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Abstract. We relax the conditions related to the almost product structure and in such a way introduce a
wider class of generalized para-Kéhler spaces. Some properties of the curvature tensors as well as those of
the corresponding Ricci tensors of these spaces are pointed out. We consider holomorphically projective
mappings between generalized para-Kéhler spaces in Eisenhart’s sense. Also, we examine some invariant
geometric objects with respect to equitorsion holomorphically projective mappings. These geometric objects
reduce to the para-holomorphic projective curvature tensor in case of holomorphically projective mappings
between usual para-Kahler spaces.

1. Introduction

A hyperbolic Kihler space or a para-Kihler space is a differentiable manifold M endowed with a pseudo-
Riemannian metric g and an almost product structure F # [ satisfying the conditions [30]

2=
gEX, FY) = —g(X,Y),
(VxF)X =0,

where X,Y € Ty (M) and V is the Levi-Civita connection of the metric g.

A holomorphically planar curve was first introduced in a usual Kéhler space by T. Otsuki and Y. Tashiro,
see [30]. This curve is defined in the same manner as in a para-Kéhler space as follows. A curvel: ] — M
in a para-Kéahler space (M, g, F) of real dimension 2m > 4 satisfying the regularity condition A(f) = % +0,
t € 1, is said to be a holomorphically planar curve if for some functions p; and p, of a parameter ¢ the following

ordinary differential equation holds [27, 30]

VapAt) = pr1(HA(E) + p2(HFA(L),
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where V denotes the Levi-Civita connection corresponding to the symmetric part g of metric g.

A mapping f : M — M is said to be holomorphically projective if each holomorphically planar curve of
the para-Kéhler space (M, g, F) is mapped onto a holomorphically planar curve of the para-Kahler space
(M, g, F). J. Mikes [5, 7-11, 24] made some of significant contributions to study of holomorphically projective
mappings between Kihler, para-Kéhler and parabolic Kdhler spaces. Invariant geometric objects with
respect to equitorsion holomorphically projective mappings of generalized Kéhler spaces were described
in [28, 29, 31]. M. Prvanovi¢ [25] considered for the first time an analogue of holomorphically projective
transformations in locally product spaces and described para-holomorphic projective curvature tensor in
these spaces as well as in para-Kahler spaces, particularly. C.-L. Bejan [1, 2] classified almost para-Hermitian
spaces and found some examples of spaces with hyperbolic structures. Recently, C.-L. Bejan and G. Nakova
[3] studied almost para-Hermitian and almost paracontact metric structures induced by natural Riemann
extensions. Some interesting results concerning para-Kahler-like statistical submersions were obtained by
G. E. Vilcu [4].

We should note that investigation of special Eisenhart’s generalized Riemannian spaces and their dif-
feomorphisms is an active research topic [32-36]. A kind of generalized hyperbolic Kédhler spaces and
holomorphically projective mappings between these spaces were considered in [16]. On the other hand we
gave a more general definition of generalized Kéhler spaces in Eisenhart’s sense [22]. In the same manner
generalized m-parabolic Kéhler spaces were defined in [17, 18]. A new type of generalized para-Kéhler
space is given in [23]. In the present paper we provide a more general definition of generalized para-Kéahler
spaces in Eisenhart’s sense than the one given in [16]. These results as well as those concerning F-planar
mappings given in [21] are included in the author’s Ph.D. thesis [19].

A generalized pseudo-Riemannian space in L.P. Eisenhart’s sense [6] is a differentiable manifold M
endowed with a non-symmetric metric g. Therefore the metric g can be described as

9(X,Y) = g(X,Y) +9(X Y),

where g denotes the symmetric part of the metric g and g denotes the skew-symmetric part of g, i.e.,
- \%

g0 = 5(00 1) +9430) and g4 1) = 5(906 1) - 901 0).

A non-symmetric linear connection Y of a generalized Riemannian manifold with a metric g is explicitly
defined by

9(VxY,Z) = (Xg(Y Z) +Yg(Z,X) - Zg(Y, X)),
or in local coordinates by

T; k= g,p ]k (gji,k — kit gik,j)~

Here the functions I';  and T’ ;,k are called generalized Christoffel symbols of the first kind and the second
kind, respectively.
On a generalized Riemannian space (M, g) another non-symmetric linear connection Y is defined by [26]

YXY = ny + [X/ Y]/ X/ Y € TP(M)/

where as usual [+, -] denotes the Lie bracket.
Consequently, there exist four kinds of covariant derivatives of tensor fields [13]:

