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On [p, g]-Order of Growth of Solutions of Complex Linear Differential
Equations near a Singular Point

Jianren Long?, Sangui Zeng?

?School of Mathematical Science, Guizhou Normal University, Guiyang, 550025, P.R. China.

Abstract. We investigate the [p, g]-order of growth of solutions of the following complex linear differential
equation
O+ A @FED + -+ AR + A =0,

where A;(z) are analytic in C - {20}, z0 € C. Some estimations of [p, g]-order of growth of solutions of the
equation are obtained, which is generalization of previous results from Fettouch-Hamouda.

1. Introduction and Main Results

For the following complex linear differential equation
O+ A0@f Y+ + A1R)f + Acz)f =0, )

where Aj(z) are analytic in a complex domain, j = 0,1,...,k—1, k > 2. The growth of solutions of (1) is very
interesting topic after Wittich’s work [16], the main tool is Nevanlinna theory of meromorphic functions
which can be found in [6, 10, 18]. Many results have been obtained by many different researchers, for the
case of complex plane C, see, for example, [10-13, 17] and therein references, for the case of unit disc ID, see,
for example [1, 2, 4, 7, 14] and therein references. Recently, Fettouch and Hamouda investigated the growth
of solutions of equation (1) by using a new idea, in which the coefficients are analytic function except a
finite singular point, more details can be found in [3, 5]. The concepts of [p, g]-order and [p, g]-type of entire
functions was introduced by Juneja et al. in [8, 9], more recently, some related development was founded
by Srivastava et al., see [15] for more details. It inspired us to investigate the [p, g]-order of solutions of
equation (1). We firstly recall some related notations for our results. Let f(z) be meromorphic in C — {zo},
where C = C U {0}, zy € C. Define the counting function of f(z) near zy by

Noofy = - [ LD g e, o
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where n(t, f) denotes the number of poles of f(z) in the region {z € C : t < |z —z|} U {oo} counting its
multiplicities; the proximity function near zj is defined by

1 271 ]
My, (1, f) = Z—f log™ |f(zo — re'?)|de.
T Jo
The characteristic function of f(z) near zy is defined by

Ty (1, f) = mzy (1, f) + Ny (1, ).

Similarly to the case of complex plane, for all R € (0,0), we define exp; R = eR and exp, aR =
exp(exp, R), log; R = log R and log,,; R = log(log, R). Let f(z) be meromorphic in C - {z}, p and q be two
integers with p > g > 1. The [p, q]-order of f(z) near z, is defined by

10g+ TZU (1’, f)
Olpq,7(f,20) = limsup p—l. @)
r—0 logq o
For an analytic function f(z) in C- {zo}, the [p, q]-order of f(z) is defined by
10g+ 1 MZU(rr f)
oppam(f, 20) = limsup —————, )
r—0 log,

where M, (7, f) = max{|f(2)| : |z — zo| = 1}.

Remark 1.1. Suppose that f(z) is an analytic function in C — {zo}. Then we get opgM(f,20) = oppq1r(f 20) by
using [3, Lemma 2.2]. Therefore, in the sequel, we denote oy,,q(f, z0) = 0(pg.m(f,20) = Ofp.q,1(f, 20)-

Let f(z) = e‘-’0+z>”, where 1 is a positive integer. Obviously, f(z) is analytic in C — {zo}. We get M, (7, f) = ew
and Ty (r, f) = 7. This shows that 11,13, 7(f, z0) = op1,1m(f, 20) = 1.

We define [p, g]-type near zy by using similar reason as in the case of complex plane. Let f(z) be an

analytic in C — {zo} with oy, 4(f, 20) = 0 € (0, o). Then its [p, g]-type is defined by

log! M., (r, f)
Tipam(f, 2z0) = limsu = - -
pam(f ns P (log, 1yo

(4)

Here, we study the growth of solutions of (1) by using the concepts of [p, g]-order and [p, g]-type.

Theorem 1.2. Let Ay(z), A1(2), ..., Ar-1(z) be analytic functions in C- {zo} satisfying max{oy,q(A;j,zo) : j # 0} <
0[p,q1(Ao, 20) < oo. Then, every nontrivial solution f(z) of (1), that is analytic in C — {zo}, satisfies op+1,4(f, 20) =
0[p,q1(Ao, 20)-

1

e (—20)"

The following example shows that the Theorem 1.2 is sharp. f(z) = e solves the following equation

f"+Ai@)f +Auz)f =0, (G))
2
where Ai(z) = —ﬁ - Z’;L_lz,Ao(z) = #e&oﬂ". Then o1,11(A1,20) = 0 < n = op1,11(Ao, 20) and

op1(f, z0) = n.
In Theorem 1.2, we know that the coefficient Ay(z) is a dominant coefficient in terms of [p, g]-order. The
following result shows that the coefficient Ay(z) is a dominant coefficient in terms of [p, g]-type.

