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Abstract. Most of the summability methods cannot be defined in an arbitrary Hausdorff topological space
unless one introduces a linear or a group structure. In the present paper, using distribution functions over
the Borel o-field of the topology and lacunary sequences we define a new type of convergence method in an
arbitrary Hausdorff topological space and we study some inclusion theorems with respect to the resulting
summability method. We also investigate the inclusion relation between lacunary sequence and lacunary
refinement of it.

1. Preliminaries

Studying summability in a topological space has always been a difficult issue due to the lack of the
linearity because many of the summability methods need linear structure on the space. Therefore, many
authors have restricted the scope by assuming either the topological space to have a group structure or
a linear structure. Recently, some authors have studied some summability methods that directly can be
defined in arbitrary Hausdorff spaces such as A-statistical convergence and A-distributional convergence
(seee.g., [2,15,17-19]).

The idea of convergence of a real sequence was extended to statistical convergence by Fast [8]. This
concept has been further investigated from various points of view later on. For example, properties of
statistically convergent scalar sequences investigated by Fridy [10] and Salat [16]. Furthermore, the concept
of statistical convergence has been studied in topological spaces by many authors (see e.g., [2, 15, 18]).
Moreover, a generalization of the statistical convergence which is called ideal convergence can be studied
in topological spaces (see e.g., [6, 7]).

As the structure of statistical convergence is compatible with topological structure, i.e., it can be char-
acterized considering the elements of the base of the topology, it can be studied in arbitrary Hausdorff
topological spaces whereas similar idea vanishes when the issue is to study many other convergence meth-
ods in topology such as strong convergence or matrix summability [3-5]. If the sequence Ax := {(Ax),} is
convergent to L then we say that x is A-summable to L where the series

(Ax), = Z Ak Xk

k
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is convergent for any positive integer n. A summability matrix A is said to be regular if lim(Ax), = L
n
whenever likmxk =L[1].

Let (X, 7) be a Hausdorff topological space and let A = (a,x) be a non-negative regular summability
matrix. Then a sequence x = (x) in X is said to be A-statistically convergent to a € X [2, 15] if for any open
set U that contains «

11]1/;]?1 Z Apk = 0.

kxegU

Note that the definition of the concept of A-statistical convergence can be given with the elements of the
base of the topology instead of open sets. Considering the base of the standard topology of the space of real
numbers we can easily get the following well-known definition of the A-statistical convergence of a real
valued sequence [3, §, 10, 11, 16]: Let x = (xx) be a real sequence and let A = (a,x) be a non-negative regular
summability matrix. Then x is said to be A-statistically convergent to the real number L if for any ¢ > 0

lim E Apke = 0.
n
k:|xx—L|>¢

If we consider the Cesaro matrix, C = (c,x), then A-statistical convergence reduces to the statistical conver-
gence where

D=

, ifk<n
Cpk =
0 , otherwise.

In 1993, Fridy and Orhan introduced the concept of lacunary statistical convergence that has a strong
relationship with statistical convergence [12]. An increasing integer sequence 0 = {k,} is called a lacunary
sequence if it satisfies that ko = 0 and h, := k, — k,_1 — o0 as r — co. Throughout this paper the intervals
determined by 0 will be denoted by 19 := (k,_1,k,] and the ratio k,/k,_; will be abbreviated by g, forr > 2 and

g1 = 0. The lacunary sequence 0 = {kr} is called a lacunary refinement of the lacunary sequence 9 = {k,} if
{k.} C {k,} [9]. We denote the cardinality of a subset E C IN by |E].
Fridy and Orhan [12] introduced the concept of lacunary statistical convergence. Let 0 be a lacunary

sequence. Then a real sequence x = (xy) is said to be lacunary statistically convergent to L provided that for
each ¢ > 0,

1i¥nl kel -LI> s}' =0. 1.1)

I,
Actually, lacunary statistical convergence coincides with A-statistical convergence for A = Cy where Cy is
the matrix given by

Lo, ifkel?

C"[”'k]::{lf)r , ifkelf

The definition of lacunary statistical convergence can be extended to Hausdorff topological spaces as
follows: Let (X, 7) be a Hausdorff topological space and let 8 = {k,} be alacunary sequence. Then a sequence
x = (x¢) in X is said to be lacunary statistically convergent to @ € X [13] if for any open set U that contains «

1
lim h_ Z)([xkgu} =0.
T kel?

