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Abstract. We relax the conditions related to the almost product structure and in such a way introduce a
wider class of generalized para-Kähler spaces. Some properties of the curvature tensors as well as those of
the corresponding Ricci tensors of these spaces are pointed out. We consider holomorphically projective
mappings between generalized para-Kähler spaces in Eisenhart’s sense. Also, we examine some invariant
geometric objects with respect to equitorsion holomorphically projective mappings. These geometric objects
reduce to the para-holomorphic projective curvature tensor in case of holomorphically projective mappings
between usual para-Kähler spaces.

1. Introduction

A hyperbolic Kähler space or a para-Kähler space is a differentiable manifold M endowed with a pseudo-
Riemannian metric 1 and an almost product structure F , I satisfying the conditions [30]

F2 = I,
1(FX,FY) = −1(X,Y),

(∇XF)X = 0,

where X,Y ∈ Tp(M) and ∇ is the Levi-Civita connection of the metric 1.
A holomorphically planar curve was first introduced in a usual Kähler space by T. Otsuki and Y. Tashiro,

see [30]. This curve is defined in the same manner as in a para-Kähler space as follows. A curve l : I → M
in a para-Kähler space (M, 1,F) of real dimension 2m ≥ 4 satisfying the regularity condition λ(t) =

dl(t)
dt , 0,

t ∈ I, is said to be a holomorphically planar curve if for some functions ρ1 and ρ2 of a parameter t the following
ordinary differential equation holds [27, 30]

∇λ(t)λ(t) = ρ1(t)λ(t) + ρ2(t)Fλ(t),
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where ∇ denotes the Levi-Civita connection corresponding to the symmetric part 1 of metric 1.

A mapping f : M → M is said to be holomorphically projective if each holomorphically planar curve of
the para-Kähler space (M, 1,F) is mapped onto a holomorphically planar curve of the para-Kähler space
(M, 1,F). J. Mikeš [5, 7–11, 24] made some of significant contributions to study of holomorphically projective
mappings between Kähler, para-Kähler and parabolic Kähler spaces. Invariant geometric objects with
respect to equitorsion holomorphically projective mappings of generalized Kähler spaces were described
in [28, 29, 31]. M. Prvanović [25] considered for the first time an analogue of holomorphically projective
transformations in locally product spaces and described para-holomorphic projective curvature tensor in
these spaces as well as in para-Kähler spaces, particularly. C.-L. Bejan [1, 2] classified almost para-Hermitian
spaces and found some examples of spaces with hyperbolic structures. Recently, C.-L. Bejan and G. Nakova
[3] studied almost para-Hermitian and almost paracontact metric structures induced by natural Riemann
extensions. Some interesting results concerning para-Kähler-like statistical submersions were obtained by
G. E. Vı̂lcu [4].

We should note that investigation of special Eisenhart’s generalized Riemannian spaces and their dif-
feomorphisms is an active research topic [32–36]. A kind of generalized hyperbolic Kähler spaces and
holomorphically projective mappings between these spaces were considered in [16]. On the other hand we
gave a more general definition of generalized Kähler spaces in Eisenhart’s sense [22]. In the same manner
generalized m-parabolic Kähler spaces were defined in [17, 18]. A new type of generalized para-Kähler
space is given in [23]. In the present paper we provide a more general definition of generalized para-Kähler
spaces in Eisenhart’s sense than the one given in [16]. These results as well as those concerning F-planar
mappings given in [21] are included in the author’s Ph.D. thesis [19].

A generalized pseudo-Riemannian space in L.P. Eisenhart’s sense [6] is a differentiable manifold M
endowed with a non-symmetric metric 1. Therefore the metric 1 can be described as

1(X,Y) = 1(X,Y) + 1
∨

(X,Y),

where 1 denotes the symmetric part of the metric 1 and 1
∨

denotes the skew-symmetric part of 1, i.e.,

1(X,Y) =
1
2

(
1(X,Y) + 1(Y,X)

)
and 1

∨

(X,Y) =
1
2

(
1(X,Y) − 1(Y,X)

)
.

A non-symmetric linear connection ∇
1

of a generalized Riemannian manifold with a metric 1 is explicitly

defined by

1(∇
1

XY,Z) =
1
2

(
X1(Y,Z) + Y1(Z,X) − Z1(Y,X)

)
,

or in local coordinates by

Γi. jk = 1ipΓ
p
jk =

1
2

(
1 ji,k − 1 jk,i + 1ik, j

)
.

