (19) is a modification of the known equation (see [6], p. 174, table 174)

Z(”k):(”””),re]lz, n=012,..
k n

k=0
Indeed,
I-p I-p
SR Ry o
k=0 P k=0 P
B f(Zp—1+k’)_ (l+p) _(l+p)
~ Kk’ I-p 2p

The equation (20) follows from (19):
”’,(z+p-k-1) . 1(l+p—1) (l+p) 1(l+p—l)
= lp__ = - =
e 2p-1 2\ 2p-1 2p 2\ 2p-1
I+p-1\(l+p 1\_ I(l+p-1
-1 )\ 2p 2] 2o\ 2p-1)

Now we are able to estimate the order of the norm H@h/a f-f ”

(=]

Proposition 3.6. For every f € X for the operator (10) it holds that

1©1af = £l < max(T, V£, 6) ) Plal,
=1

where h < 6 and T > 0 is the uniform bound of the cosine operator function Cy, i.e. ||Cpllx) < T for every h > 0.
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Proof. Using (18) and the definition of the modulus of continuity yields

m m-1 m
w(f, h) (Z Hal +2T) " )" (1= k>|al|]

k=1 I=k+1

-1
w(f,h) [Z llay] + ZTZ | Z(l - k)]
1=2 k=1

Suppose T > 1, then by (19) with p = 1 we obtain

|©1,0f - f|| < Te(f, ) [Z lal + ) (L= 1)1 Iall]
=1 =1

and we are done. The case T < 1 follows similarly. o
We give our first main result, which corresponds to the classical trigonometric Rogosinski means.

IN

(CVES]

Theorem 3.7. Assume (9) is valid. Then for every f € X for the operators U, : X — X we have

|Uspaf = f|| < (1|ug,h,a||[X] + ||®h,a||[X])EO( £) + max(T, Daw(f, ) Z 2|
=1

forevery 0 < h < 0.

Proof. Use Lemma 3.2 and Proposition 3.6. D

Remark 3.8. In trigonometric approximation, in space Xon (which is Co — the space of 2m-periodic continuous
functions on R or L) — the space of 2m-periodic functions, Lebesgue integrable to the p-th power over (=7, ) ) the
corresponding operator cosine function (2) is uniformly bounded by T = 1. As mentioned before, the trigonometric
Rogosinski means are defined by a = (0,1) and h = 555 Therefore, Theorem 3.7 yields (compare [3], Theorem 2.4.8)

IRwf = Al < (IRullpy + 1) Enf + @ (f, TR 1))-

Recall that here w(f, ) = Y@ (f, 6), where @, is the ordinary modulus of continuity of order 2, that is @, is defined
by the central differences.

Our next intention is to prove a similar result as Theorem 3.7, where instead of w(f, 1) the modulus of
continuity of higher order is used. We need the following combinatorial lemma.

Lemma 3.9. The following equation holds

( ) (Z+1)l>p+1p 0,1,2,..; [€N.

Proof. By [6], p.169, equation (5.26), we may write

: q+k l+g+1
Z( )( ) (m+1’l+1) (m'lzoflrzr...,'anZO).

k=0

I-p

k=1

Taking n = 1 and g4 = 0 we obtain

L))

k=1



A. Kivinukk et al. / Filomat 33:13 (2019), 4213-4228 4222

Since by definition (l;lk) =0form>1-k, we get
v (l—k) (1+1)
ki = o)
=\ m m+
[m]

Our main tool, working with the higher order modulus of continuity, is Lemma 3.3. Applying Lemma
3.3 we obtain the following result.

Proposition 3.10. Assume for a = (ay, ..., am) € R™1, m > 2, that (9) is valid and, moreover, suppose that

lealzo. (21)
=1
Then
I-k+1
_ _ 12
Opa—1I= 42 Cin(C = 1) I;Z( 3 )al. (22)

Proof. Denote the sum in (18) by

m—1 m m—1
Vi1 =Y 'Coy Y (=R = ) wCa, (23)
k=0 I=k+1 k=0
ie.
1 m m
=3 Z 4, Uy = Z (-Ka, k=1,..,m—1. (24)

If we choose the coefficients 4; in (23) in such a way that for the coefficients u; in (24) the assumption (14)
of Lemma 3.3 for m +— m — 1 is fulfilled, then by Lemma 3.3 we obtain

m—1
Vinr = 2(Cy — I)Z "Chn Z (I = ku.
k=0 I=k+1
Therefore, by Proposition 3.4,
m—2 m—1
Opa—[=4(Cy =112 Y "Cin Y (I =y, (25)
k=0 I=k+1
Let us calculate by (24) the sum
m—=1 1 m m—=1m-1
Uy = E la; + (l +1- k)a1+1,
k=0 1=1 k=1 1=k

where, interchanging the order of summation and using Lemma 3.5, equation (19) with p = 1, we get

