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Abstract. In this paper, we deal with the study of warped product semi-slant submanifolds isometrically
immersed into a Kenmotsu manifold. We prove two characterization theorems for a warped product
semi-slant submanifold in Kenmotsu manifolds in terms of the tensor fields.

1. Introduction and Motivation

Warped product semi-slant submanifolds are important classes to study in differential geometry. Every
structure on a manifold may not be admited warped product semi-slant submanifolds (for instance, see
[11,17]). In 1969, R.L. Bishop and B. O’Neil [4] introduced the idea of warped product manifolds to study
manifolds of negative curvature. These manifolds are the generalization of Riemannian product manifolds.
Afterwards, these manifolds were studied by many mathematicians and geometers. In early 20th century
B.-Y. Chen in [7] introduced the notion of warped product submanifolds. Motivated form his idea many
researchers studied warped product submanifolds for different structures on manifolds. Recently, M.
Atceken [1] proved the non-existence of warped product semi-slant submanifolds of Kenmotsu manifold
such that the spherical submanifold is tangential to the characteristic vector field. While, S. Uddin in [18]
showed that the warped product semi-slant submanifold of Kenmotsu manifold exists except in the case
when the structure vector field & is tangent to the fiber of warped products. Further, he also obtained a
characterization result in term of shape operator and establish an inequality for the second fundamental form
in terms of warping functions (cf. [23]). On the other hand, V. A. Khan in [13, 14] obtained characterizations
for contact CR-warped product submanifolds of Kenmotsu manifolds and warped product semi-slant
submanifolds of nearly Kaehler manifolds in terms of canonical tensor fields T and F. In this paper, we
extend this study to the warped product semi-slant submanifolds of Kenmotsu manifolds. We obtain two
main theorems for the characterization of warped product semi-slant submanifolds of Kenmotsu manifolds
in terms of the endomorphisms T and F and the projections P; and P,. We find that the results obtained in
[13] for contact CR-warped products in Kenmotsu manifolds are particular cases of our Theorems 4.6 and
4.9.
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2. Preliminaries

Let M be a (2m + 1)-dimensional almost contact manifold with almost contact structure (p, &, 1) where
@ isa(1,1) tensor field, £ a structure vector field, ) is a dual 1-form satisfying the following property:

P> =-I1+n®¢& nE) =1, &) =0, nop=0. (1)
On an almost contact manifold there exists a Riemannian metric g which is satisfying the following
9lpU, V) = g(U, V) = n(U)n(V), n(U) = g(U, <), (2)

for any U, V tangent to M. Then an almost contact manifold M equipped with Riemannian metric g is called
an almost contact metric manifold (M, g). Furthermore, an almost contact metric manifold is known to be
a Kenmotsu manifold [10] if

Vup)V = g(oU, V)& - n(V)pU )

and
Vué = U -n(U)g, 4)

for any vector fields U, V on M, where V denotes the Riemannian connection with respect to g and we shall
use the symbol T(TM) to denote Lie algebra of vector fields on a manifold M.

Let M be a submanifold of an almost contact metric manifold M with induced metric g and if V and V+
are induced connections on the tangent bundle TM and normal bundle T*M of M, respectively. Then the
Gauss and Weingarten formulas are given by

() VuV = VuV + (U, V), (i) VuN = —AyU + V5N, (5)

for each U,V € I'(TM) and N € I'(T*M), where h and Ay are the second fundamental form and shape
operator (corresponding to the normal vector field N) respectively for the immersion of M into M. They are
related as

g, V),N) = g(ANU, V). (6)

In this paper we assume that the structure vector field £ is tangential to the submanifold M. For any
U € I'(TM), we have

Vué=U-nX)¢, hU,é)=0. 7)
For any U € I'(TM) and N € I'(T*+M), we may write
oU=TU+FU, N =N+ fN, (8)

where TX(tN) and FX(fN) are the tangential and normal components of X (¢N), respectively. From (1)
and (8), it is easy to observe that