— i _ TP - i _TP

Y a] a]lm - ] +F u 1qu P’ Y a] a]lm +Fmpu] 1qu P’
i _717 i _T17

Yma] = allm =a,, + F a l"m] > Vma] = allm mt Fmpa] F]m -
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Also, we can consider usual covariant differentiation:
Vmaj. = a;;m = a;‘./m + Finla’; - T@a;,
where a;m denotes the partial derivative of a tensor aé. with respect to x™ and mp signifies a symmetrization
with division, i.e,, %, = }(T%, +T%,,).

mp — mp

2. Generalized para-Kdhler spaces in Eisenhart’s sense

The non-symmetric linear connections Y and Y can be described thorough theirs symmetric part V and

torsion tensor T as follows
1

_1)9—1

VXY = VxY + ( T(X,Y), 6=12. (1)

Here V denotes the symmetric part of the non-symmetric linear connections Y and Y and it is given by

1 1

ViY = 5(VxY + VyX) = o(VxY + VrX),
and the torsion tensor 71" is defined by

T(X,Y)=VxY -VyX

1 1 1
Note that for a (1, 1) tensor field F the condition

YF =0 and YF =0, )
is stronger than the condition

VF =0, 3)

where V denotes the symmetric part of the non-symmetric linear connection Y Indeed, if we assume that
condition (2) holds, then we have that

VyFY = %(YXFY + YpyX) = %(YXFY + YXFY) =0,

for arbitrary vector fields X and Y, i.e., condition (3) is fulfilled.
The previous discussion leads to the more general definition of generalized para-Kéhler spaces than the
one given in [16].

Definition 2.1. A generalized Riemannian space (M, g) is called a generalized para-Kahler space in Eisenhart’s
sense if there exists a (1, 1) tensor field F on M such that

2=l (4)
g(FX,FY) == g(X,Y), (5)
VF =0, (6)

where V is the Levi-Civita connection of the symmetric part g of the metric g and I is the identity operator.
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Let us consider the following five linearly independent curvature tensors [14] in generalized para-Kdhler
spaces in Eisenhart’s sense:

RX,Y)Z =VxVyZ - VyVxZ -Vixv1Z, 0=1,2;
6 0 0 0 0 0

RX,Y)Z =VxVyZ - VyVxZ + Vy xZ - Vy,vZ;
3 21 1 2 21 12
RX,Y)Z =VxVyZ - VyVxZ + Vv .xZ — Vy,vZ;
4 21 1 2 22 11

1
R(X,V)Z =(VxVyZ = VyVxZ + VxVyZ = VyVxZ + ViyxiZ + Viyx)Z)-
5 2V171 21 272 12 1 247

Theorem 2.1. Let (M, g, F) be a generalized para-Kihler space in Eisenhart’s sense, then the curvature tensors 1§,

0 =1,...,4 and the torsion tensor ? of this space satisfy

RX, Y)FZ =F(R(X,Y)Z) + %?(FZ, T, X)) + %F(?(Z, TX)) + (XY, 2), (7)

or locally

1 1
h P _phpp h P hep h
priji _Fpllzijk + ETsz‘ T,q'k + EFPTiqT?k * %ijk’

where .? is a (1, 3) tensor field determined in local components by

sh = (lTh Pyl (" F - T F)) - Ly pro 1T’.’.(T’1 Fl -1 Fh)) ;
[k

1zjk_ 21pjlk i 41;7]' 19k i 11k q 211]'11( P47 19k 1Pk 4
1 1
R(X, YIFZ =F(R(X, )Z) + 5T(FZ, T(Y, X)) + 3F(T(Z, T(Y, X)) + $(X, Y, 2), ®)
or locally

1
h P _phpp | Zgh pprd heb rd h
Izzpjkpi _Fplzzijk + ZTWFi Tjk + FPTiquk + gifk’

where g is a (1, 3) tensor field determined in local components by

1 1 ! L
ho—(=1h PPy ST (TP FT T = =TV, P — TP (Th F — T F!
Sijk = (ZTfPlkFi * 4?]’#(?}«4[? i~ Tk ) ziffilkp” 4?1'"(?"‘75 ?"”Fq))[‘k]

R(X, VIFZ = F(R(X, V)Z) + $(X, Y, 2), ©)
or locally
h P _ phpp h
I§piji = Fp1§ijk + gi]’k’

where g is a (1, 3) tensor field determined in local components by

1 1 1 1
o (Z7h PP STh (TP T T = =P P — TP (Th F1 — T7 ¥
3k —(2{%& i +4?pj(TkWF i 1kiF‘i> 2?1‘1‘;ka 4:1rif(:1rquP 1kaq)