Z 11+ 1)ags;.
1=1

§
-

-1 m-1 m—1 -
(I+1-kag=) a1 ) (I-
=k =1 0

o~
Ii
I\)IP—‘

1

o~
1l
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So, by the assumption (21) we obtain

m=1 -1

1

m— m
Uk =5 ;(l + Dajq + ;

and therefore the assumption of Lemma 3.3 is fulfilled. Finally, using (24), we have to calculate in (25) the
sum (k=0,...,.m—2)

I+ Dayq =

NI*—‘

N =
gl

k=0 I

Il
(=)

m—1

D U=k = Z I~ k)Z(; +1-Daja
I=k+1 I=k+1
m—1 m j—k-1 k-
- Zaj+12(1—k)(j+1—1):Za,Zl(] )
j=k+1 I=k+1 j=k+2 =1
o (j—k+1
j=k+2
Here the last equality is valid due to Lemma 3.9, and so (22) is proved by (25). D

Now we shall generalize the result of Proposition 3.10.

Proposition 3.11. Let us fix the integer q with m > q > 2. Suppose the coefficients a = (ay, ..., a) satisfy the
condition (9) and for everyp = 1,2,3, ...,q — 1 we have

Zz(lzﬂ’ 11) —o. (26)
I=p P
Then
, k+q 1
Opa—1I= 2@ Con(Cr = 17 Z . 27)
I=k+q

Proof. To prove by induction on q first we see that the case g = 2 is exactly the result of Proposition 3.10.
Suppose (26) is valid for every p = 1,2,3, ...,q and suppose (27) holds. Denote the sum in (27) by

m_q, < I-k+q-1 -
Ty 2=Z Ckhz 99— 1 aIEZukah (28)
k=0 I=k+q q k=0
with
1y (l+g-1 o (l-k+g-1 B
“0-52(zq_1)”1' uk_z( - )al, (k=1,..m—gq). 29)

I=k+q

Let us choose the coefficients 4; in (28) in such a way that for the coefficients 1y in (29) the assumption (14)
of Lemma 3.3 for m — m — q is fulfilled. Then by Lemma 3.3

m—q-1 -q
Tm—q =2(Cy - 1) "Cin (I = k)uy.
k=0

3

1]
o~

+1

Hence, by (28) and (27) (as the assumption of the induction) we obtain

3

m—q-1 -q
O — 1 =214C), - 1)1} "Ca Y (=K. (30)

k=0

1]
~

+1
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Let us calculate by (29) the sum

m—q 1 m—qm-q
1 I+g9-1 I-k+2q-1
Up-q = k=35 ( )al + ( ) l+q
kz=:)‘ 2 I=q 2q-1 k=1 I=k 27-1
m—q m—q !
1 (l+2q—1) (l—k+2q—1)
= 3 Ag + Al+q _

2 = 2q-1 IZ:J kz_:d 2q-1

Since Lemma 3.5, equation (19) withp =g, [+ g+ -1, yields

Zl: I-k+29-1 _li I—k+29-2\ (1+29-1
9-1 ) &\ 29-1 ) 2 [/
we obtain

m—q m—q
I+2q-1 I+2q-1
Mo = ( 29-1 )qu ’ alﬂ]( 2q )

n-q

I+2g-1\ (I+29-1
= s L5757
~ l+2q 1) 1y (I+g-1
) Zqz( ( )a’”’_M;Z( 2q—1)al'

We see that the assumption of Lemma 3.3 is fulfilled by condition (26) forp =g+ 1, i.e.

hence, (30) is valid. To finish the proof we calculate by (29) in (30) the sum (k =0, ... m —g—1)

gl—k)uz Z(l—k)Z( l+2q_1)j+q
I=k+1 1=k+1

] -1 —
- aj+q2(z—k)(] 2;_2‘71 1): Z a]Z(l—k)( - 1)

j=k+q+1  I=k+1
Here for the inner sum by Lemma 3.9 withI = j-k+¢g -1, p =27 —1 we obtain

& l+q 1 & ]—Z—k+q 1\ (j-k+q
oo ) T )05

I=k+1 I=1

m—q m
Z (1=K = Z a](fz—q’:q)/

Finally,

and (30) takes the form

m—q-1 m ] k+6]
_ 71 _ng+l _ 1+l ’ - )
Opa —1=27(Cy = 1) Cor ), (2q+1)a],
k=0 j=k+q+1

which is (27) forg — g + 1. o
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Proposition 3.12. Under the assumptions of Proposition 3.11 we get
I+g-1
wq(f,h) ; lla z|( ] )

where Cty = max(T,1) for2<q <m—1and Cry =1forq=m.

€. f - fll <

Proof. The case g = m follows immediately from Proposition 3.11. Let 2 < g < m — 1. Then by Proposition

3.11
m-q m
“@haf f“ < 27 wy(f, h) Z(Z+q )|01|+2qTa)qfh Z Z( k+q 1)l 1l
I=q k=1 I=k+q
Suppose T > 1. Then
m m—q . m
|©4af - £]) < Z”qu(f,h)[% (”q_ 1) ZEIDN ( fra- 1)| AJ.

