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Abstract. In this paper, we present some extensions of Banach contraction principle for multi-valued
maps. Corresponding convergence theorems for the Picard iteration associated to a class of multi-valued
operators are obtained in the setting of modular metric spaces. The presented results improve many recent
fixed points results in the setting of modular metric spaces and also generalize some classical known results.
Moreover, some examples are given.

1. Introduction

In 1969, Nadler [21] introduced the notion of multi-valued Lipschitz mappings as a generalization of
the Banach contraction principle in the setting of complete metric spaces. Since then, several authors
investigated fixed point results in this direction, see [5-7, 9, 10, 13, 14, 20, 28]. In 2010, Chistyakov [11, 12]
introduced the concept of modular metric spaces. There are different approaches for this concept. The class
of modular metric spaces is viewed as the nonlinear version of the classical modular spaces introduced in
[18, 19, 24] (see also [8, 16]). Recently, Abdou and Khamsi [1] investigated the fixed point property in the
setting of modular spaces and introduced the analog of the Banach contraction principle theorem in the
setting of modular metric spaces. In 2014, Abdou and Khamsi [2] established some fixed point theorems
for multi-valued Lipschitzian mappings defined on some subsets of modular metric spaces. In 2012, Samet
et al. [27] introduced the notion of a — i—contractive mappings and a¢—admissible mappings in metric
spaces and obtained many fixed point results. Recently, Ali et al. [3] generalized and extended the notion
of @ — i—contractive mappings by introducing the notion of (a, {, £)—contractive multi-valued mappings
and gave fixed point theorems for such type mappings in metric spaces.

Motivated by [2], the purpose of this paper is to extend the results of Abdou and Khamsi [1] by using
the concept of a—admissible contractive mappings. We will establish some fixed point theorems involving
such contractions in the setting of modular metric spaces.
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2. Preliminaries

Throughout the paper, IN and R denote the set of positive integers and the set of all real numbers,
respectively. In what follows, we recall some definitions and results we will need in the sequel.
Let X be a nonempty set. For a function w : (0, 00) X X x X — (0, o0), we denote by

wr(x,y) =w(A,x,y) forall A >0and x,yeX.

Definition 2.1. [11] A function @ : (0,00) X X X X — [0, 0] is said to be a modular metric on X (or simply a
modular if no ambiguity arises) if for all x, y, z € X, the following three axioms hold:

() x=y ifand only if wi(x,y)=0 forall A >0;
(i) walx,y) =wrly,x) forall A >0;
(i1i) wrsp(x, y) < wa(x,2) + wy(z,y) forall A, u > 0.
The pair (X, w) is then called a modular metric space.

Definition 2.2. [11] Let (X, w) be a modular metric space.
(1) w is said reqular if the axiom (i) in Definition 2.1 is replaced by the following axiom:

x=y ifandonly if wr(x,y) =0 forsome A > 0.

(2) w is said convex if for A, u > 0 and x, y,z € X, the following inequality is satisfied:

A
Wp+u(X,Y) < #a)A(x,z) + AHT[JCU“(Z’]/)'

A+
Definition 2.3. [11] Let (X, w) be a modular metric space and xo € X an arbitrarily element. Let

X = Xplxg) ={xe X: }im w(x, x9) = 0}

and

X% = X7(x0) = {x € X: X = A(x) such that w,(x,xp) < 00}.
The sets X, and X7 are called modular spaces (around xo).
Note that if w is a convex modular metric on X, then X} = X,,,.

Proposition 2.4. [11] If (X, w) is a modular metric space, then the modular set X, is a metric space with metric
given by

dp(x,y) =Inf{A > 0:wa(x, y) <A}, x,y€X,.
Proposition 2.5. [11] Given a convex modular space (X, ). Define
dX(x,y) =inf{A > 0: wr(x,y) <1}, x,yeX}.
Then (X, d) is a metric space.

w’ 7w

Definition 2.6. [11, 12](Topological concepts)
Let (X, w) be a modular metric space.
(1) The sequence {x,} in X,, is said w—convergent to an element x € X,, if and only if

lim w1 (x,, x) = 0.

We say then that x is an w—limit of {x,}.



H. Aydi et al. / Filomat 33:13 (2019), 4327-4341 4329
(2) The sequence {x,} in X,, is said w—Cauchy if
n%rgm w1(Xy, xm) = 0.
(3) We say that a subset M of X, is w—closed if for any sequence {x,} in M such that Agl; w1(xp, x) = 0, then,
xeM.

(4) We say that a subset M of X, is w—complete if any w—Cauchy sequence in M is w—convergent in M.
(5) We say that a subset M of X,, is w—bounded if

O0w(M) = supfwi(x,y) : x,y € M} < 0.

(6) We say that a subset M of X, is w—compact if any sequence in M has a subsequence w—convergent in M.
(7) We say that w satisfies the Fatou property if for every sequence {x,} in X, and all x, y € X,,, we have

lim wi(x,,x) =0 = wi(x, y) < liminf wq(x,, y).

Definition 2.7. [2] We say that w satisfies the A,—condition, if lim w,(x,,x) = 0, for some A > 0 implies
n—oo
limy 00 (X4, x) =0, forall A > 0.

Following [2, 11, 12], the w—convergence and d,,—convergence are equivalent if and only if w satisfies the
Ap—condition. Furthermore, if w is a convex modular, then d,, and d}; are equivalent.