N T AN T T T R A
- ErllﬂkpljFi - Z];kp(ifﬂjl:i - ??qu) + E?kileP + Zilrki(iqujpr’ - :fijq))Uk]'

RXYVFZ +FR(Y, X)Z) = §(X, Y, 2), (10)



M. Z. Petrovi¢ / Filomat 33:13 (2019), 40014012
or locally

h P _ phpp h
§piji —Fp1§ik; +§ijk’

where .2 is a (1, 3) tensor field determined in local components by

1 1 1 1
h _[Z7h P, —Th P _ P\ _ -V ©h _ ZgP(Th 1 _ 71 th
‘Ziik _(z?wlkFi * 4?!71‘(?qu i ??kF q) z?ﬁyf P 4?]‘1'(?qu p= Tk q)
1 h P 1 h P 4 P 1 P rh 1 P (Th 1 q th
3 ThyHl + TH(IGF - T3) - 3Toy - STa(Th s - TR

Proof. By using (1) and (6) in the first Ricci type identity (Eq. (9) in [12])

~F(R(X,Y)Z) + R(X, Y)FZ = V1o FZ =0,
1

we obtain the proof of relation (7).
We use (1) and (6) in the second Ricci type identity (Eq. (13) in [12])

YZYYFX - YYYZPX = 1;(2, Y)FX - F (1§(Zr Y)X) + Y{(Y,Z)F X,

which completes the proof of relation (8).
The Ricci type identity (Eq. (58’) from [12]) reads
YzYyFX - YYYZPX = 1§(Z, Y)FX-F (I§(Z/ Y)X),
together with (1) and (6) leads to the proof of (9).

To prove (10) we first observe that

1 1

h _ —omhpp _ —gPrh
By = 2 Twbi — 2 T
and
1 1
ho_ tgnpp  Leop o
Filj_zr{jpl:i 2?1.].1-",,,

where we used (6).

4005

(11)

(12)

After taking the covariant derivative of the fourth and third kind in (11) and (12) we respectively obtain

that

1 1 1 1
W _tah b e (P i P\ _ Lqp ph_ Lqp(ph g _ o ph
Fi;jlk _Z?pjlkPi + 411"P]'(]1—‘kqPi F{ikFQ) Z{jzlkFP 4?;‘;‘(?@5 1kaq)

and

1 1 1 1
h __—7h P Zqh (P el _ 9P\ _ Z7P ph_ —pP(7h 1 _ 79 h
Fhiy =5 ThF1 + 3Tl Tl ~ TF0) =3 Tog Py — g Tl Tor ~ ThF0)

Taking into account the last two relations and the Ricci type identity (Eq. (56") from [13])

ngyFX - YYYZPX = {f(zf Y)FX + P(1§(Yr 7)X),

we get (8) which completes the proof. [
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We denote the curvature tensor of type (0,4) by
I;(XI Y/ZI W) = g(Ié(X/ Y)Z/ W)/ 9 = 1/ A /4I
and the torsion tensor of type (0,3) by
T(X,Y,2) = g(X, T(Y, ).

Also, we will use the same symbols for the (0, 4) tensor fields corresponding to the tensor fields g, 0=2,...,4,

that were given in Theorem 2.1, i.e.,

S(KY,Z W)= gSX, NZ W), 6=2,...,4

Corollary 2.1. The curvature (0,4) tensor fields Ié(X, Y,Z,V), 0 =1,...,4, the torsion tensors of type (1,2) and
(0,3), and the (0,4) tensor fields .g(X, Y,Z,V), 0 =1,...,4 of a generalized para-Kihler space in Eisenhart’s sense
(M, g, F) satisfy

R(X,Y,FZ,W) + R(X, Y, Z,FW) = ( (WEZ,T(Y, X)) - T(EW, Z, (Y, X)) + S(W.Z,Y,X),

R(X,Y,FZ, W) + R(X,Y,Z, FW) =~ 2(T(W,T(Y,X), FZ) + T(EW, Z, T(Y, X)) + SON.Z, Y, X),
R(X,Y,FZ,W) + R(X,Y,Z,FW) =S(W,Z, Y, X),
R(X,Y,FZ,W) = R(Y, X, Z,FIW) =S(W,Z, Y, X).