9(TU, V) = —g(U, TV) ©)
for each U, V € I'(TM). The covariant derivatives of endomorphisms ¢, T and F are respectively defined as

Vup)V =VyueV —9VyV, ¥ UV eI (TM), (10)
(FuT)V = VuTV = TVV, ¥ UV € T(TM), (11)
(VuE)V = VEEV — FV,V, ¥ U,V € I(TM). (12)
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On using (3), (5), (8) and (10)-(12), we obtain

(VuT)V =¢(TU, V)& = n(V)TU + Apy U + th(U, V), (13)
(VuF)U =fh(U, V) = (U, TV) = n(V)FU. (14)

A submanifold M of an almost contact metric manifold M is said to be totally umbilical and totally geodesic
if (U, V) = g(U, V)H and h(U, V) = 0, for any U,V € I'(TM), respectively, where H is the mean curvature
vector of M. Furthermore, if H = 0, then M is minimal in M.

Let M be a submanifold tangent to the structure vector field & of an almost contact metric manifold M.
Then the angle 6(U) between U and T,M for each non zero vector U tangent to M at a point p, is called
Wirtinger angle of U. Thus M is said to be a slant submanifold [5], if the angle 6(U) is constant which is
independent the choice of U € (T,M)— < & > and p € M. Invariant and anti-invariant submanifolds are
slant submanifolds with the slant angle 6 = 0 and 0 = 7t/2, respectively. A slant submanifold is proper slant if
it is neither invariant nor anti-invariant. More generally, a distribution © on M is called slant distribution if
the angle 6(X) between ¢ X and D, has the same value 0 for each x € M and a non zero vector X € D,. Thus,
for slant submanifold M, tangent bundle TM as well as normal bundle T*+M are respectively decomposed

by
HTM=D®<E>, (i) T*M = FTM)av, (15)

where v is an invariant normal bundle with respect to ¢ orthogonal to F(TM).
Recently, Cabrerizo et.al [5] gave the following characterization result for a slant submanifold in a
contact metric manifold.

Theorem 2.1. Let M be a submanifold of an almost contact metric manifold M such that & € TM. Then M is slant
if and only if there exists a constant A € [0, 1] such that

T? = 5(-1+n®&). (16)
Furthermore, in such a case, if O is slant angle, then it satisfies that 6 = cos® 0.

Hence, for a slant submanifold M of an almost contact metric manifold M, the following relations are
consequences of Theorem 2.1, we have

g(TU, TV) = cos? 0(g(U, V) = n(L)n(V)), (17)
g(EU,FV) =sin’ 6(g(U, V) = n(W1(V)), (18)

for any U, V € I(TM).

3. Semi-slant submanifolds of a Kenmotsu manifold

Semi-slant submanifolds were defined and studied by N. Papaghiuc [16] as a natural generalization of
CR-submanifolds of almost Hermitian manifolds in terms of slant distribution and were later extended to
the setting of contact manifolds by Cabrerizo et al. [6]. They defined these submanifolds as follows:

Definition 3.1. A submanifold M of an almost contact metric manifold M is said to be a semi-slant submanifold if
there exists a pair of orthogonal distributions © and D such that

(i) TM =D& D < & > where < & > is a 1-dimensional distribution spanned by &,
(ii) ® is invariant, i.e., (D) € D,
(iii) DY is a proper slant distribution with slant angle 6 # 0,71/2.
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Let d; and d, are the dimensions of invariant distribution D and slant distribution D9 of semi-slant subman-
ifold of an almost contact metric manifold M. Then M is invariant if d = 0 and it is slant if d; = 0. It is
proper semi-slant if d; # 0 and the slant angle is different from 0 and /2.