Definition 2.8. [2] Let (X, w) be a modular metric space. We say that w satisfies the Ay—type condition, if for every
u > 0, there exits Cu>0 such that

wpp(x,y) < Cuwr(x,y), forallA >0, x,y € X, with x # y.
Obviously, if w satisfies the A;—type condition, then it satisfies the A,—condition.
Definition 2.9. [2] Let (X, w) be a modular metric space. Define the function 2 as

Q@) = sup{%xx'yy)) tA>0,xy€X,, x# y} foreveryt > 0.

Lemma 2.10. [2] Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ap—type condition. Then

(1) Q(t) < oo, for each t > 0;

(2) Q is an increasing function with (1) = 1;

(3) Q(st) < Q(s)CX(¢) for each s, t > 0;

(4) Q7 1(s)Q71(t) < Q7Y(st), where Q7' is the function inverse of Q);

(5) for each x,y € X, with x # y, we have

WY 2 T )

We have the useful lemmas.

Lemma 2.11. [2] Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ay—type condition. Let {x,} be a sequence in X,, such that

w1(Xn41,X%,) < Ca* ¥Yn=0,1,2,...

where C is an arbitrary constant and o € [0, 1). Then {x,} is Cauchy for both w and d7.
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Let (X, w) be a modular metric space and M be a nonempty subset of X,,,.

We denote by

(a) K(M) the family of all nonempty and w—compact subsets of M;

(b) CL(M) the family of all nonempty and w—closed subsets of M;

(c) CB(M) the family of all nonempty, w—closed and w—bounded subsets of M.
For A,B € CB(M) and x € X, set

H, (A, B) = max {sup{wi(x, B) : x € A}, sup{wi(y,A) : y € B}}

where w1(x, A) = inflowi(x,y) : y € A}. H, is the Hausdorff modular metric on CB(M), induced by the
modular metric w.

Proposition 2.12. Let (X, w) be a modular metric space. Consider the metric D,, as
D, ((x,y), (u,v)) = de,(x, u) + do,(y,v) forall (x,y),(u,v) € X, X Xp.

Then (X, X Xo, Dy,) is a metric space.

Definition 2.13. Let (X, w) be a modular metric space, M be a nonempty subset of X, and T : M — CL(M) be a
multi-valued mapping. The graph of T denoted by G(T) is the subset {(x,y) : x € M, y € Tx} of M X M. Then T is
said to be closed if the graph of G(T) is a closed subset of (M X M, D).

Definition 2.14. A function f : X, — [0, 00) is called lower semi-continuous (L.s.c) if, for any x € X, and {x,} C X,
with lim x, = x in X, we have

n—o00

£ < lim £,
For a multi-valued map T : M — CB(M), let fr : M — [0, o0) be a function defined by

fr(x) = w1(x, Tx).

Definition 2.15. [26] Let (X, d) be a metric space and T : X — CL(X) be a multivalued operator. We say that T is a
multivalued weakly Picard (briefly, MWP ) operator if for all x € X and y € Tx, there exists a sequence {x,} such that

(i) xo=xand x1 = y;
(ii) xy41 € Txy foralln=0,1,2,...;
(iii) {x,} is convergent and its limit is a fixed point of T.
A sequence {x,} satisfying conditions (i) and (ii) in Definition 2.15 is said a sequence of successive approxi-

mations of T, starting from x;.
Asin [4, 17], we give the following definition.

Definition 2.16. Let (X, w) be a modular metric space and M be a nonempty subset of X,. let T : M — CB(M) be
a multi-valued mapping. Such T is called a—admissible if, for each x € M and y € Tx with a(x,y) > 1, we have
a(y,z) 2 1forallze Ty.

In this paper, we investigate several types of multivalued weakly Picard operators, and so we ensure the
existence of fixed points. Some consequences and examples have been provided.
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3. Fixed point of multi-valued weak contraction mappings

We start with the following useful technical lemmas (corresponding to the ones given in [21] on modular
metric spaces).

Lemma 3.1. Let (X, w) be a modular metric space, M be a nonempty subset of X, and B € CB(M). If a € M and
w1(a, B) < c with ¢ > 0, then there exists b € B such that w1(a,b) < c.

Lemma 3.2. [2] Let (X, w) be a modular metric space and M be a nonempty subset of X,,. Let A, B € CB(M), then
for every € > 0 and x € A, there exists y € B such that

w1(x, y) < Hy(A,B) + €.
Moreover, if B is w—compact and w satisfies the Fatou property, then for every x € A there exists y € B such that
w1(x, y) < Hy(A, B).

Lemma 3.3. [2] Let (X, w) be a modular metric space. Assume that w satisfies the Ao— condition. Let M be a
nonempty subset of X, and let A, be a sequence of sets in CB(M). Suppose that lim H,(A,, A) = 0, for A € CB(M).

Then if x, € A, and lim x,, = x, it follows that x € A.

3.1. Result-1

In this subsection, we first introduce the notion of w—quasi-contractions in modular metric spaces.

Definition 3.4. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. A multi-valued T : M —
CL(M) is said an w—quasi-contraction if there exists a constant k € [0,1) such that for any x,y € M with y € Tx,
there exists z € Ty such that

w1(y, z) < kmax{w(x, y), w1(x, Tx), w1(y, Ty)}. (1)
Now, we state and prove our first result.