Proof. The proof directly follows from Theorem 2.1 by using the symmetry properties of the curvature
tensors 1§(X, Y,Z,V),0=1,...,4and equations (4) and (5). O

3. Equitorsion holomorphically projective mappings

In this subsection we shall consider holomorphically projective mappings between generalized para-
Kéhler spaces preserving the torsion tensor, i.e., so called equitorsion holomorphically projective mappings [16].
Equitorsion holomorphically projective mappings were firstly considered between generalized Kéahler
spaces [15, 28, 29] and later between generalized hyperbolic and m-parabolic Kdhler spaces [16, 20].

Theorem 3.1. Let (M, g, F) and M, g, F) be two generalized para-Kihler spaces in Eisenhart’s sense of dimension
n>2and f : M — M be an equitorsion holomorphically projective mapping, then the geometric object given by

Pl =Ry + %[5'} Qi = 5 Qij+ 5 Quja = FZglgijf + F'}?vkpf - Ff‘(?pipi - %ﬂﬂ)
- %(F’?r’r(T’; ~TUED)i ™ %Phrp,(:lr’q’kp‘j TV Fl +2T|F) )
- Er;rp’”q’;kﬂ TiFl +2T] F}) - —(r’ F(TyF = TiFD),,
= T3, = O Ty T — Fy T TG F] — r;,F’;TjkP?],
where
Qij = Rij = 2(%?11 3 (n )(F;SFftlrf Fp)+ — ZFngqr;SPf ZFZTZFjSPr

+

s 7P 14 qrP P l]
n—z(rlsTWF pFj B TogFil) ) + ( ps "UVF’r)[u])

is invariant with respect to the mapping f.
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Proof. We follow the steps of the proof of related theorem from [16]. The deformation tensor 113(X, Y) with

respect to an equitorsion holomorphically projective mapping f : M — M between generalized para-Kéhler
spaces in Eisenhart’s sense is a symmetric bilinear form given by

P(X,Y) = p(X)Y + p(NX + PEXFY + P(FY)FX. (14)

The curvature tensors 11€ and ? of generalized para-Kéhler spaces in Eisenhart’s sense (M, g, F) and (]\_/I, g, 1_3),

respectively, satisfy the relation
R(X,NZ = RENZ + (VxP)Z,Y) = (VWPZ, X0 + P2, Y), X) = P(P(Z, X0, + PZ TOLX). - (15)
Let us denote
llP(X, ) = (Vy)(X) - p(X9(Y) — pEX)P(FY),
which in local components reads
Yij = Y = i = YpF Y.
Substituting (14) into (15) we obtain that
?:'jk = If}fjk + 6? ‘f’ik - & '11[’1'1' +5; ‘f’[]’kl - FZ‘fm’Ff + F?lfpkpf - F?(‘fnfpz - ylbka?)

L B N e gy N S e p
+ Eth/)p(T F| - T4F ) — E13k1,z;,,(ir FI—TIF) + EPZ. lppqquj -T'F +271"2qu)

19k i q 19/ 1 144 197 k (16)
e Gy Lo mperh pa oy _ L g pg o o
+ o Yol Ty — Ty + 2TF) + Sy BTy = T ) = Sy BTy Fy = ThFy)
h ho P h P Th
+ Yl"jktpi +0; xppil“jk + Fp'{jktpql—"i + ‘/’quF{iji .
Contracting on the indices /1 and k in (16) and using ?fp =0 we get
Rij =R;; — mpij + i PF+ Ly T+ Ly TR
i —111_”1{’1J+’v1b[11]+1{’(m) iTj + Wb TE; + S By TUF; -

1 P 1 P P q P P
+ S E TLE + SYF TIE + 4 Th + FJT) g Ff 4+ 9, F T,

where Iliij = 1127;].’7 and Eij = ?;jp are components of the Ricci tensors Iliic(X, Y) and I_ilic(X, Y), respectively.