Moreover, if v is an invariant normal subbundle under ¢ in the normal bundle T*M, then in case of
semi-slant submanifold, the normal bundle T+M can be decomposed as T*M = F D9 @ v. Furthermore, let
us denotes the orthogonal projections on D and DY by P; and P; respectively. then we can write

U =PiU+ PU +n(U)E, (19)
for any U € I(TM), where P1U € T(D) and P,U € T(DY). From (8) and (19), we obtain

P U eI(D), FPLU=0, (20)
and

TP,U e T(DY), FP,U e I(T*M). (21)
Then (20) and (21) imply that

TU = P U+ TP,U,

for all U € I'(TM). On a semi-slant submanifold M of an almost contact metric manifold M, the following
are straightforward observations

(1) FD =0, (@) TO=17,
(22)
(iii) HT+*M) =Y, (iv) TDY c DI.
It is easy to deduce from the (13) and (14) of semi-slant submanifold M of a Kenmotsu manifold M,
(i) (VeDU =0, (ii) (VuT)é = -TU,
(23)

(iiiy (V:F)U =0, (iv) (VyF)&=-FU.
We refer [23] for the integrability conditions of distributions involved in the definition semi-slant sub-
manifold and the examples of semi-slant submanufold in a Kenmotsu manifold. Now, we give some useful

results for later use.

Theorem 3.2. Let M be a semi-slant submanifold of a Kenmotsu manifold M. Then the invariant distribution
DP < & > defines a totally geodesic foliation if and only if

h(X,pY) e I'(v)

forall X,Y e (DD < & >).

Proof. Let for any X,Y € T(D& < & >) and Z € T(D?), we have
9(VxY, Z) = g(VxY, Z) = g(pVxY, pZ).

Using (10) and (8), we obtain
9(VxY, Z) = g(Vx@Y, TZ) + g(VxpY, FZ) = 9(Vx)Y, 9Z)

From (5), (4) and the definition of totally geodesic foliation, we achieve the required result. [
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Theorem 3.3. On a semi-slant submanifold M of a Kenmotsu manifold M, the slant distribution D defines a totally
geodesic foliation if and only if

g(X, Z), FTW) = g(h(Z, pX), FW) + n(X)g(Z, W)
for any X € T(D® < & >) and Z € T(DY).
Proof. For any Z € T(D%) and X € T(D® < & >), we have
9(VzW, X) = g(pVzW, 9X) = n(X)9(Z, W).
Thus, on using (10) and (8), we derive
g(VzW, X) = g(V2TW, pX) + g(V2FW, X) — g(Vz)W, 9X) — n(X)g(Z, W).
From (4), (8) and (5) (ii), we obtain
sin” 0g(VzW, X) = g(h(X, Z), FTW) = g(h(Z, pX), FW) = n(X)9(Z, W).

Hence, by definition DY defines a totally geodesic foliation if and only if the given condition holds, which
proves the lemma completely. [

4. Warped product semi-slant submanifolds

In 1969, R. L. Bishop and B. O’Neill [4] initiated the idea of warped product manifolds to construct
examples of Riemannian manifolds with negative curvature. These manifolds are natural generalizations
of Riemannian product manifolds. They defined these manifolds as follows: Let (Mj, g1) and (M, g2) be
two Riemannian manifolds and f : M; — (0, o), a positive differentiable function on M;. Consider the
product manifold M; X M, with it’s canonical projections m; : My X My — My, 1o : My X Mo — M), and the
projection maps given by mi(p, q) = p. and m2(p, q) = q for every t = (p,q) € My X M. The warped product
M = M Xy M, is the product manifold M; X M, equipped with the Riemannian structure such that

IUIP = I (U)IP + (f o T (p))llmeax(LD)IP.

for any tangent vector U € I'(T;M), where * is the symbol for the tangent maps and we have g = g1 + f2g».
Thus the function f is called the warping function on M. We recall the following result of [4] for later use:

Lemma 4.1. Let M = My Xy M be a warped product manifold. Then for any X,Y € I'(TM;) and Z, W € I(TM5),
we have

(i) VxY € F(TMl),
(i) VzX =VxZ = (XIn f)Z,
(iii) nor(VzW) = —g(Z, W)VIn f,

where V denotes the Levi-Civita connection on M and V In f is the gradient of In f which is defined as g(V1In f, U) =
Ulnf.