Theorem 3.5. Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ap—condition. Let M be a nonempty w—complete subset of X,,. Let T : M — CL(M) be a closed w—quasi-contraction.
Then T is a MWP operator.

Proof. Let xp € M and x; € Tx,. Clearly, if xp = x1, then x; is a fixed point of T and so this completes the
proof. Now, we assume that xo # x. Since T is w—quasi-contraction, there exists x, € Tx; such that

w1(x1, x2) < kmax{wi(xo, x1), w1(xo, Txo), w1(x1, Tx1)}.

If x, = x1, then x; is a fixed point of T and so the proof is finished.
From now on, we assume that x, # x;. It follows that

w1(x1, x2) < kmax{wi (xo, x1), w1(x0, x1), w1(x1, x2)} = kmax{wn (xo, x1), w1(x1, x2)}.
If max{wi(xg, x1), w1(x1, x2)} = w1(x1, x2), then we obtain
w1(x1, x2) < ka(x1,%2) < wi(x1,%2)
which is a contradiction. Then we get
w1(x1,x2) < kan (xo, x1)-
Continuing in this fashion, we construct a sequence {x,} in M such that x,,.1 € Tx,,, X441 # x, and

w1(Xpy, Xp41) < kwy(xy-1,x,) Yn=1,2,3,... (2)
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By induction, we get
wl(x,,,xn+1) < k”wl(xo,xl) Yn=0,12,... (3)

By Lemma 2.11, we conclude that {x,} is w—Cauchy. By completeness of (M, w), there exists u € M such that
lim x, = u.
n—oo

We shall prove that i is a fixed point of T. Since T is a closed multi-valued mapping and x,,1 € Tx,,
then (x;,, x,+1) € G(T). Moreover, we have D, ((x,,, X,+1), (4, 1)) = dy,(x,, 1) + do(x,41, 4). Since w satisfies the

Ap—condition, we get
lim D, ((xu, Xn+1), (u, 1)) = 0.
Finally, since G(T) is closed, it follows that (1, u) € G(T). Hence u € Tu, that is, u is a fixed pointof T. O

3.2. ResultII
In this subsection, we give another characterization of MWP operators.

Definition 3.6. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. A multi-valued T : M —
CB(M) is said an a — w—weak contraction if there exist a function a : M X M — [0, o) and two constants k € [0, 1)
and L > 0 such that for any x,y € M, with a(x, y) > 1, we have

H,(Tx, Ty) < kwi(x,y) + Lw1(y, Tx). 4)

Definition 3.7. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. The pair (M, @) is said
w—regular if the following condition holds: for any sequence {x,} in M with a(x,,Xu41) = 1 for all n € IN and
Xy — x € Masn — oo, then there exists a subsequence {x, )} of {x,} such that a(x,x), x) > 1 for all k € IN.

Remark 3.8. Definition 3.7 is valid for Result II and Result II1.

We provide the following result.

Theorem 3.9. Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ap—condition. Let M be a nonempty w—complete subset of X,,. Let T : M — CB(M) be an o — w—weak contraction.
Suppose also that

(1) T is a—admissible;

(2) there exit xg € M and x1 € Txg such that a(xg,x1) > 1;

(3) (M, o) is w—regular or fr is lower semi-continuous.

Then T is a MWP operator.

Proof. Let r be a real number such that 0 < k < r < 1. By condition (2), there exist xy € M and x; € Txj such
that
a(xOr xl) > 1.

If xg = x1, then x; is a fixed point of T and the proof is finished.
Now, we assume that xg # x;. Since x; € Tx, by (9), we have

Hw(TxOI Txl)

ka1 (x0, x1) + Lwq(x1, Txo) < kai(xo, x1) + L1 (x1, X1)

w1(x1, Tx1)

IA A

= kawi(xo,x1) < rwi(xo, x1).
By Lemma 3.1, there exists x, € Tx; such that
w1(x1, x2) < rw1(xo, X1).

T is a—admissible and x; € Txq, so
axy,x) = 1.
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If x, = x1, then x; is a fixed point of T and again the proof is finished. Now, we assume that x, # x;.
Since x; € Tx; and a(x1, x2) > 1, by (9), we have

w1(x2, Txa) < Hy(Tx1, Txz)

IA

ka1 (x1,x2) + L (x2, Tx1) < kwq(x1, X2) + L1 (x2, x2)
kawn(x1, x2) < rawi(x1, x2).

Iterating this process, we can define a sequence {x,} such that
a(Xn, Xnt1) 2 1, Xpg1 # Xn, Xue1 € Ty
and
w1(Xy, Xpi1) < rw1(xp-1,x,) Yn=1,2,3,... (5)
Hence we obtain
w1 (X, Xn11) < w1(x0,x1) Yn=0,1,2,...
By Lemma 2.11, we deduce that {x,} is w—Cauchy. Since M is w—complete, there exists v € M such that

lim x, = v.

n—oo

We shall prove that v is a fixed point of T. Since a(xy, x,+1) = 1 for all n € N and x, — v, in view of the
fact that (M, ) is w—regular, there exists a subsequence {x,(u)} of {x,,} such that a(x,u), v) > 1 for all m € N.
We have for any m > 0