Anti-symmetrization without division in (17) with respect to the indices i and j gives

(1 + 2 = = R + R + 2T, + BT 00F] = BT 0oF) + B TLF ~ gy P TUE, (18)

By symmetrization without division in (17) with respect to i and j we obtain that

R = Pl P P q7P qp

If(ij) —11{(1‘]‘) - mf’(ij) + ZIf’(PQ)Fi Fj +F; ,{er; + IPPF]‘ :{ripg + F,,Yl"qu/JrF; + Fp?iqlprl:;' (19)
and by composing with F;, and Fé in the last relation we obtain that

R FiF} =RonFLF] = nuoFLF} + 2 + YiTpFoF; + YTy FoF] + B TuFi + BTy, (20)
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The Ricci tensors Iliic(X, Y) = Tr(U - Ili(u, X)Y) on a generalized para-Kéhler space in Eisenhart’s sense
(M, g, F) satisfy

1 1
Prd — . P 74 P 74
RonFF = =R = 5 TL TLFF, - ST0 T, 1)

and the same relation is valid on the space (]\_/I, g, 1_-"), that is,
R o 70 7 L
R(pq)F F = 112(1-]-) - 2TqupsF T, i E’{lqll"p] (22)
By using the fact that the torsion tensor T and the structure F are preserved under an equitorsion holomor-

phically projective mapping and by substltutmg (21) and (22) into (20) we obtain that
—Rj == Rgij = mf(qufF? + 2%1%') + YT FoF; + O T F] + BT b + BT Flap. (23)

Summing (19) and (23) we obtain that

1
llp(pq)FfFj ¢(,, + —(¢pF’”TZ]F; +F) T’” WrF] + z,blT’;rFZF; +F T’;qP;lp )<,,->' (24)
Plugging (24) in (23) we get
-_R n prd 9P 2 P d 9P
(n + 2)glb(ij) = = Rj + Ry + — 2(¢,,F T Fy+ FPTM%P;)@ 2(¢ T, FoF; + FyTI Fiapi )(l],). (25)
Now, by summing (18) and (25) we get
— _Ri4 R P n P P 9P
(n + 2)%;1] == Ry+Ry+ T+ 5o (v F TLE, + yF, T”F;) — FPT]qler’
L e 1 P qp P P
+ S B TLF; + —— (WiTy FyF; + FYTL Fia) )t Elpp FiT)F - l,prqurF;
It is a simple matter to verify that
™ _1P =
T -Th = (n+2)yi. (26)
By using (26) the last relation can be written in form
(n+2)y;; = —?ij + 91']', (27)
1
where Q;; is defined by
1
-1 1
o= R — q s P T ﬂlﬂsr_'il”sr
Qi =Rij= -~ 2(2%?]1 TR (T3, F Il"Zqu)(U) —— BT LF + — T TF,
1 1
P 9P P p
+— Z(Ffqu,FpF; +F T,ngrfs) J+ T T - Er;quTj’rF;)

and @j is defined in the same manner for the space (M, 7,F).
1
Finally, plugging (26) and (27) into (16) we get
— ﬁh

szk 11k

where the geometric object I;Zk is defined by (13) and ?Zk is defined in the same manner. Since the generalized

Christoffel symbols are not tensors, the geometric object 11’?]]( isnot a tensor. [
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In the same manner as in [16] we can take into account the curvature tensor 12{’1?jk and find another invariant

geometric objects of the equitorsion holomorphically projective mappings between generalized para-Kahler
spaces in Eisenhart’s sense.

Theorem 3.2. Let (M, g,F) and (M, g, F) be two generalized para-Kihler spaces in Eisenhart’s sense of dimension
n>2and f : M — M be an equitorsion holomorphically projective mapping, then the geometric object given by

1
ho_ poh I hey o SO _Tho FP o Thoy P _ PO TP _ P
Izjifk_lzz"fk-‘_ n+2[6j czgik_ék (221] o g[]k] F':gp i+ ] czgkai F;(gp]Fk Cz*gpkpj )

+ %(P’?Fr (ThF! = T3F) 1o (Th.F! =T/ Fl + 2T F})

JTPr\ gk i 1k 49 il 27T PI\ gk ] 19] k (28)
Lo op(h pa b pa g i\, Lipr pp(rh 04 _ 0 ph
+ 5ok (iquij - Tofet Z?kqu) + E(FWFJ(F{qui - ?ikFQ))[ij]
Wt L shpd TP phrt pr o P
+ T + O/ Th 1Y + FATA T F 4 T, F) :1r].kP;],
where
Qi = Rij + ——(r7 ¢ - =1 (GETF) 4 s (TS Th FIF, — FIT!,FTS, + T, F TV F)
=it o\t 2(n—1) pstqqjri lij] 2(n—1) st pt pyrmaTjis pstiqrjita

s P rdpr _ pdTP pris n—2 1P "
+ LTy bl — BTy F J'riS)(ij) T 2-1) (F’”?M%Fi)(if))’

is invariant with respect to the mapping f.

The technique from the previous theorems can be applied for the curvature tensors 132’}],]( and 14{}1?].]{. Insucha

way we obtain some other invariant geometric objects.