A warped product manifold M = M; Xy M is said to be trivial if the warping function f is constant.

Moreover, if M = My X¢ M is a warped product manifold, then M; is totally geodesic and M, is totally
umbilical in M, respectively [4, 7].

In this paper, we study warped product semi-slant submanifold of the form Mr Xy Mg, where Mr and
My are p—invariant and proper slant submanifold of a Kenmotsu manifold M, respectively.

First, we recall the following lemma of [18]] for late use.

Lemma 4.2. Let M = My X Mg be a warped product semi-slant submanifold of a Kenmotsu manifold M such that
& is tangent to M, where Mt and My are invariant and proper slant submanifolds of M, respectively. Then, we have
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(i) EInf =1,
(ii) g(h(X,Z),FTZ) = g(h(X, TZ),FZ) = (XIn f — n(X)) cos? O]|Z|2,
(iii) g(h(X,Z),FZ) = —(pXIn AIZI?,

forany X € I(TMr) and Z € T(TMp).
Further, we derive the following results which are useful to our main theorems.

Lemma 4.3. On a warped product semi-slant submanifold M = Mr X ¢ Mg of a Kenmotsu manifold M, we have

(i) (VxT)Z =0,
(ii) (VzT)X = (¢X1In f)Z - (X1n f)TZ,
(iii) (VrzT)X = (pXIn f)TZ + cos? O(X1n f)Z,

forall X e T(TMr) and Z € I (TMy).

Proof. For any X € I'(TMr) and Z € I'(TMp), from (11) and Lemma 4.1 (ii), it is easy to see that
(VxT)Z = VxTZ - TVxZ = (XIn /)TZ — (XIn f)TZ =0,

which is the first part of the lemma. Again, from (11) and Lemma 4.1 (ii), we obtain
(VzT)X = VzTX = TVzX = (pXIn f)Z — (XIn )TZ,

which proves second part of the lemma. Interchanging Z by TZ in (ii) and using (16), we get (iii). Hence,
the proof is complete. [

Lemma 4.4. Let M = My X Mg be a warped product semi-slant submanifold of a Kenmotsu manifold M. Then

(i) (VuD)X = (pXIn f)P,U — (X In f)TP,U + g(TP1U, X)& — n(X)TU,
(i) (VuT)Z = g(PoU,Z)¢VIn f — g(P,U, TZ)VIn f,
(iii) (VuT)TZ = g(PoU, TZ)@V In f + cos? 0g(P,U, Z)VIn f,

forany U e I'(TM), X € I(TMr) and Z, W € I'(TMp).
Proof. For any X,Y € I'(TMr), using (13), it follows that
(VxT)Y = th(X,Y) + g(TX, Y)E —n(Y)TX. (24)

Since for a warped product manifold M = Mr Xy My, My is totally geodesic in M, using this fact and then
equating the tangential components to Mr, we get th(X, Y) = 0, which implies that 4(X, Y) € I'(v). Thus the
equation (24) can be modified as:

(VxT)Y = g(TX, )& = n(Y)TX. (25)
Now, from the relation (19), for any U € I'(TM), we derive
(vuT)X = (vpluT)X + (vpzuT)X + n(U)(ng)X

The third term of right hand side in above equation is identically zero by using (23) (i). Thus, using (25) in
first term and Lemma 4.3 (ii) in the second term, we get first part of the lemma. Again from using (19), we
arrive at

(vuT)Z = (vpluT)Z + (vpzuT)Z + r)(U)(VgT)Z,

for any Z € I'(TMp) and U € I'(TM). The first and last terms of above equation are identically zero by using
(23)(i) and Lemma 4.3 (i). Taking the inner product with X € I'(TMr) and using (11), we obtain

9(VuNZ X) = g(Vp,uTZ, X) - g(TVp,uZ, X).
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As X and Z are orthogonal, then by the property of Riemannian connection, we obtain