Hoy(Txpmy, Tv) < kaw1(Xugm), ©) + L1 (Xn, Txnom))
<kt (Xnmy, ©) + Lant (0, Xngmy+1)-
Passing to limit as m — oo, we get lim H,,(Txym), Tv) = 0. Since Xymy+1 € TXpim), by Lemma 3.3, we conclude
m—oo
that v € Tv, that is, v is a fixed point of T.
Now, passing to the case where fr is lower semi-continuous, we have

w1(v, Tv) = fr(v) < lim w1(xy,, Tx,) < Hm w1(xy, X541) = 0.
n—oo n—oo

Thus, w1(v, Tv) =0, and so v € To.
O

We give the following illustrated examples.

x —
Example 3.10. Let X = R", M = [0,1] and wa(x,y) = k-l

reqular modular and satisfies the Ap—condition. Also, M is an w—complete subset of X,,. Define a mapping T : M —
CB(M) by

, VYx,y € X, VA > 0. Mention that w is a convex

Let @ : M X M — [0, 00) be defined by a(x, y) = 1 for all x, y € M.
Condition (2) of Theorem 3.9 is satisfied and (M, «) is w—regular.
We show that (9) of Theorem 3.9 is satisfied for all x,y € M with k € [1,1] and for L > 3.
We consider the following cases:

Casel : (x,y) € [0, 31X [}, 1. In this case, condition (9) reduces
H(Tx. T _ { { x[y+2] { X '5< < +2}}
o(Tx,Ty) = max{max w1(3, 3 ), supl{wi(a, 3) te < a< 3

max{

|E__

3 6’3 3 3
X

klx—yI+LIy—§l.

IA
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We have |2 — § — 3| < land |y — £| > 1 for all x,y € [0, 31 x [3, 1]. In order the previous inequality holds, it suffices
totake L > 3 and k € [0, 1) to be arbitmry. Case2 : (x,y) € (%, 11x[0, %]. In this case, condition (9) is reduced to

%

Hw(Tx,Ty)=|§+ L) <kx- yI+LI——yI

OJIN
(O8]

We have | + 3 — 4| < 1and |2 > 1 forall x,y € (3,11 X [0, 31. Again, in order the previous inequality holds, it
suffices to take L>3andke [0 1) to be arbitrary. Case3 : x,y € [0, 31 In this case, the condition (9) is reduced

X
H,(Tx,Ty) = a)1( )— Ix—ylsklx—y|+Lly—§I

and so condition (9) is satisfied with k € [3,1) and L > 0.
Case4 - X,y € (%, 1]. In this case, condition (9) becomes

5x+2 5y+2 1 x
L2, 557D = 5l =yl < Kx =yl + Lly - 31

Hw(Txr T]/) = a)([ 6 3

and so condition (9) is satisfied with k € [3,1) and L > 0. Now, by summarizing all cases, we conclude that the
condition (9) is satisfied with k € [,1) and L > 3.

Hence, all hypotheses of Theorem 3.9 are satisfied and T has fixed points. Note that Fix(T) = {0} U [2,1] where
Fix(T) denotes the set of fixed points of T.

On the other hand, the main result of Abdou and Khamsi [2] is not applicable. In fact, taking x = 0 and y = 1, we
have H,(Tx, Ty) =1 > k = kw1(0, 1) for each k € [0, 1).

x p—
Example 3.11. Let X = R, M = [0,2] and w)(x,y) = %, Vx,y € X, VA > 0. Mention that w is convex

regular modular satisfying the Ay—condition. Also, M = [0,2] is an w—complete subset of X,,. Define a mapping
T:M — CB(M) by

0, %), o0<x<i
Tx=:{0,%%), 1<x<1
[0,1], 1<x<2.

Let & : M X M — [0, 00) be defined by

1, 0<xy<l1
a(x,y)={ Y

0, otherwise.

Condition (2) of Theorem 3.9 is satisfied with xo = 0 and x; = 3. Obviously, (M, a) is w—regular.
We show that (9) of Theorem 3.9 is satisfied for all x, y € M such that a(x, y) > 1 with k € [}, 1] and for all L > 0.
Let x,y € M be such that a(x,y) > 1. Then 0 < x, y < 1. We consider the following cases:

casel : x,y € [0, 3]. We have

1+x 1+y
Ha)(Txr Ty) = maX{max{(ul(O, Ty)/ wl(T/ Ty)}/ maX{OJl(O, Tx)/ wl(T/ Tx)}}
1+ 1+
= max{wi(—, Ty),on(—2, T)

1 1+y 1
,Elx - yl}, min{——, Elx -y}

. 1+x
= max{min{—— 5

2
|:C |
2 y °
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case2 x €[0,3], y =€ [3,1]. We have

H,(Tx, Ty)

max{max{w1 (0, Ty) wl( 2 Ty)} max{w1(0, Tx), a)l( y , Tx)}}

. 1+x
= max{min{——,

|+ 11}, {2y|+ 10
5 Y- rrun2 X+y-—

1
= — — < — — .
2|x+y 1 < 2Ix yl

case3 : x,y € [3,1]. We have

2 —
Hm(Tx/ T]/) = max{max{wl(O, T]/)/ 0)1( ! ; x/ T]/)}/ max{a)l(O, Tx)/ a)l(Ty, Tx)}}

1 . 2=y 1
— Elx - yl},mm{T, Elx - yl}}

= max{min{
= 2yl
Thus, all hypotheses of Theorem 3.9 are satisfied and T has two fixed points, that is, Fix(T) = {0, 3}.
We can derive the following results.