Distributional convergence is another summability method that can be defined in topological spaces.
There is a close relationship between the concepts of distributional convergence and statistical convergence.
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In 2014, Unver et. al. [18] investigated the relationship between these concepts and they observed that A-
distributional convergence is equivalent to A-statistical convergence for a particular degenerate distribution.
In [12], the authors established some inclusion relations between the concept of statistical convergence and
lacunary statistical convergence.

Consider a set function F : ¢ (7) — [0, 1] such that F (X) = 1 and if Gy, Gy, ... are disjoint sets in ¢ (7) then

i=1

where o (7) is the Borel o—algebra of 7. Such a function is called a probability measure or a distribution.
Now, let A = (a,x) be a non-negative regular matrix such that each row adds up to one and F be a probability
measure on ¢ (7). Then the sequence x = (x;) in X is said to be A-distributionally convergent to F if for all
G € o (1) with F(dG) = 0 we have

lim Z au = F(G)

k:kaG

where JG is the boundary of G [18].

The aim of the present paper is to study a variant of distributional convergence in which the non-
negative regular summability matrix A = (a,) is replaced by Cg matrix and to obtain similar results given
in [12] for topological spaces. Thus, we define a new concept of summability which can be directly studied
in Hausdorff topological spaces. Analogously in [14], we also study the same concept with respect to the
lacunary refinement of a lacunary sequence. Moreover, we obtain generalizations of some well-known
results of summability theory for topological spaces.

Definition 1.1. Let X be a Hausdor(ff topological space, let F be a distribution on ¢ (1) and let 6 = {k,} be a lacunary
sequence. Then the sequence x = (xy) in X is said to be lacunary distributionally convergent to F if for all G € o (1)
with F(dG) = 0 we have

1
lim —
Py

ZX{kaG} =F(G).

kel?

Giving a characterization for A-statistical convergence, Unver et. al. [18] has proved that A-statistical
convergence is the special case of A-distributional convergence. This result with Definition 1.1 entails the
following remark immediately:

Remark 1.2. Let X be a Hausdorff topological space, let x = (xi) be a sequence in X and let 6 = {k,} be a lacunary
sequence. Then, x is lacunary statistically convergent to o € X if and only if it is lacunary distributionally convergent
to F:o(t) — [0,1] defined with

Fe={] 0EE 02

For the sake of completeness we keep the following definition of Cesaro distributional convergence
which is a special case of A-distributional convergence for Cesaro matrix:

Definition 1.3. Let X be a Hausdorff topological space, let F be a distribution on o (t). Then a sequence x = (xi) in
X is said to be Cesaro distributionally convergent to F if for all G € ¢ (t) with F(dG) = 0 we have

. 1y
hrllnr—l;‘)({xkec} =F(G).
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2. Inclusion Theorems

Here, we prove some inclusion relations between the concepts of lacunary distributional convergence
and Cesaro distributional convergence. Throughout this section, we assume that X is a Hausdorff topolog-
ical space with topology 7.

Theorem 2.1. Let x = (xi) be a sequence in X, let O = {k,} be a lacunary sequence and let F be a distribution on o ()
and assume that limin fq, > 1. If for all G € o (t) with F(dG) = 0 we have

. 1y
limsup=Y " xisec) < F(G) 1)
" k=1

then there exist M > 1 such that

lim suph Z)( ec) < F(G)M.
" kel®

Proof. Assume that liminfq, = a > 1 and write § = (¢ —1) /2 > 0. Then, there exists a positive integer ry

r
such that g, > 1 + p whenever r > ;. Therefore, for each r > ry we have

&:1—121—L=L.
k, qr p+1 p+1

Now if G € 0 (1) with F(JG) = 0, then we have

for each r > ry. Hence, we get

lim sup A Z XixeG) = lim sup Z XixeeG)-
k<k k

Finally, from (2.1) we obtain

lim sup; - Z)( ec) < F(G)M

r k619
where M = ‘% >1. O

Next proposition is a version of Lemma 2 of [12] for topological spaces which is obtained from Theorem
2.1.
Proposition 2.2. Let x = (xx) be a sequence in X and let 0 = {k.} be a lacunary sequence with liminfq, > 1. If x is
r
statistically convergent to a then it is lacunary statistically convergent to a.
Proof. Suppose that x is statistically convergent to a. Then, we get from Proposition 1 of [18] that the

sequence x is Cesaro distributionally convergent to F defined by (1.2). Let U be an open set that contains
a. Then V := U° is a closed set that does not contain a where U° is the complement of U. Therefore, we can
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write F (V) = 0. As V is closed we have dV C V which entails a ¢ dV. Thus, we get F (dV) = 0. Now, since x
is Cesaro distributionally convergent to F we have

1y
hrll'n;;)({xkew =F(V).