Theorem 3.3. Let (M, g,F) and M, g, F) be two generalized para-Kihler spaces in Eisenhart’s sense of dimension
n>2and f : M — M be an equitorsion holomorphically projective mapping, then the geometric objects given by

1
ho _ ph hry _ shgPrs hy _shpPs _sh., _phy .oP o ©h P _ phP s
Pl =Rl +— 2[518* O} Tl + 01 Qut = 81 T3 = 0 Qij = FLQuF, + FQuF! ~ FIT/ FIT;,

1
h P h P _ phoP s _ ~(rhts P 9 _ P
= FIQuF, + FIQuF! ~ FIT FIT;. S (P (1L F - T1 kin))[jk]

1 s P (Th 1 h 1 1 hys (TP 11 P
h ErpsFi (?quj - TQJFk) B §Fi rps(?quj - :quFk)
Les po(mh 1 . Lrs pp(mh g1 _ 7 ph
= 5T F (T F = TLE)) + S T3 FL(TF! = TUF)
hop _ hpp _ mh pprr B h g A _
~ T}, - T\T, — TLFT, Fl - %’;iFkF;er], 0=34,
where
R (s i 1 ovps 1 r s T 1 r pPps T4 —
g” = Rii* 4(n? - 4) (F” qu?ffF")[ij] w2 i 4(n +2) TuFiTetr 2(n+ 2)(11FpiFr1"quj ) i)’ 9=54,

are invariant with respect to the mapping f.

Proof. We first observe that plugging (14) in the relations between the curvature tensors R ; and R! "
0 0l
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(0 = 3,4) of the generalized para-Kéahler spaces in Eisenhart’s sense yields
Rl =Rl + 87 e + 0] (= ulbk» = O iy = Feuif] + FincF] = Fi(if - zgka”-)
h h h h
+ F ¢p(TZqFf Tﬂ F)- > p "y TZ},F? Tf] F) + 1ppr(quF;’ TWFZ) + Lp l/}p(Tin;i Ts]FZ) (29)
+ Egb,,F’”(TZqFf TLFD - —¢pF”(T’;]Ff T Fi)+ Th P+ T L+ Th wiF UgFy + Th wiF WgF], 0=3,4,

where
Wij = itj = i = PoF;PgF], n =12
n
According to the definition of covariant derivatives of the first and second kind we conclude that
ij = Pij + Ty,
2 1
which implies that relation (29) becomes
R’j]k —R’j]k + 5h W + 5h T Py + O (g]ojk - llpk]-) + 0! ?;’klp,,
h h h
-0y l/’if - klprij + Fﬂ/’kaf - F (lf’m'Fi - 'fka?)

h P P h P q P
+ Flf}p(quFl TyFD) Fkl,bp(TwFl T3FD

P h h 9 h P P rq
+§1/)pPi(”{kq ~ThED + ng;p(quF] T F)

+1lppP”(Th FI - Tq Fh - ¢,,F”(Th F1—TTF"

kg~ i qj i 144
+ T’l Uk + kilp] + Th F”lquq + Tglp’k’lpqu, 6 =3,4.

The rest of the proof is analogous to the proof of Theorem 3.1. [

Finally, we take into account the curvature tensor I;Zk and obtain the fifth invariant geometric object which

coincides with the tensor ISJZk from [16].

Proposition 3.1. Let (M, g, F) and M, g, F) be two generalized para-Kihler spaces in Eisenhart’s sense of dimension
n>2and f : M — M be an equitorsion holomorphically projective mapping, then the tensor given by

Ph

— P rh P rh P rh
Pl = Ry + —[Rud} ~ Rjid), +RyyF[F} ~ Ry FIF + 2Ry FIF],

is invariant with respect to the mapping f.

4. Conclusion

As it was stated in [16] in case when a generalized (non-symmetric) Riemannian metric g is symmetric,

i.e., has vanishing the skew-symmetric part g, a generalized para-Kéhler space in Eisenhart’s sense reduces
\%

to a usual para-Kéhler space. The geometric objects Ig)?jk' 0 = 1,...,4 are invariant with respect to an

equitorsion holomorphically projective mapping between more general generalized hyperbolic Kéhler
spaces than those defined in [16]. It was surprising that the tensor I;Zk did not change the shape in the more

general class of spaces, i.e., it coincides with the tensor Isjf’Jk that was described in [16]. All these invariant

geometric objects can be quite interesting for further investigations.
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