Here the functions Γi. jk and Γi
jk are called generalized Christoffel symbols of the first kind and the second

kind, respectively.
On a generalized Riemannian space (M, 1) another non-symmetric linear connection ∇

2
is defined by [26]

∇
2

XY = ∇
1

YX + [X,Y], X,Y ∈ Tp(M),

where as usual [·, ·] denotes the Lie bracket.
Consequently, there exist four kinds of covariant derivatives of tensor fields [13]:

∇
1

mai
j ≡ ai

j |
1
m = ai

j,m + Γi
pmap

j − Γ
p
jmai

p, ∇2 mai
j ≡ ai

j |
2
m = ai

j,m + Γi
mpap

j − Γ
p
mja

i
p,

∇
3

mai
j ≡ ai

j |
3
m = ai

j,m + Γi
pmap

j − Γ
p
mja

i
p, ∇4 mai

j ≡ ai
j |
4
m = ai

j,m + Γi
mpap

j − Γ
p
jmai

p.
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Also, we can consider usual covariant differentiation:

∇mai
j ≡ ai

j;m = ai
j,m + Γi

mpap
j − Γ

p
mja

i
p,

where ai
j,m denotes the partial derivative of a tensor ai

j with respect to xm and mp signifies a symmetrization

with division, i.e., Γi
mp = 1

2

(
Γi

mp + Γi
pm

)
.

2. Generalized para-Kähler spaces in Eisenhart’s sense

The non-symmetric linear connections ∇
1

and ∇
2

can be described thorough theirs symmetric part ∇ and

torsion tensor T
1

as follows

∇
θ

XY = ∇XY +
(−1)θ−1

2
T
1
(X,Y), θ = 1, 2. (1)

Here ∇ denotes the symmetric part of the non-symmetric linear connections ∇
1

and ∇
2

and it is given by

∇XY =
1
2

(
∇
1

XY + ∇
1

YX
)

=
1
2

(
∇
2

XY + ∇
2

YX
)
,

and the torsion tensor T
1

is defined by

T
1
(X,Y) = ∇

1
XY − ∇

1
YX.

Note that for a (1, 1) tensor field F the condition

∇
1

F = 0 and ∇
2

F = 0, (2)

is stronger than the condition

∇F = 0, (3)

where ∇ denotes the symmetric part of the non-symmetric linear connection ∇
1

. Indeed, if we assume that

condition (2) holds, then we have that

∇XFY =
1
2

(
∇
1

XFY + ∇
1

FYX
)

=
1
2

(
∇
1

XFY + ∇
2

XFY
)

= 0,

for arbitrary vector fields X and Y, i.e., condition (3) is fulfilled.
The previous discussion leads to the more general definition of generalized para-Kähler spaces than the

one given in [16].

Definition 2.1. A generalized Riemannian space (M, 1) is called a generalized para-Kähler space in Eisenhart’s
sense if there exists a (1, 1) tensor field F on M such that

F2 =I, (4)
1(FX,FY) = − 1(X,Y), (5)

∇F =0, (6)

where ∇ is the Levi-Civita connection of the symmetric part 1 of the metric 1 and I is the identity operator.
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Let us consider the following five linearly independent curvature tensors [14] in generalized para-Kähler
spaces in Eisenhart’s sense:

R
θ

(X,Y)Z =∇
θ

X∇
θ

YZ − ∇
θ

Y∇
θ

XZ − ∇
θ

[X,Y]Z, θ = 1, 2;

R
3

(X,Y)Z =∇
2

X∇
1

YZ − ∇
1

Y∇
2

XZ + ∇
2
∇
1

YXZ − ∇
1
∇
2

XYZ;

R
4

(X,Y)Z =∇
2

X∇
1

YZ − ∇
1

Y∇
2

XZ + ∇
2
∇
2

YXZ − ∇
1
∇
1

XYZ;

R
5

(X,Y)Z =
1
2

(
∇
1

X∇
1

YZ − ∇
2

Y∇
1

XZ + ∇
2

X∇
2

YZ − ∇
1

Y∇
2

XZ + ∇
1

[Y,X]Z + ∇
2

[Y,X]Z
)
.

Theorem 2.1. Let (M, 1,F) be a generalized para-Kähler space in Eisenhart’s sense, then the curvature tensors R
θ

,

θ = 1, . . . , 4 and the torsion tensor T
1

of this space satisfy

R
1

(X,Y)FZ =F(R
1

(X,Y)Z) +
1
2

T
1
(FZ,T

1
(Y,X)) +

1
2

F(T
1
(Z,T

1
(Y,X))) + S

1
(X,Y,Z), (7)

or locally

R
1

h
pjkFp

i =Fh
pR

1

p
ijk +

1
2

Th
pqFp

i Tq
jk +

1
2

Fh
pTp

iqTq
jk + S

1

h
ijk,

where S
1

is a (1, 3) tensor field determined in local components by

S
1

h
ijk =

(1
2

T
1

h
pj |

1
kFp

i +
1
4

T
1

h
pj

(
T
1

p
qkFq

i − T
1

q
ikFp

q

)
−

1
2

T
1

p
ij |

1
kFh

p −
1
4

T
1

p
ij

(
T
1

h
qkFq

p − T
1

q
pkFh

q

))
[ jk]