Since, liminfq, > 1, Theorem 2.1 yields that there exists M > 1 such that
r
. 1
limsup— Y Xiyev) < F (V)M =0,
’ hr kel?

Thus, we get

1
hfnh—rZX{xkeV} =0
kel?

ie.,

1
llylh—rZ)({x#w =0.
kel?

Therefore, x is lacunary statistically convergent to a. [J

Theorem 2.3. Let x = (xi) be a sequence in X, let 0 = {k,} be a lacunary sequence and let F be a distribution on
o (7). Assume that lim supg, < oo. If for all G € ¢ (1) with F(dG) = 0

. 1
lim suph—rZ)( mec) < F(G)
r kel?

then there exists H > 0 such that
1 n
lim sup—Z)({xkeG] <F(G)H.
n n k=1

Proof. Since, limsupg, < oo there exist H > 0 such that g, < H for any r. Take an arbitrary G € o (1) with
F(dG) = 0. Suppose that

, 1
lim suph—Z)({xkeg} =T <F(G) 2.2)

’ " kel®

and write N, := ), X{xeq)- From (2.2), for all € > 0, there exists a positive integer ry such that
kel

sup& =T

r>ry 'hr

<E&.
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Now, let M := max {N, : 1 <r < ro} and let n be a positive integer satisfying k,_; < n < k,; then we can write

1 n 1 ky
_ZX{xkeG} < ZX{xkeG}
) ke =1

1
kr—l

M 1 Nyo1 N,
< kr_l to + E {hr0+1 h,(:] +..+ hyh—r}

(N1 + N2+ ..+ Ny +... + N}

M 1 N,
< - ot h
<o 7o + o (srl:rg) m ){hm+1 + .+ Iy}

k, —k,
< Mr0+(s+F(G)) 0
kr—l kr—l

< M ro + (e + F(G)) gr

r—1

<

ro + (e + F(G)) H.
kr—l

Since, limk, = oo and ¢ is an arbitrary, the proof is completed. O
r

The following proposition is a version of Lemma 3 of [12] for topological spaces which is obtained from
Theorem 2.3.

Proposition 2.4. Let x = (xi) be a sequence in X and let O = {k,} be a lacunary sequence with limsupq, < co. If x
r

is lacunary statistically convergent to a then it is statistically convergent to a.

Proof. Suppose that x = (x¢) is lacunary statistically convergent to «. Then, we get from Proposition 1 of [18]
that the sequence x is lacunary distributionally convergent to F defined by (1.2). Let U be an open set that
contains «. As in the proof of Proposition 2.2, V := U¢ is a closed set that does not contain a with F (dV) = 0.
Since, x is lacunary distributionally convergent to F we have

.1
hmh_ZX{xkeV} =FV)
n kel?

for V € o (1) with F(dV) = 0. Now, since lim supg, < oo, we have from Theorem 2.3 that there exists H > 0
r
such that
. 1
lim sup—Z)({xkeV] <F(V)H =0.
" n k<n
Thus, we get
L1
h}’n;lZX{xkEV} =0
k<n
ie.
1
hrrln;ZX{xkezu} =0.
k<n

Therefore, x is statistically convergent to a. [
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Now, combining Proposition 2.2 and Proposition 2.4 we get the version of Theorem 4 of [12] for
topological spaces:

Theorem 2.5. Let x = (xy) be a sequence in X and let 0 = {k,} be a lacunary sequence with
1 <liminfg, <limsupg, < .
Then x is statistically convergent to a if and only if it is lacunary statistically convergent to a.
In the following theorem we study the equality of distributional limits.
Theorem 2.6. Letx = (xi) beasequencein X, let © = {k,} be a lacunary sequence and let F1 and F; be two distribution
on o (t). If x is Cesaro distributionally convergent to Fy and it is lacunary distributionally convergent to F, then

F1(G) = F»(G) for any G € ¢ (1) with F1(dG) = F»(dG) = 0.

Proof. If x is Cesaro distributionally convergent to F; and lacunary distributionally convergent to F, then
we have

n—oo

.1y
lim EZX[X,(EG} =F(G)
k=1
for all G € o (1) with F1(dG) = 0 and

1
hmh_ZXikaG} =F (G)
nh kel?

for all G € o (1) with F2(dG) = 0. Suppose that F; (G1) # F2(Gy) for some G; € o (1) such that F1(dG;) =
F3(dG;) = 0. Then, we get

1y
lim ZZXWGG” # F2(G1) (2.3)
k=1

n—oo

for Gy € 0 (7). On the other hand one can have

1 1 v
k_ZX{xkecl] = EZZX{X"EG”

" kekn r=1 kel?