Theorem 1.3. Let Ay(z), A1(2), . .., Ar1(2) be analytic functions in C — {zo} satisfying the following conditions:
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(1) max{opy,q(Aj,zo) : j # 0} < 0ypq1(Ao, 20) < 00;
(i) max{T,qm(Aj, z0) : Oppq1(Aj, 20) = Ofpg1(Ao, 20)} < Tpp,qm(Ao, Z0).

Then, every nontrivial solution f(z) of (1), that is analytic in C — {zo}, satisfies 0p+1,41(f5 20) = 01p,q1(Ao, 20).

We get two results above concerning the growth of solutions of equation (1) when the coefficient Ay(z)
is a dominant coefficient. A natural question is: what can we say about the growth of solutions of equation
(1) when the coefficient As(z) is a dominant coefficient, where s # 0. Next we study also this question, and
prove the following result.

Theorem 1.4. Let Ay(z), A1(2), ..., Ar-1(z) be analytic functions in C - {z) satisfying max{o,4(Aj, zo) : j # s} <
O[p,q)(As, 20) < 0o. Then, every nontrivial solution f(z) of (1), that is analytic in C — {z9), satisfies opp+1,q1(f, 20) <
O[P,q](ASI ZO) < O[prq](f/ ZO)'

In our results, we suppose always that f(z) is analytic in C — {zo}, the following example shows there
exists a solution f(z) of equation (1) such that f(z) is not analytic in C — {20} provided all coefficients A;(z) of

(1) are analytic in C — {zo}. We consider the equation (5) again, where A;(z) = e@,Ao(z) = (Zol_z)e%%z). The

function f(z) = zp — z solves (5), and f(z) is not analytic in C - {zo}.

2. Preliminary results

In order to prove our results, the following preliminary results are needed. Firstly, we denote the
logarithmic measure of a set E C (0,1) by my(E) = j;g %dt, denote the central index of an analytic function
g(z) in C by V(r, g) which can be found in [10, p. 50], and denote the central index of an analytic function
f(z) in C — {zg) by V,(r, f) which can be found in [5, p. 996].

We get the first lemma which the [p, q]-order of an analytic function f(z) in C — {zo} is described by its
central index V (1, f).

Lemma 2.1. Let f(2) be a nonconstant analytic function in C — (zo}. Then

log! Vo, (r, f)
lim sup % = 0pp,q1(f, 20)-
r—0 logq ¥
_ . L log;; M(R 9) . . .
Proof. Set g(w) = f(zo — ) and oyp,4(9) = limsup —Tog & - BY [5, Remark 7], then g is an entire function in
—00 i
Cand
1
VZo(rrf) = V(R/ 9)/ R = ; (6)
From [8, p. 57], we get
log! V(R, g)
lim sup ————— = o,.1(9). 7)
R_)OOP log, R pal\g

It follows from [3, Lemma 2.2] that T(R, g) = T,,(, f), and then

Olpq1(9) = opq(f, 20)-
Combining (6) and (7), we get that the conclusion holds. [

The following two lemmas plays an important role in the proof of our results.
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Lemma 2.2. Let f(z) be a nonconstant analytic function in C — {zo} with Olpq1(f,20) = 0. Then there exists a set
E c (0,1) having infinite logarithmic measure such that for all |z — zo| = r € E,

10gp+l M, (r, f) 3

1 O.
r—0 logq v

108p+1 Mz (ru,f) _

Proof. By (3), then there exists a sequence {r, b, tending to O satisfying r,+1 < 377x and}i_rgo og 1

q
Therefore, there exists an n9p € N* such that for all n > ng and for any r € [.!57,,7,], we get

logwl M, (1, f) B loglﬁ1 M, (1, f) B logerl My, (2570, f)

1 = 1 = 1
logq ey logq ; logq =
. . log M, (rnrf) . log M, (Lrn/f)
p+1 0 - p+1 0\ n+1 — _n_
Since 35& Tlog, L Lllm o, 352, T g I o, then for any r € [n Tl rn], we get
n+
_log, s Mx(r, )
lim ————— =o.
0 1
r— logq .