;

R
2

(X,Y)FZ =F(R
2

(X,Y)Z) +
1
2

T
1
(FZ,T

1
(Y,X)) +

1
2

F(T
1
(Z,T

1
(Y,X))) + S

2
(X,Y,Z), (8)

or locally

R
2

h
pjkFp

i =Fh
pR

2

p
ijk +

1
2

Th
pqFp

i Tq
jk + Fh

pTp
iqTq

jk + S
2

h
ijk,

where S
2

is a (1, 3) tensor field determined in local components by

S
2

h
ijk =

(1
2

T
1

h
jp |

1
kFp

i +
1
4

T
1

h
jp

(
T
1

p
kqFq

i − T
1

q
kiF

p
q

)
−

1
2

T
1

p
ji |

1
kFh

p −
1
4

T
1

p
ji

(
T
1

h
kqFq

p − T
1

q
kpFh

q

))
[ jk]

R
3

(X,Y)FZ = F(R
3

(X,Y)Z) + S
3
(X,Y,Z), (9)

or locally

R
3

h
pjkFp

i = Fh
pR

3

p
ijk + S

3

h
ijk,

where S
3

is a (1, 3) tensor field determined in local components by

S
3

h
ijk =

(1
2

T
1

h
pj |

2
kFp

i +
1
4

T
1

h
pj

(
T
1

p
kqFq

i − T
1

q
kiF

p
q

)
−

1
2

T
1

p
ij |

2
kFh

p −
1
4

T
1

p
ij

(
T
1

h
kqFq

p − T
1

q
kpFp

q

)
−

1
2

T
1

h
kp |

1
jF

p
i −

1
4

T
1

h
kp

(
T
1

p
qjF

q
i − T

1

q
i jF

p
q

)
+

1
2

T
1

p
ki |

1
jF

h
p +

1
4

T
1

p
ki

(
T
1

h
qjF

q
p − T

1

q
pjF

h
q

))
[ jk]
,

R
4

(X,Y)FZ + F(R
3

(Y,X)Z) = S
4
(X,Y,Z), (10)
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or locally

R
4

h
pjkFp

i = Fh
pR

3

p
ik j + S

4

h
ijk,

where S
4

is a (1, 3) tensor field determined in local components by

S
4

h
ijk =

(1
2

T
1

h
pj |

4
kFp

i +
1
4

T
1

h
pj

(
T
1

p
kqFq

i − T
1

q
ikFp

q

)
−

1
2

T
1

p
ji |

4
kFh

p −
1
4

T
1

p
ji

(
T
1

h
kqFq

p − T
1

q
pkFh

q

)
+

1
2

T
1

h
kp |

3
jF

p
i +

1
4

T
1

h
kp

(
T
1

p
qjF

q
i − T

1

q
jiF

p
q

)
−

1
2

T
1

p
ik |

3
jF

h
p −

1
4

T
1

p
ik

(
T
1

h
qjF

q
p − T

1

q
jpFh

q

))
[ jk]
.

Proof. By using (1) and (6) in the first Ricci type identity (Eq. (9) in [12])

−F(R
1

(X,Y)Z) + R
1

(X,Y)FZ − ∇
1

T
1
(Y,X)FZ = 0,

we obtain the proof of relation (7).
We use (1) and (6) in the second Ricci type identity (Eq. (13) in [12])

∇
2

Z∇
2

YFX − ∇
2

Y∇
2

ZFX = R
2

(Z,Y)FX − F(R
2

(Z,Y)X) + ∇
2

T
1
(Y,Z)FX,

which completes the proof of relation (8).
The Ricci type identity (Eq. (58′) from [12]) reads

∇
2

Z∇
1

YFX − ∇
1

Y∇
2

ZFX = R
3

(Z,Y)FX − F(R
3

(Z,Y)X),

together with (1) and (6) leads to the proof of (9).
To prove (10) we first observe that

Fh
i |
3
j =

1
2

T
1

h
pjF

p
i −

1
2

T
1

p
jiF

h
p, (11)

and

Fh
i |
4
j =

1
2

T
1

h
jpFp

i −
1
2

T
1

p
ijF

h
p, (12)

where we used (6).
After taking the covariant derivative of the fourth and third kind in (11) and (12) we respectively obtain

that

Fh
i |
3
j |
4
k =

1
2

T
1

h
pj |

4
kFp

i +
1
4

T
1

h
pj

(
T
1

p
kqFq

i − T
1

q
ikFp

q

)
−

1
2

T
1

p
ji |

4
kFh

p −
1
4

T
1

p
ji

(
T
1

h
kqFq

p − T
1

q
pkFh

q

)
and

Fh
i |
4
k |

3
j =

1
2

T
1

h
kp |

3
jF

p
i +

1
4

T
1

h
kp

(
T
1

p
qjF

q
i − T

1

q
jiF

p
q

)
−

1
2

T
1

p
ik |

3
jF

h
p −

1
4

T
1

p
ik

(
T
1

h
qjF

q
p − T

1

q
jpFh

q

)
.