= éihrherX{xkeGﬂ

r=1 kel

_— Zm:hrt, (2.4)

1

where £, = W Y. XixeeGy)- Since x is lacunary distributionally convergent to Fp, we get limf, = F (Gp). As the
kel? r

transformation in (2.4) is regular [12], the right hand side of (2.4) tends to F, (G1) as ¥ — oo. This contradicts

with (2.3). O

The following is a version of Theorem 6 of [12] for topological spaces which is obtained from Theorem
2.6.
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Theorem 2.7. Let x = (xy) be a sequence in X and let O = {k,} be an arbitrary lacunary sequence. If x is both
statistically convergent and lacunary statistically convergent then the statistical limit and the lacunary statistical
limit of x coincide.

Proof. Assume that x is statistically convergent to a and lacunary statistically convergent to  with a # B.
Then, we get from Proposition 1 of [18] that x is Cesaro distributionally convergent to F; and lacunary
distributionally convergent to F, where Fi,:0(t) — [0,1] are distributions defined with

0 ,a¢G
Fl(G)::{l iic

and

Fz(c;)::{‘l) hee

Since o # f and (X, 7) is Hausdorff, there exist an open set U that contains & and an open set V that contains
B such that U NV = 0. Then the set W := U° is closed and V ¢ W. Since g € V, we have f € W and
B € W° which implies ¢ (W°)" where W is the interior of W. In that case we get § ¢ W N (W°)" = JW. Thus
F; (W) =1 and F; (dW) = 0. On the other hand, it is obvious that a ¢ W. Therefore we can write F; (W) =0
As W is closed we have dW C W which implies @ ¢ dW. Hence we get F1 (W) = 0. From Theorem 2.6, since
F1(0W) = F>(dW) = 0, we have F; (W) = F, (W). This is a contradiction. [

Now, we study lacunary refinement distributional convergence.

Theorem 2.8. Let x = (x;) be a sequence in X, let F be a distribution on ¢ (t) and assume that 0° = {k,} is a lacunary
refinement of a given lacunary sequence 6 = {k,} . If there exists 6 > 0 such that

—2>0
7]

for each ]]?9/ C 19, then for all G € o (1) with F(OG) =

lim sup‘ 9|Z)( xeG) < F(G)

kel?
implies
F(G
hmsup‘ 6|2XXk€G} (6 ).
kej?

Proof. Suppose that

lim sup

ZX mec) < F(G)

7]
kel?

for an arbitrary G € o (t) with F(dG) = 0. For any positive integer j there exists positive integer i such that
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]].9’ C I?. Then, we have

19|

o ZX{xkeG 10 Z)kaec}
|] ke]/” ' | ‘ |k€]9
19|
']e | Uqéx x€G}
X{x.€G)-
L

which implies

F (G)
Z XixeeG) < 6

ke]o

lim sup—

j '],

The following theorem is a version of Theorem 1 of [14] for topological spaces.

Theorem 2.9. Let x = (x;) be a sequence in X and assume that 6' = {k,} is a lacunary refinement of the lacunary
sequence 0 = {k.}. If there exists 6 > 0 such that

—r 20 (2.5)
1]

for every ]f.), c I?, then lacunary statistical convergence of x with respect to 0 implies lacunary statistical convergence
of x with respect to 0.

Proof. Suppose that x is lacunary statistically convergent to @ with respect to 6. Then we get from Proposition
1 of [18] that the sequence x is lacunary distributionally convergent to F defined by (1.2). Let U be an open

set that contains a. As in the proof of Proposition 2.2, V := U is a closed set that does not contain o with
F(dV) = 0. Since x is lacunary distributionally convergent to F we have

lim o Y iwer = F(V) =
| |k619

for V € ¢ (1) with F(dV) = 0 and since there exists 6 > 0 such that (2.5) holds, we get from Theorem 2.8 that

F(V
ZXXkEV} ( ) O'

lim sup— 5
ke IS o

j '],

3. Conclusion

In this paper, we define the concept of lacunary distributional convergence which is a generalization
of lacunary statistical convergence in Hausdorff topological spaces that need not to have linear or group
structure. This new type of convergence is one of the convergence methods that can be directly studied
in arbitrary Hausdorff topological spaces. We also obtain some inclusion theorems between this concept
and statistical convergence which are more general then the classical ones [12]. Later, we get the inclusion
relation between lacunary statistical convergence and lacunary refinement of it.
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