Corollary 3.12. Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ap—condition. Let M be a nonempty w—complete subset of X,,. Suppose that T : M — CB(M) is a given mapping.
Suppose that there exist a function o : M X M — [0, o0) and two constants k € [0,1) and L > O such that for any
X,y € M, we have

a(x, yH,(Tx, Ty) < kw1(x,y) + Lwi(y, Tx). (6)

Suppose also that

(1) T is a—admissible;

(2) there exit xg € M and x1 € Txg such that a(xg,x1) > 1;

(3) (M, o) is w—regular or fr is lower semi-continuous.
Then T is a MWP operator.

Proof. Let x, y € M be such that a(x, y) > 1. Then if (7) holds, we have
H,(Tx, Ty) < a(x, y)Hy(x, y) < kw1(x, y) + Lo (y, Tx).

The proof is concluded from Theorem 3.9.
|

Corollary 3.13. ([2], Theorem 4.1) Let (X, ) be a modular metric space. Assume that w is a convex regular modular
satisfying the Ay—condition. Let M be a nonempty w—complete subset of X,,. Given T : M — CB(M). Suppose that
there exists a constant k € [0, 1) such that for any x, y € M, we have

H,(Tx, Ty) < kwi(x, y). (7)
Then T is a MWP operator.

Corollary 3.14. Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ap—condition. Let M be a nonempty w—complete subset of X,,. Given T : M — M. Suppose that there exist two
constants k € [0,1) and L > O with 0 < k + L < 1 such that for any x, y € M, we have

w1(Tx, Ty) < kaw1(x, y) + Lo (y, Tx). (8)
Then T has a unique fixed point in X,,.
Proof. We assume that there exist x, y € X such that x = Tx and y = Ty with x # y. We have

0 <wi(x,y) = w1(Tx, Ty) < kwi(x,y) + Loi(y, Tx) = (k + Lyw1(x, y) < w1(x, y),

which is a contradiction. Hence x = y. O
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3.3. Result III

In this part, we give a general class of MWP operators.

Definition 3.15. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. A multi-valued T : M —
CB(M) is said an a — w—generalized weak contraction if there exist a function o : M X M — [0, o), a function
0 : [0, 00) — [0, 1) satisfying lim sup O(r) < 1, for every t € [0, o0) and a constant L > 0 such that for any x,y € M

r—tt

with a(x, y) > 1, we have
H(A)(Tx/ T]/) < 6(0)1(x, ]/))Cl)l (x/ y) + La)l(y/ Tx) (9)

Theorem 3.16. Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the
Ap—condition. Let M be a nonempty w—complete subset of X,,. Let T : M — CB(M) be a a — w—generalized weak
contraction.

Suppose that
(1) T is a—admissible;
(2) there exit xg € M and x1 € Txg such that a(xg,x1) > 1;
(3) (M, o) is w—regular or fr is lower semi-continuous.

Then T is a MWP operator.

Proof. The proof is inspired from Theorem 2.1 in [14].
By condition (2), there exist xo € M and x; € Txp such that

OZ(XO, xl) >1.

If xo = x1, then x; is a fixed point of T and so the proof is finished. Now, we assume that xy # x;. Select a
positive integer n; such that

0" (w1(x0,x1)) < [1 = O(w1(x0, x1))]w1 (X0, X1).
By Lemma 3.2, we can select x, € Tx; such that
w1(x1,x2) < Hy(Txg, Txq) + 0™ (w1 (x0, X1))-

Since a(xp, x1) = 1 then by (9), we have

w1(x1,%2) < Hy(Txo, Tx1) + 0™ (w1(xo, x1))
< O(wi(xo, x1))w1(xo, x1) + L (x1, Txo) + 6™ (w1(x0, x1))
= O(w1(xo, x1))w1(xo, x1) + 0" (w1(x0, X1))
< wi(xo, x1)-

The mapping T is a—admissible and x;, € Txy, so
a(x1, xp) > 1.

If x, = x1, then x; is a fixed point of T and again the proof is finished.
Now, we assume that x, # x;. We choose a positive integer #n, > 11 such that

0™ (w1(x1,x2)) < [1 = O(w1(x1, x2)) w1 (x1, X2).
By Lemma 3.2, we may select x3 € Tx, such that

w1(x2, x3) < Hyy(Tx1, Txz) + 0™ (w1 (x1, x2)).
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Since a(x1,x2) = 1, by (9), we have
w1(x2,x3) < Hy(Txy, Txz) + 0" (w1(x1, x2))
< O(wi(xy, x2))w1(x1, X2) + L1 (x2, Txy) + 0™ (w1(x1, X2))
= O(w1(x1, x2))w1(x1, X2) + 0™ (w1 (x1, X2))

w1(x1, X2).

A

Continuing in this process, we may select a positive integer ;. such that

0™ (@1 (xk-1, x1)) < [1 = O (xk-1, Xi))Jwr (X1, k)
where x;_1 # xr and a(xx_1, xx) > 1. By Lemma 3.2, we may select x;.1 € Tx; such that

@1(xXk, Xk41) < Ho(Tx-1, Txy) + 0™ (@1 (xx-1, X¢))-
In view of T is a—admissible and x,; € Tx;, we have

w1 (Xk, Xer1) = 1.