Taking into account the last two relations and the Ricci type identity
(
Eq. (56′) from [13]

)
∇
4

Z∇
3

YFX − ∇
3

Y∇
4

ZFX = R
4

(Z,Y)FX + F(R
3

(Y,Z)X),

we get (8) which completes the proof.
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We denote the curvature tensor of type (0, 4) by

R
θ

(X,Y,Z,W) := 1(R
θ

(X,Y)Z,W), θ = 1, . . . , 4,

and the torsion tensor of type (0, 3) by

T
1
(X,Y,Z) := 1(X,T

1
(Y,Z)).

Also, we will use the same symbols for the (0, 4) tensor fields corresponding to the tensor fields S
θ
,θ = 2, . . . , 4,

that were given in Theorem 2.1, i.e.,

S
θ
(X,Y,Z,W) := 1(S

θ
(X,Y)Z,W), θ = 2, . . . , 4.

Corollary 2.1. The curvature (0, 4) tensor fields R
θ

(X,Y,Z,V), θ = 1, . . . , 4, the torsion tensors of type (1, 2) and

(0, 3), and the (0, 4) tensor fields S
θ
(X,Y,Z,V), θ = 1, . . . , 4 of a generalized para-Kähler space in Eisenhart’s sense

(M, 1,F) satisfy

R
1

(X,Y,FZ,W) + R
1

(X,Y,Z,FW) =
1
2

(
T
1
(W,FZ,T

1
(Y,X)) − T

1
(FW,Z,T

1
(Y,X))

)
+ S

1
(W,Z,Y,X),

R
2

(X,Y,FZ,W) + R
2

(X,Y,Z,FW) = −
1
2

(
T
1
(W,T

1
(Y,X),FZ) + T

1
(FW,Z,T

1
(Y,X))

)
+ S

2
(W,Z,Y,X),

R
3

(X,Y,FZ,W) + R
3

(X,Y,Z,FW) =S
3
(W,Z,Y,X),

R
4

(X,Y,FZ,W) − R
3

(Y,X,Z,FW) =S
4
(W,Z,Y,X).

Proof. The proof directly follows from Theorem 2.1 by using the symmetry properties of the curvature
tensors R

θ
(X,Y,Z,V), θ = 1, . . . , 4 and equations (4) and (5).

3. Equitorsion holomorphically projective mappings

In this subsection we shall consider holomorphically projective mappings between generalized para-
Kähler spaces preserving the torsion tensor, i.e., so called equitorsion holomorphically projective mappings [16].
Equitorsion holomorphically projective mappings were firstly considered between generalized Kähler
spaces [15, 28, 29] and later between generalized hyperbolic and m-parabolic Kähler spaces [16, 20].

Theorem 3.1. Let (M, 1,F) and (M, 1,F) be two generalized para-Kähler spaces in Eisenhart’s sense of dimension
n > 2 and f : M→M be an equitorsion holomorphically projective mapping, then the geometric object given by

P
1

h
ijk = R

1

h
ijk +

1
n + 2

[
δh

j Q
1

ik − δ
h
k Q

1
i j + δh

i Q
1

[ jk] − Fh
kQ

1
pjF

p
i + Fh

j Q
1

pkFp
i − Fh

i

(
Q
1

pjF
p
k −Q

1
pkFp

j

)
−

1
2

(
Fh

j Γ
r
pr(T1

p
qkFq

i − T
1

q
ikFp

q)
)

[i j]
−

1
2

Fh
i Γ

r
pr(T1

p
qkFq

j − T
1

p
qjF

q
k + 2T

1

q
kjF

p
q)

−
1
2

Γr
prF

p
i (T

1

h
qkFq

j − T
1

h
qjF

q
k + 2T

1

q
kjF

h
q) −

1
2

(
Γr

prF
p
j (T1

h
qkFq

i − T
1

q
ikFh

q)
)

[i j]

− T
1

h
jkΓ

p
ip − δ

h
i Γ

q
pqT

1

p
jk − Fh

pT
1

p
jkΓ

r
qrF

q
i − Γr

prF
p
qT

1

q
jkFh

i

]
,

(13)

where

Q
1

i j = R
1

i j −
1

n + 2

(
Γ

q
pqT

1

p
ji +

n
2(n − 2)