SetE = U [nnﬁrn, rn]. Then

n=np
1 = (1 - 1
my(E) = fE?df = Z f"r ?dt = Z‘ log(l + E) = oo,
n=ng ¥ n+1'n n=ny
O
Remark 2.3. If f(z) is a nonconstant meromorphic function in C- {zo} with oy,q(f, 20) = 0, then by (2) and using

similar way as in the proof of Lemma 2.2, we can easily get that there exists a set E C (0, 1) having infinite logarithmic
measure such that for all |z — zo| = r € E,

. logp TZO (1’, f)
lim -1 =0
=0 log, 5
Lemma 2.4. Let f(z) bea nonconstant analytic function in C—{zo} with 0p,q1(f,20) = 0 € (0, 00) and Ty g m(f, 20) =

T € (0, 00). Then, for any giving B € (0, 1), there exists a set F C (0, 1) of infinite logarithmic measure such that for
alllz—zo|=r€F,

log M, (r, f) = exp,_; (ﬁ(logq% %)0).

Proof. By using similar method as in the proof of Lemma 2.2, the conclusion is hold. Here we omit the
details. [

In order to prove Lemma 2.6, the following Lemma 2.5 is needed.

Lemma 2.5. Let g : (0,1) = R, h : (0,1) — R be monotone decreasing functions such that g(r) > h(r) possibly
outside an exceptional set E C (0,1) that has finite logarithmic measure ( fE 1dt < o0). Then for any given B > 1,
there exists a constant 0 < ry < 1, such that for all r € (0, ro), we have g(rF) > h(r).

Proof. Seta = fE 1dt < o0, and choose 7y = exp(ﬁ) € (0,1). For any 0 < r < 1y, the interval I, = [?, 7] meets
the complement of E, since

f%dt:f %dt:logr—logrﬁ:(1—5)logr>(1—ﬁ)logr0=a.
I P
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Thus, by the monotonicity of g and 5, there exists ¢ € I,, we have
g(*) = g(t) = h(t) = h(r).
0
Now, we get the upper bound of the growth of solutions of equation (1).

Lemma 2.6. Let Aj(z) be analytic functions in C - {zo} satisfying Oppq(Aj,z0) S0 <00, j=0,1,..., k=1 If f(2)
is a solution of (1) that is analytic in C — {zo}, then o(p11,4(f, 20) < 0.

Proof. By (1), we have

f(k)

(k=1)

f f f

Since o(p4(Aj,z0) < 0 (j = 0,...,k = 1), then for any given ¢ > 0, there exists ry € (0,1) such that for all
|zo — z| = r € (0, 70),

(s)
< Ak ()] - ++[As(2)] - ! ++1Ao(2)]. (8)

o+é&
1A/(2)] < exp, (logq_l ;) =01, k-1 )

By [5, Theorem 8], there existsaset E C (0, 1) thathas finite logarithmic measure, such thatforall j = 0,1, ...,k
and r ¢ E, we have

@) _

f@ |

where z is a point in the circle |zp — z| = r that satisfies |f(z)| = |rnalx If(2)].
zo—z|=r

Combining (8), (9) and (10), for all [z — zg| = ¥ € (0, ro)\E and |f(2)| = M, (, f), we get

j
1) R w0

1+ 0(1)- (

1 o+é
Voy(r) < krexp, (logq_l =) ol (11)
It follows from Lemma 2.1, Lemma 2.5 and (11), we get this conclusion. [

We need the following Lammas 2.7-2.8 to prove Theorem 1.4.

Lemma 2.7. Let f(z) be a nonconstant meromorphic function in C — {zo). Then the following statements hold.
(1) TZ()(T/ l) = TZU (rr f) + O(l)/
f
(i) Toy(r, f) < O(Tzy(r, ) +1log 1), 7€ (0,r0]\E, where E C (0, o] with my(E) < oo.

Proof. (i) Set ﬁ = m, by using similar reason as in the proof of [3, Lemma 2.2], we get T(R, %) =

T, (112, Jl;), combining [3, Lemma 2.2] and the first main theorem in Nevanlinna theory, we get

Ty, (r, %) =T, f)+0Q1), r= %

(ii) Since Ty, (v, f') = my, (v, f) + Ny, (v, f7) < 2T (v, ) + my, (r, f?) . It follows from this and [3, Lemma 2.4]
that there exists a set E C (0, r¢] that has finite logarithmic measure such that for all |zg — z| = r € (0, r]\E,

T f) < O[T ) +log ).
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Lemma 2.8. Let f; be an analytic function in C — {zo} satisfying 01p,q1(f1,20) = 01 > 0 and f, be an analytic function

inC— {zo} satisfying oyp,q1(f2,20) = 02 < o0. If 03 < 01, then there exists a set E C (0, 1) having infinite logarithmic
TZ[)(rer) _
Tzu(r/fl) - 0.

measure such that for all |z — zo| = r € E, lirr&
Proof. By (2), for any given ¢ € (0, %), there exists ry € (0,1) such that for all |z — zg| = ¥ € (0, rg),
1
T3, (r, f2) < exp,((02 + €)log, ;). (12)
By Remark 2.3, there exists a set E C (0, r9) of infinite logarithmic measure such that for all |z — zg| = 7 € E,
1
T, (1, f1) 2 exp,((01 — €)log, ;). (13)
It follows from (12) and (13) that for all ¥ € E (0, 1), we get

1
0< TZU(TI fZ) < expp((GZ + 3) 1qu ;)
Tzo(T’, fl) expp((g1 —€) 10gq %)

— 0, asr— 0.