Since a(xx-1,xx) = 1, by (9), we get

w1 (X, Xgp1) < w1(Xk—1,xx) forallk=1,2,3,...
It follows that {ax = w1(xx, Xk+1)} is @ nonincreasing sequence of nonnegative numbers. Then there exists a

constant ¢ > 0 such that lim a; = c. By assumption, lim sup 6(t) < 1. This implies that there exists a positive

k—co t—ct

integer N such that for k > N, we have O(w1(xx, xx+1)) < h where limsup 6(t) < h < 1.

Now, by (9), we have for k > N

t—ct

ax = 1 (X, Xkr1) < Oax)a-r + 0™ (a-1)
< 0(a)0(ar-1)ak—2 + 0(ax) 0™ (ar-2) + 0™ (ax-1)
k k-1 k
< JJo@pao+ Y T] 0@)0™(@an) + 0™ (@)
i=1 m=1i=m+1
k k-1 k
< JJo@m+), [ 0@o™ @) +0"@1)
i=1 m=1 i=max{ko,m+1}
ko—1 ko—1
< W [T 0@ + ko - DE*1 Y 0" (a)
i=1 m=1
k-1
+ Y O™ (@) + 0" (a)
m=k()

< CH + GHF + G + m™ < CHF,

where Cy, Cy, C3, C are appropriate constants.
For k > N, we have

@1 (X, Xgs1) < CHE.

Proceeding as in proof of Theorem 3.9, we may prove that x,, is wv—Cauchy in M. By completeness of (M, w),
there exists a u € M such that lim x,, = u. We shall prove that u is a fixed point of T. Since a(x,, x,+1) = 1 for

n—oo

alln € N, x, — u and (M, a) is w—regular, there exists a subsequence {x,} of {x,} such that a(x,p),u) > 1
for all k € IN.
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We have for any k > 0

H(Txyq, Tu) O(w1(Xn(ry, 1)W1 (Xngry, 1) + L1 (X, TxXpge)

@1(Xny, ) + L1 (1, Xpgy41)-

IA A

Passing to limit as k — oo, we get l}im Ho(Txpy, Tu) = 0.

Since x,¢)+1 € Txux), by Lemma 3.3, we conclude that u € Tu, that is, u is a fixed point of T.
Now, passing to the case where fr is lower semi-continuous, we get again u € Tu. 0O

3.4. Result IV

In [15], Edelstein proved that if X is a complete ¢—chainable metric space and f : X — X is an
(¢, A)—uniformly locally contractive mapping, then f has a fixed point. Nadler [21] extended this result to
multi-valued mappings and he proved that if (X, d) is a complete e—chainable metric space and F : X — 2%
is an (¢, A)—uniformly locally contractive multi-valued mapping, then F has a fixed point. We generalize
this result to & — w—weak contractions in the setting of modular metric spaces.

Definition 3.17. Let (X, w) be a modular metric space. A nonempty subset M of X,, is called to be finitely e—chainable
(where € > 0 is fixed) if and only if given x,y € M, there is an e—chain from x to y (that is, a finite set of points
X0, X1,...,Xp € M such that xo = x,x, = y, and w1(xj-1,%;) < e foralli=1,2,...,p).

Definition 3.18. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. A multi-valued T : M —
CB(M) is called to be an (e, k, L) — w—uniformly locally weak contraction if there exist two constants k € [0,1), L >0
such that for any x, y € M, we have

H,(Tx, Ty) < kwi(x,y) + Lw1(y, Tx), whenever wi(x,y) < €. (10)

Theorem 3.19. Let (X, w) be a modular metric space. Assume that w is a convex regular modular satisfying the

Ap—type condition and the Fatou property. Let M be a nonempty w—complete and w—compact subset of X,,, which is

finitely e—chainable, for some ¢ > 0. Let T : M — CB(M) be an (¢, k, L) — w—uniformly locally weak contraction.
Then T is a MWP operator.

Proof. Let (x,y) € M X M. Take
wt(x,y) = inf{)Zlea)l(xi_hxi) 1Xp =X,X1,...,X, = yis ane — chain fromx to y}.
It is clear that w*(x, y) < oo for every x,y € M and w®(x, y) = wi(x, y) for all x, y € M such that w1(x, y) < e.
Moreover, by definition of w, we have for all x, y € M
wn(x,y) < inflow(x, x1) + w1(x1, x2) + ... + W1(X4-1, ¥)} = O (x, V).

Let zo € M and z; € Tz. Letting xo, x1, ..., x, be a e—chain from z to z;. Since Tx; is w—compact, by Lemma
3.2, there exists y; € Tx; such that
w1(z1, Y1) < Ho(Tzo, Tx1).

Similarly, there exists y, € Tx, such that

w1(y1,v2) < Ho(Tx1, Txy).
Continuing in this fashion, we can find ys3, ..., y, such that y; € Tx; and

w1(Yi, Yir1) < Ho(Txi, Txizr) < kwi(xi, Xis1) + Lot (x4, Tx;)
< kawi(xi, xit1) + Lo (Xir1, Xiv1) = ko (xi, Xi41).