(
Γs

psF
p
i T

1

q
rjF

r
q

)
+

n − 1
n − 2

Fq
pT

1

p
jqΓ

s
rsF

r
i −

1
n − 2

Fq
pT

1

p
iqΓ

s
rsF

r
j

+
1

n − 2

(
Γs

isT1
p
qrF

q
pFr

j + Fq
pT

1

p
rqFr

jΓ
s
is

)
(i j)

+
1
2

(
Γs

psF
p
qT

1

q
jrF

r
i

)
[i j]

)
,

is invariant with respect to the mapping f .
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Proof. We follow the steps of the proof of related theorem from [16]. The deformation tensor P
1
(X,Y) with

respect to an equitorsion holomorphically projective mapping f : M→M between generalized para-Kähler
spaces in Eisenhart’s sense is a symmetric bilinear form given by

P
1
(X,Y) = ψ(X)Y + ψ(Y)X + ψ(FX)FY + ψ(FY)FX. (14)

The curvature tensors R
1

and R
1

of generalized para-Kähler spaces in Eisenhart’s sense (M, 1,F) and (M, 1,F),

respectively, satisfy the relation

R
1

(X,Y)Z = R
1

(X,Y)Z + (∇
1

XP
1
)(Z,Y) − (∇

1
YP

1
)(Z,X) + P

1
(P

1
(Z,Y),X) − P

1
(P

1
(Z,X),Y) + P

1
(Z,T

1
(Y,X)). (15)

Let us denote

ψ
1

(X,Y) = (∇
1

Yψ)(X) − ψ(X)ψ(Y) − ψ(FX)ψ(FY),

which in local components reads

ψ
1

i j = ψi |
1
j − ψiψ j − ψpFp

iψqFq
j .

Substituting (14) into (15) we obtain that

R
1

h
ijk = R

1

h
ijk + δh

j ψ
1

ik − δ
h
k ψ

1
i j + δh

i ψ
1

[ jk] − Fh
kψ

1
pjF

p
i + Fh

jψ
1

pkFp
i − Fh

i (ψ
1

pjF
p
k − ψ

1
pkFp

j )

+
1
2

Fh
jψp(T

1

p
qkFq

i − T
1

q
ikFp

q) −
1
2

Fh
kψp(T

1

p
qjF

q
i − T

1

q
i jF

p
q) +

1
2

Fh
iψp(T

1

p
qkFq

j − T
1

p
qjF

q
k + 2T

1

q
kjF

p
q)

+
1
2
ψpFp

i (T
1

h
qkFq

j − T
1

h
qjF

q
k + 2T

1

q
kjF

h
q) +

1
2
ψpFp

j (T1
h
qkFq

i − T
1

q
ikFh

q) −
1
2
ψpFp

k(T
1

h
qjF

q
i − T

1

q
i jF

h
q)

+ T
1

h
jkψi + δh

i ψpT
1

p
jk + Fh

pT
1

p
jkψqFq

i + ψpFp
qT

1

q
jkFh

i .

(16)

Contracting on the indices h and k in (16) and using T
1

p
ip = 0 we get

R
1

i j =R
1

i j − nψ
1

i j + ψ
1

[ ji] + ψ
1

(pq)F
p
i Fq

j +
1
2
ψpFp

qT
1

q
riF

r
j +

1
2
ψpFp

qT
1

q
rjF

r
i

+
1
2
ψpFp

i T
1

q
rjF

r
q +

1
2
ψpFp

j T1
q
riF

r
q + ψpT

1

p
ji + Fq

pT
1

p
jqψrFr

i + ψpFp
qT

1

q
jrF

r
i ,

(17)

where R
1

i j = R
1

p
ijp and R

1
i j = R

1

p
ijp are components of the Ricci tensors R

1
ic(X,Y) and Ric

1
(X,Y), respectively.

Anti-symmetrization without division in (17) with respect to the indices i and j gives

(n + 2)ψ
1

[i j] = − R
1

[i j] + R
1

[i j] + 2ψpT
1

p
ji + Fq

pT
1

p
jqψrFr

i − Fq
pT

1

p
iqψrFr

j + ψpFp
qT

1

q
jrF

r
i − ψpFp

qT
1

q
irF

r
j. (18)

By symmetrization without division in (17) with respect to i and j we obtain that