I=q k=1 I=k+q

Let us calculate the sum in brackets:

~ l+g-1 v (l-k+29-1
Vm—q - 52(2 _1) + 2q_1 |al+q|
I=q k=1 I=k
1y (l+29-1 - S(l-k+29-1
= 22\ 2giq Jol+ =y 21
=0 =1 k=1

m—q 1
1{1+29-1 I-k+29-1
= |aq|+2|m+q|(( ] )+2( 21 )]
k=1

_*Zq: I—k+2q-1) _l+q(l+29-1
- 2q-1 29\ q-1 )

k=0 k=0
hence
1 1 v I+g-1) 1 v I+g-1
Vin-g = 5lagl + > l|“l|( ) == la zl( ,
2 qu;l 2q-1 Zq; 2q-1
which proves the assertion in the case T > 1. The case T < 1 follows similarly. o

The next main result improves the order of approximation in Theorem 3.7.

Theorem 3.13. Let the cosine-type operators Uy, q : X — X be bounded linear extensions of the operators Elglh,a :
A — X,

m

Uspag = Y aCiu(Sog), 11 >0, me N,
k=0
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where the cosine operator functions Cy, : X — X are equibounded, i.e. ||Cyllix; < T. Let us fix the integer q with
m > g > 2 and suppose that the coefficients a = (ay, ..., a,) satisfy the equalities

and

foreveryp =1,2,..,q — 1. Then for every f € X we have

s =15 (ol ol o+ i B 37) o

where Cry = max(T, 1) for2 < g <m—1and Cry =1 forq=m.

Proof. Use Lemma 3.2 and Proposition 3.12. o

4. Applications

In this Section we apply Theorem 3.13 to special cases of operators including Blackman- and Rogosinski-
type operators. Note that in these cases the estimate (31) is much simplified.

Example 1 a) (Blackman) Take in Theorem 3.13 m = 3 and g = 3. Then the conditions (9), (8) and (26)
give us
1 1 1 ao 1
-1 1 -1 ar| |0
1 22 32 ap 0l
0 0 1 6 a3 0

[

This system corresponds to the system in [10] (see Th.3 and Example 1), which was proved by completely
different method.
After solving the linear system we get the unique solution a = 35(22,15, -6, 1). From (31) we obtain

st = 12 (sl sl 2 0+ GG Y 5,

for which by (10) we have

m
”@h:ﬂ”[X] < |ﬂo| + Tkz |le| .
=1

Using the coefficients a = 31—2(22, 15,-6,1) it follows

[Uoaf - ]| < (||u0ha||m 1 (D) E () + sos (fh).
b) (Rogosinski) Take in Theorem 3.13 m = 3 and g = 3. Then the condition (9), (7) and (26) give us

1 1 ap
-1 0 ai

1
0

22 32 as o
1 6 as 0

OO = =
O = O =
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After solving the linear system we get the unique solution a

= 1(-6,15,-6,1). From (31) using the
coefficients and (10) follows

U = £ < (Uonall g + 5 G+ 11D) Eo () + s ().

Example 2 a) (Blackman) Take in Theorem 3.13 m = 3 and q = 2. The conditions (9), (8) and (26) give
together (compare [10], Example 2) the system

1 1 1 1 ZO 1
1 -1 1 -1|"Y=]|o].
o 1 22 32)|"2] o

The solution of the linear system is a = %(22 —2C,15+C,—-6+2C,1 - C), where C is a parameter. Using the
solution and equation (10) for (31) we get

[Uoaf - ]| < (Hu(,,h,a”[X] + 31—2 (22— Cl+ T (15 +C| + -6 +2C| +1 - C|)))EU )

1
+E max (T, 1)ws (f,h) (-6 +2C| + 6]1 - CJ).

If we put C = 3, which minimizes the constants,

then for T > % it follows

|Usnaf - f|| < ((|uo,h,a||[X] + % (19 + ZOT)) E, (f) + Zmax (T, D, (f,h).

b) (Rogosinski) Take in Theorem 3.13 m = 3 and g = 2. Then the condition (9), (7) and (26) together give us
the system

11 1 1 ZO 1

1 -1 1 -1 al =10].

0o 1 22 32){"% (o
The solution of the system is a = %(—1 —8C,4+14C, -1 -8C,2C), where C is a parameter. Using the solution
and (10) for (31) we get

U = £ < ([Uonall g + 5 (=1 - 8C1+ T (4 + 14C1+ 11 - 81+ 2C) . ()

+max (T, 1w, (f, h) (I-1 - 8C| + 12]|C])..
If we put C = —3, then for 0 < T < 2 it follows

U f = £ < ([onall g + 3 T)Eo (F)+ 5 max (T, Do (£,

CONCLUSION We introduced the general cosine-type approximation operators, in particular case
the Blackman- and Rogosinski-type operators, using the cosine operator function. This abstract setting is
useful, because now we were able to consider different approximation problems from the unique point of
view.
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