Obviously, zo, y1,. .., Yp is a e=chain from zp to y, with y,, € Tz;. Take z; = y,.
Since T is an (¢, k, L) — w—uniformly locally weak contraction, we obtain

w*(z1,22) < k' (zo,21).
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Proceeding as above, we may construct a sequence {z,} in M such that for all n > 1, we have z,,; € Tz, and
@ (zn, Zns1) < ko (zp-1,zn).

By induction, we get
@ (zn, Zns1) < K'w" (20, 21).

Considering that w satisfies the A;—type condition, so there exists a constant C > 0 such that foralln > 1
W1(Zn, Zn11) £ Cwn(2n, Zn1) £ Cw® (2, 2ns1) < Ck"w* (20, 21).

Using Lemma 2.11, we conclude that {z,} is w—Cauchy. By completeness of (M, w), there exists a point z € M

such that lim z,, = z.

n—o0

Proceeding as the above, there exists y, € Tz such that
W1(XYn+1, Yn) < Ho(xn, 2).
The mapping T is an (¢, k, L) — w—uniformly locally weak contraction, so
W (Xp41, Yn) < kot (xy, 2).
Since 1}1_1)1010 z, = z, there exists N > 1 such that for n > N, we have wi(x;,z) < ¢. It follows that w®(x,,z) =
w1(xy, 2).
We have forn > N,
Wpi1(Yn,2) < @Wp(Yn, Xns1) + @01(Xn11,2) £ O (Xnr1, Yn) + @1(Xns1,2)
< w1(Xn11,2) + ko (xy, 2).
Passing to limit as n — oo, we get ;}1_1)%10 wp+1(Yn, 2). Since w satisfies the Ay—type condition and Tz is closed,

we conclude thatz € Tz. O

4. Fixed point theory in ordered modular metric spaces

The study of fixed points in partially ordered sets was developed in [22, 23, 25]. In this section, we give
some results of fixed point for multi-valued mappings in the concept of partially ordered modular metric
spaces. We say thatx, y € X,, are comparable if x < y or y < xholds. Moreover, for A, B C X,,, wehave A < B
whenever for each x € A, there exists y € B such that x < y. Now, we introduce the following concepts.

Definition 4.1. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. A multi-valued T : M —
CB(M) is called to be weak continuous if the following condition holds: if {x,} is an w—convergent sequence in M to
x € M, then there exists a subsequence {X,} of {x,} such that I}im Ho(Txug, Tx) = 0.

Definition 4.2. Let (X, w) be a modular metric space and M be a nonempty subset of X,,. The pair (M, <) is said
to be w—regular if the following condition holds: for any sequence {x,} in M with Tx, < Tx,.1, for all n € IN and
Xy — x € M, then there exists a subsequence {x, )} of {x,} such that Tx,q < Tx, for all k € IN.

We have the following theorem.

Theorem 4.3. Let (X, w, <) be a partially ordered modular metric space. Assume that w is a convex regular modular
satisfying the A,—condition. Let M be a nonempty w—complete subset of X,,. Suppose that T : M — CB(M) is a
multi-valued mapping. Assume that there exist a function 0 : [0, 00) — [0, 1) satisfying lim sup 6(r) < 1 for every

r—tt

t € [0, 00) and a constant L > 0 such that
Hy(Tx, Ty)) < 6w (x, y))wi(x, y) + Lan(y, Tx) (11)

forall x,y € M, with Tx < Ty.
Suppose also that
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1. there exist xg € M and x1 € Txg such that Txy < Txy;
2. foreach x € Mand y € Tx with Tx < Ty, we have Ty < Tz for all z € Ty;

3. T is weak continuous.

Then T is a MWP operator.
Proof. Givena : M X M — [0, o) as

o) = {1 if Tx < Ty

0 otherwise.

The multi-valued mapping T is a#—admissible. In fact, if x € M and y € Ty with a(x,y) > 1, then Tx < Ty.
By condition (2), we have Ty < Tz for all z € Ty, then a(y, z) = 1. Also, by (11), T verifies (9). Proceeding as
in proof of Theorem 3.16, we may construct an w—convergent sequence {x,} to x € M such that x,+1 € Tx,
for all n € N. Finally, by condition (3) and Lemma 3.3, we conclude that x is a fixed pointof . [

Theorem 4.3 remains true if the continuity hypothesis is replaced by the w—regularity of (M, <).
This statement is given as follows.

Theorem 4.4. Let (X, w, <) be a partially ordered modular metric space. Assume that w is a convex regular modular

satisfying the A,—condition. Let M be a nonempty w—complete subset of X,,. Suppose that T : M — CB(M) is a

multi-valued mapping. Assume that there exist a function 0 : [0, c0) — [0, 1) satisfying lim sup O(r) < 1 for every
r—t*

t € [0, 00) and a constant L > 0 such that
H,(Tx, Ty)) < 0(w1(x, y))wi(x, y) + Lo (y, Tx) (12)
forall x,y € M, with Tx < Ty.
Suppose also that

1. there exist xo € M and x1 € Txg such that Txy < Txq;
2. for each x € M and y € Tx with Tx < Ty, we have Ty < Tz for all z € Ty;
3. (M, X) is w—regular.

Then T is a MWP operator.

Proof. As in proof of the above theorem, we define the function a : M X M — [0, o0) as follows

o) = {1 if Tx < Ty

0 otherwise.