R
1

(i j) =R
1

(i j) − nψ
1

(i j) + 2ψ
1

(pq)F
p
i Fq

j + ψpFp
i T

1

q
rjF

r
q + ψpFp

j T1
q
riF

r
q + Fq

pT
1

p
jqψrFr

i + Fq
pT

1

p
iqψrFr

j, (19)

and by composing with Fi
p and F j

q in the last relation we obtain that

R
1

(pq)F
p
i Fq

j =R
1

(pq)F
p
i Fq

j − nψ
1

(pq)F
p
i Fq

j + 2ψ
1

(i j) + ψiT
1

p
qrF

q
pFr

j + ψ jT
1

p
qrF

q
pFr

i + Fq
pT

1

p
rqFr

jψi + Fq
pT

1

p
rqFr

iψ j. (20)
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The Ricci tensors R
1

ic(X,Y) = Tr
(
U → R

1
(U,X)Y

)
on a generalized para-Kähler space in Eisenhart’s sense

(M, 1,F) satisfy

R
1

(pq)F
p
i Fq

j = −R
1

(i j) −
1
2

T
1

p
rqT

1

q
psF

r
i F

s
j −

1
2

T
1

p
iqT

1

q
pj, (21)

and the same relation is valid on the space (M, 1,F), that is,

R
1

(pq)F
p
i F

q
j = −R

1
(i j) −

1
2

T
1

p
rqT

1

q
psF

r
i F

s
j −

1
2

T
1

p
iqT

1

q
pj. (22)

By using the fact that the torsion tensor T
1

and the structure F are preserved under an equitorsion holomor-

phically projective mapping and by substituting (21) and (22) into (20) we obtain that

−R
1

(i j) = − R
1

(i j) − nψ
1

(pq)F
p
i Fq

j + 2ψ
1

(i j) + ψiT
1

p
qrF

q
pFr

j + ψ jT
1

p
qrF

q
pFr

i + Fq
pT

1

p
rqFr

jψi + Fq
pT

1

p
rqFr

iψ j. (23)

Summing (19) and (23) we obtain that

ψ
1

(pq)F
p
i Fq

j = −ψ
1

(i j) +
1

n − 2

(
ψpFp

i T
1

q
rjF

r
q + Fq

pT
1

p
jqψrFr

i + ψiT
1

p
qrF

q
pFr

j + Fq
pT

1

p
rqFr

jψi

)
(i j)
. (24)

Plugging (24) in (23) we get

(n + 2)ψ
1

(i j) = − R
1

(i j) + R
1

(i j) +
n

n − 2

(
ψpFp

i T
1

q
rjF

r
q + Fq

pT
1

p
jqψrFr

i

)
(i j)

+
2

n − 2

(
ψiT

1

p
qrF

q
pFr

j + Fq
pT

1

p
rqFr

jψi

)
(i j)
. (25)

Now, by summing (18) and (25) we get

(n + 2)ψ
1

i j = − R
1

i j + R
1

i j + ψpT
1

p
ji +

n
2(n − 2)

(
ψpFp

i T
1

q
rjF

r
q + ψpFp

j T1
q
riF

r
q

)
+

n − 1
n − 2

Fq
pT

1

p
jqψrFr

i

+
1

n − 2
Fq

pT
1

p
iqψrFr

j +
1

n − 2

(
ψiT

1

p
qrF

q
pFr

j + Fq
pT

1

p
rqFr

jψi

)
(i j)

+
1
2
ψpFp

qT
1

q
jrF

r
i −

1
2
ψpFp

qT
1

q
irF

r
j.

It is a simple matter to verify that

Γ
p
ip − Γ

p
ip = (n + 2)ψi. (26)

By using (26) the last relation can be written in form

(n + 2)ψ
1

i j = −Q
1

i j + Q
1

i j, (27)

where Q
1

i j is defined by

Q
1

i j = R
1

i j −
1

n + 2

(
2Γ

q
pqT

1

p
ji +

n
2(n − 2)

(
Γs

psF
p
i T

1

q
rjF

r
q

)
(i j)

+
n − 1
n − 2

Fq
pT

1

p
jqΓ

s
rsF

r
i +

1
n − 2

Fq
pT

1

p
iqΓ

s
rsF

r
j

+
1

n − 2

(
Γs

isT1
p
qrF

q
pFr

j + Fq
pT

1

p
rqFr

jΓ
s
is

)
(i j)

+
1
2

Γs
psF

p
qT

1

q
jrF

r
i −

1
2

Γs
psF

p
qT

1

q
irF

r
j

)
,

and Q
1

i j is defined in the same manner for the space (M, 1,F).

Finally, plugging (26) and (27) into (16) we get

P
1

h
ijk = P

1

h
ijk,

where the geometric object P
1

h
ijk is defined by (13) and P

1
h
ijk is defined in the same manner. Since the generalized

Christoffel symbols are not tensors, the geometric object P
1

h
ijk is not a tensor.
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In the same manner as in [16] we can take into account the curvature tensor R
2

h
ijk and find another invariant

geometric objects of the equitorsion holomorphically projective mappings between generalized para-Kähler
spaces in Eisenhart’s sense.