This implies the conclusion holds. [J

3. Proof of Theorem 1.2

Set o[p,41(Ao, 20) = 0. Let @ and B be constants with max{oy,4(A;j,z0) : j # 0} < < a < 0. By (3), for any

a—B g

given ¢ € (0, min(=-, 5 ), there exists r; such that for all |zg — z| = 7 € (0, 1),

1y
|Aj(z)|<expp(logq_1;) =12 k-1, (14)

Applying Lemma 2.2 to Ao(z), for € given above, there exist a , and a set E; C (0,1) with infinite
logarithmic measure such that for all |z — zg| = 7 € (0, 2] N E1 and |A(2)| = M, (7, Ao),

1 0—¢&
|Ap(z)| > exp, (logqf1 ;) . (15)

Set rp = min(r,72), y > 1 is constant. By [3, Lemma 2.4], there exists a set E; C (0, o] that has finite
logarithmic measure, and a constant A that depends on y such that for |z — zp| = r € (0, 79]\E2,

f;zg) < /\(%TZO (i,f)logTzO()z/,f))], i=0,1,...,k (16)
By (1), we get
(k) f(j) ’
1Ao(2)| < ya +-~+|Aj(z)|.‘7 +o+]AL(2)] - 7 (17)

Set Eg = (0,79] N E1\Ey, obviously Ey has infinite logarithmic measure. Combining (14), (15), (16) and
(17), for |z — zg| = r € Ey,

W (1 W 1)\
exp, (logqfl ;) <A (;TZO (;/,f)) exp, (logtr1 ;) .

This implies that oj,11,4(f, 20) = 0. It follows from this and Lemma 2.6 that op41,4(f, z0) = 0,4 (Ao, 20)-



J. R. Long, S. G. Zeng / Filomat 33:13 (2019), 4013-4020 4019

4. Proof of Theorem 1.3

Set 01p,41(Ao, 20) = 0, T[p,q,m(Ao, 20) = T. Let f1 and B> be constants with max{z,5m(Aj, z0) : Opq1(Aj, 20) =
0[p,q1(Ao, 20)} < P1 < P2 < T,y > lis constant. By (4), there exists ry € (0, 1) such that for all |z—zo| = r € (0, r9),

.
A,@)| < exp, (ﬁl (1ogﬁr1 ;) ) i=12,...k (18)

By [3, Lemma 2.4], there exists a set E; C (0, #9] having finite logarithmic measure and a constant A > 0
that depends only on y such that for all |z — zg| = r ¢ E;, we have (16) holds. By Lemma 2.4, there exists a
set E; C (0,1) of infinite logarithmic measure such that for all |z — zp| = r € Ey,

M, (1, Ag) = exp, (ﬁz (logq_1 %) ) (19)

Set Eg = E;\E1, obviously, mj(Eg) = co. Applying (16), (18), (19) to (17), for all z satisfying |z — zo| = r € Eg
and |Ao(z)| = M, (1, f), we get

exp,, (ﬁz (logq_1 %)0) <kA (%TZO (ar, f))Zk exp,, (51 (logq_1 %)0) .

This implies that oj,11,4(f, 20) 2 0, and by Lemma 2.6, the conclusion holds.

5. Proof of Theorem 1.4

By (1), we get
0
mey(r,A) < Y me, (r, E) + ) mey(r,Aj) + logk. (20)
j#s j#s

By Lemma 2.7, for constant rg € (0, 1), there is a set E; C (0, 1p] that has finite logarithmic measure such
that for all |zo — z| = r € (0, ro]\E1,

Y e, (r, %) <010 )+ log 1} (1)

j#s

By Lemma 2.8, for any given ¢ € (0, ﬁ), there exists a set E; C (0, p) with infinite logarithmic measure
such that for sufficiently small |z — zo| = 7 € E;,

sz(l’,A]') < e-my(r,As), j#s. (22)

Combining (20), (21) and (22), for all |zg — z| = ¥ € E;\E4,

%sz(r,As) < OfT,(r, f) + log %} +0(1).

This implies that
G[p,q] (ASI ZO) < G[qu](f/ ZO)'

Combining Lemma 2.6, the conclusion can be deduced.
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