It is clear that the multi-valued mapping T is a—admissible. Also, by (12), T verifies the contraction (9).
Finally, by condition (3), the sequence (M, «) is w—regular. Thus, all hypotheses of Theorem 3.16 are satisfied
and hence T has a fixed point. [

Authors contributions

All authors contributed equally and significantly in writing this article. All authors read and approved
the final manuscript.



H. Aydi et al. / Filomat 33:13 (2019), 4327-4341 4341

References

(1]
[2]
[3]
[4]
(5]

6

[7

8

[
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]
[22]

[23]

[24]
[25]

[26]

[27]
[28]

A.AN. Abdou, M.A. Khamsi, Fixed point results of pointwise contractions in modular metric spaces, Fixed Point Theory Appl.,
2013 (2013), 163 (2013).

A.AN. Abdou, M.A. Khamsi, Fixed points of multivalued contraction mappings in modular metric spaces, Fixed Point Theory
Appl., 2014, 2014:249.

M.U. Alj, T. Kamran, E. Karapinar, (o, ¢, £)-contractive multi-valued mappings, Fixed Point Theory Appl., 2014, 2014:7.

J.H. Asl, S. Rezapour, N. Shahzad, On fixed points of & — ¢-contractive multifunctions, Fixed Point Theory Appl., 2012, 2012:212.
H. Aydi, A. Felhi, E. Karapinar, S. Sahmim, A Nadler-type fixed point theorem in dislocated spaces and applications, Miscolc
Math. Notes, 19 (1), (2018), 111-124.

H. Aydi, M. Abbas, C. Vetro, Partial Hausdorff Metric and Nadler’s Fixed Point Theorem on Partial metric Spaces, Topology and
its Applications, 159 (2012), 3234-3242.

H. Aydi, M. Abbas, C. Vetro, Common Fixed points for multivalued generalized contractions on partial metric spaces, Revista
de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A. Matematicas, 108 (2014), 483-501.

H. Aydi, A. Felhi, Fixed points in modular spaces via a-admissible mappings and simulation functions, J. Nonlinear Sci. Appl. 9
(2016), 3686-3701.

H. Aydi, N. Tas, N.Y. Ozgur, N. Mlaiki, Fixed-discs in rectangular metric spaces, Symmetry, 11 (2), (2019), 294.

H. Aydi, E. Karapmnar, M.F. Bota, S. Mitrovi¢, A fixed point theorem for set-valued quasi-contractions in b-metric spaces, Fixed
Point Theory Appl. 2012, 2012:88.

V.V. Chistyakov, Modular metric spaces, I: basic concepts, Nonlinear Anal. 72(1) (2010), 1-14.

V.V. Chistyakov, Modular metric spaces, II: application to superposition operators, Nonlinear Anal. 72(1) (2010), 15-30.

S.H. Cho, Fixed point theorem for Ciri¢-Berinde Type contractive multi-valued mappings, Abstract and Applied Analysis,
Volume 2015 (2015), Article ID 768238, 6 pages.

P.Z. Daffer, H. Kaneko, Fixed point of generalized contractive multi-valued mappings, . Math. Anal. Appl. 192(1995), 655-666.
M. Edelstein, An extension of Banach’s contraction principle, Proc. Amer. Math. Soc. 12 (1961), 7-10.

Z.D. Mitrovic, S. Radenovi¢, H. Aydi, A.A. Altasan, C. Ozel, On two new approaches in modular spaces, Italian Journal of Pure
and Applied Mathematics, 41 (2019), 679-690.

B. Mohammadi, S. Rezapour, N. Shahzad, Some results on fixed points of & — ¢-Ciri¢ generalized multifunctions, Fixed Point
Theory Appl. 2013, 2013:24.

J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math. Volume 1034. Springer, Berlin, (1983).

H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen, Tokyo, (1950).

M. Nazam, H. Aydi, M.S. Noorani, H. Qawaqneh, Existence of fixed points of four maps for a new generalized F-contraction and
an application, Journal of Function Spaces, vol. 2019, Article ID 5980312, 8 pages, 2019.

S.B. Nadler, Multi-valued contraction mappings, Pacific J. Math. 30 (1969), 475-488.

J.J. Nieto, R.R. Lopez, Contractive mapping theorems in partially ordered sets and applications to ordinary differential equations,
Order, 22 (2005), 223-239.

J.J. Nieto, R.R. Lopez, Existence and uniqueness of fixed point in partially ordered sets and applications to ordinary differential
equations, Acta Math. Sin. (English Ser.), 23 (2007), 2205-2212.

W. Orlicz, Collected Papers. Parts I, Il. PWN, Warsaw (1988).

A.CM. Ran, M.C. Reurings, A fixed point theorem in partially ordered sets and some applications to matrix equations, Proc.
Amer. Math. Soc., 132 (2004), 1435-1443.

LA. Rus, A. Petrusel, A. Sintamarian, Data dependence of the fixed points set of multivalued weakly Picard operators, Stud.
Univ. Babes-Bolyai Math. 46 (2001), 111-121.

B. Samet, C. Vetro, P. Vetro, Fixed point theorems for a — y-contractive type mappings, Nonlinear Anal. 75 (2012), 2154-2165.

N. Tahat, H. Aydi, E. Karapimnar, W. Shatanawi, Common fixed points for single-valued and multi-valued maps satisfying a
generalized contraction in G-metric spaces, Fixed Point Theory Appl. 2012, 2012:48.