Theorem 3.2. Let (M, 1,F) and (M, 1,F) be two generalized para-Kähler spaces in Eisenhart’s sense of dimension
n > 2 and f : M→M be an equitorsion holomorphically projective mapping, then the geometric object given by

P
2

h
ijk = R

2
h
ijk +

1
n + 2

[
δh

j Q
2

ik − δ
h
k Q

2
i j + δh

i Q
2

[ jk] − Fh
kQ

2
pjF

p
i + Fh

j Q
2

pkFp
i − Fh

i

(
Q
2

pjF
p
k −Q

2
pkFp

j

)
+

1
2

(
Fh

j Γ
r
pr

(
T
1

p
qkFq

i − T
1

q
ikFp

q

))
[i j]

+
1
2

Fh
i Γ

r
pr

(
T
1

p
qkFq

j − T
1

p
qjF

q
k + 2T

1

q
kjF

p
q

)
+

1
2

Γr
prF

p
i

(
T
1

h
qkFq

j − T
1

h
qjF

q
k + 2T

1

q
kjF

h
q

)
+

1
2

(
Γr

prF
p
j

(
T
1

h
qkFq

i − T
1

q
ikFh

q

))
[i j]

+ T
1

h
jkΓ

p
ip + δh

i Γ
q
pqT

1

p
jk + Fh

pT
1

p
jkΓ

r
qrF

q
i + Γr

prF
p
qT

1

q
jkFh

i

]
,

(28)

where

Q
2

i j = R
2

i j +
1

n + 2

(
Γ

q
pqT

1

p
ji −

n − 1
2(n − 1)

(
Γs

psF
p
qT

1

q
jrF

r
i

)
[i j]

+
n

2(n − 1)

(
Γs

isT1
p
qrF

q
pFr

j − Fq
pT

1

p
rqFr

jΓ
s
is + Γs

psF
p
i T

1

q
rjF

r
q

+ Γs
isT1

p
qrF

q
pFr

j − Fq
pT

1

p
rqFr

jΓ
s
is

)
(i j)

+
n − 2

2(n − 1)

(
Fq

pT
1

p
jqψrFr

i

)
(i j)

)
,

is invariant with respect to the mapping f .

The technique from the previous theorems can be applied for the curvature tensors R
3

h
ijk and R

4
h
ijk. In such a

way we obtain some other invariant geometric objects.

Theorem 3.3. Let (M, 1,F) and (M, 1,F) be two generalized para-Kähler spaces in Eisenhart’s sense of dimension
n > 2 and f : M→M be an equitorsion holomorphically projective mapping, then the geometric objects given by

P
θ

h
ijk = R

θ

h
ijk +

1
n + 2

[
δh

j Q
θ

ik − δ
h
j T

1

p
ikΓ

s
ps + δh

i Q
θ

[ jk] − δ
h
i T

1

p
jkΓ

s
ps − δ

h
k Q
θ

i j − Fh
kQ
θ

pjF
p
i + Fh

j Q
θ

pkFp
i − Fh

j T1
p
qkFq

i Γ
s
ps

− Fh
i Q
θ

pjF
p
k + Fh

i Q
θ

pkFp
j − Fh

i T
1

p
qkFq

jΓ
s
ps −

1
2

(
Fh

j Γ
s
ps

(
T
1

p
kqFq

i − T
1

q
kiF

p
q

))
[ jk]

−
1
2

Γs
psF

p
i

(
T
1

h
kqFq

j − T
1

h
qjF

q
k

)
−

1
2

Fh
i Γ

s
ps

(
T
1

p
kqFq

j − T
1

p
qjF

q
k

)
−

1
2

Γs
psF

p
j

(
T
1

h
kqFq

i − T
1

q
kiF

h
q

)
+

1
2

Γs
psF

p
k

(
T
1

h
qjF

q
i − T

1

q
i jF

h
q

)
− T

1

h
jiΓ

p
kp − T

1

h
kiΓ

p
jp − T

1

h
piF

p
j Γ

r
qrF

q
k − T

1

h
piF

p
kΓ

r
qrF

q
j

]
, θ = 3, 4,

where

Q
θ

i j = R
θ

i j +
n − 4

4(n2 − 4)

(
Γs

psF
p
qT

1

q
rjF

r
i

)
[i j]
−

1
n + 2

T
1

p
jiΓ

s
ps −

1
4(n + 2)

T
1

r
piF

p
j Γ

s
qsF

q
r −

1
2(n + 2)

(
T
1

r
piF

p
r Γ

s
qsF

q
j

)
[i j]
, θ = 3, 4,

are invariant with respect to the mapping f .

Proof. We first observe that plugging (14) in the relations between the curvature tensors R
θ

h
ijk and R

θ

h
ijk
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(θ = 3, 4) of the generalized para-Kähler spaces in Eisenhart’s sense yields

R
θ

h
ijk =R

θ

h
ijk + δh

j ψ
2

ik + δh
i (ψ

2
jk − ψ

1
kj) − δh

k ψ
1

i j − Fh
kψ

1
pjF

p
i + Fh

jψ
2

pkFp
i − Fh

i

(
ψ
1

pjF
p
k − ψ

2
pkFp

j

)
+

1
2

Fh
jψp(T

1

p
kqFq

i − T
1

q
kiF

p
q) −

1
2

Fh
kψp(T

1

p
qjF

q
i − T

1

q
i jF

p
q) +

1
2
ψpFp

i (T
1

h
kqFq

j − T
1

h
qjF

q
k) +

1
2

Fh
iψp(T

1

p
kqFq

j − T
1

p
qjF

q
k)

+
1
2
ψpFp

j (T1
h
kqFq

i − T
1

q
kiF

h
q) −

1
2
ψpFp

k(T
1

h
qjF

q
i − T

1

q
i jF

h
q) + T

1

h
jiψk + T

1

h
kiψ j + T

1

h
piF

p
jψqFq

k + T
1

h
piF

p
kψqFq

j , θ = 3, 4,

(29)

where

ψ
η

i j = ψi |
η
j − ψiψ j − ψpFp

iψqFq
j , η = 1, 2.

According to the definition of covariant derivatives of the first and second kind we conclude that

ψ
2

i j = ψ
1

i j + T
1

p
ijψp,

which implies that relation (29) becomes

R
θ

h
ijk =R

θ

h
ijk + δh

j ψ
1

ik + δh
j T

1

p
ikψp + δh

i (ψ
1

jk − ψ
1

kj) + δh
i T

1

p
jkψp

− δh
k ψ

1
i j − Fh

kψ
1

pjF
p
i + Fh

jψ
2

pkFp
i − Fh

i

(
ψ
1

pjF
p
k − ψ

2
pkFp

j

)
+

1
2

Fh
jψp(T

1

p
kqFq

i − T
1

q
kiF

p
q) −

1
2

Fh
kψp(T

1

p
qjF

q
i − T

1

q
i jF

p
q)

+
1
2
ψpFp

i (T
1

h
kqFq

j − T
1

h
qjF

q
k) +

1
2

Fh
iψp(T

1

p
kqFq

j − T
1

p
qjF

q
k)

+
1
2
ψpFp

j (T1
h
kqFq

i − T
1

q
kiF

h
q) −

1
2
ψpFp

k(T
1

h
qjF

q
i − T

1

q
i jF

h
q)

+ T
1

h
jiψk + T

1

h
kiψ j + T

1

h
piF

p
jψqFq

k + T
1

h
piF

p
kψqFq

j , θ = 3, 4.

The rest of the proof is analogous to the proof of Theorem 3.1.

Finally, we take into account the curvature tensor R
5

h
ijk and obtain the fifth invariant geometric object which

coincides with the tensor P
5

h
ijk from [16].

Proposition 3.1. Let (M, 1,F) and (M, 1,F) be two generalized para-Kähler spaces in Eisenhart’s sense of dimension
n > 2 and f : M→M be an equitorsion holomorphically projective mapping, then the tensor given by

P
5

h
ijk = R

5
h
ijk +

1
n + 2

[
R
5

kiδ
h
j − R

5
jiδ

h
k + R

5
kpFp

i Fh
j − R

5
jpFp

i Fh
k + 2R

5
kpFp

j F
h
i

]
,

is invariant with respect to the mapping f .

4. Conclusion

As it was stated in [16] in case when a generalized (non-symmetric) Riemannian metric 1 is symmetric,
i.e., has vanishing the skew-symmetric part 1

∨

, a generalized para-Kähler space in Eisenhart’s sense reduces

to a usual para-Kähler space. The geometric objects P
θ

h
ijk, θ = 1, . . . , 4 are invariant with respect to an

equitorsion holomorphically projective mapping between more general generalized hyperbolic Kähler
spaces than those defined in [16]. It was surprising that the tensor P

5
h
ijk did not change the shape in the more

general class of spaces, i.e., it coincides with the tensor P
5

h
ijk that was described in [16]. All these invariant

geometric objects can be quite interesting for further investigations.
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[18] M. Z. Petrović, Canonical almost geodesic mappings of type π

θ
2(0,F), θ ∈ {1, 2}, between generalized m-parabolic Kähler

manifolds, Miskolc Math. Notes, Vol. 19, No. 1, (2018), 469–482.
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