9(VuDZ,X) = 9(Vr,uZ, ¢X) = g(Ve,uX, TZ).
Again by the property of Riemannian connection, we derive

9(VuDZ X) = —g(Vp,ueX, Z) - 9(Vp,uX, TZ).
From Lemma 4.1 (ii), we get

g(VuT)Z,X) = ~(¢XIn f)g(P2U, Z) - (XIn f)g(PU, TZ) = g(P2U, Z)g(¢V In £, X) — g(PU, TZ)g(VIn f, X),
which implies that

(VuT)Z = g(PU, Z)pV In f — g(P,U, TZ)V In f.

This is the second result of lemma. Interchanging Z by TZ and using relation (16), thus above equation
takes the form

(VuT)TZ = g(P,U, TZ)pV In f + cos* Og(P,U, Z)V In f,
which is the last relation. Hence, the lemma is proved completely. []

Lemma 4.5. Assume that M be a warped product semi-slant submanifold of a Kenmotsu manifold M. Then

(i) (VuF)X = —(XIn f)FP,U,
(i) (VuF)Z = fh(U,Z) - h(U, TZ),
(iii) (VuF)TZ = fh(U, TZ) + cos? Oh(U, Z),

forany U e I(TM), X € T(TMr) and Z € I'(TMy).
Proof. By virtue of (19) with (Vi;F)X, we have
(VuF)X = (Vp,uF)X + (Vp,uF)X + nU)(V:F)X,

for any U € I'(TM) and X € I'(TMr). The first term of above equation is identically zero by using the fact
that Mr is totally geodesic on M and last term is zero by using the relation (23) (iii). Then, from (12) and
Lemma 4.1 (ii), we obtain

(VuF)X = —=FVp,uX = —(X1In f)FP, U,
which is first part of lemma. Since n(Z) = 0, for any Z € I'(DY), then by relation (14), we derive
(VuF)Z = f(U,Z) = h(U, TZ).

This is the second part of lemma. Now replacing Z by TZ in above equation and using (16), we get the third
relation, which proves the lemma completely. 0O

Now, we prove the main theorem as a characterization theorem in term of VT for warped product semi-slant
submanifold.

Theorem 4.6. Let M be a semi-slant submanifold of a Kenmotsu manifold M with slant distribution ©9 is integrable.
Then M is locally a warped product submanifold if and only if
(vuT)V :(@P1 VA)P2U - (P1 VA)Tqu + g(lel, P2 V)(PVA - g(Pz U, TP2V)VA
+g(P1V, TP U)E — n(V)TPyL, (26)

for each U,V € I'(TM) and a C*-function u on M with ZA =0, for each Z € T (DY), where Py and P, are orthogonal
projections on © and DY, respectively.
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Proof. Let M be a warped product semi-slant submanifold of a Kenmotsu manifold M. Then for any
U,V € I(TM) and using (19), we obtain

(VuT)V = (VuT)P1V + (VuT)P,V + n(V)(VuT)E.

Thus, by Lemma 4.4 (i)-(ii) and the relation (23) (ii), we get the desired result (26) with A = In f.
Conversely, if M is a semi-slant submanifold of a Kenmotsu manifold M such that the given condition
(26) holds, then we have

(VxT)Y = g(TX, V)& - n(VTX,

for any X, Y € T(D® < & >). Taking the inner product with Z € T(DY) and the fact that & is tangent to D, we
derive

9(Vx@Y,Z) = —g(VxY, TZ).

From the covariant derivative property of ¢, we find
9(Vx)Y, Z) — g(VxY, 9Z) = —g(VxY, TZ).

Using the structure equation of a Kenmotsu manifold, we get
g(VxY,90Z) = g(VxY, TZ).

Then, from (8) and (5) (i), we obtain g(h(X, Y), FZ) = 0, which implies that 1(X, Y) e ['(v) forall X, Y € T'(D& <
& >). Then, by Theorem 3.2 it leads to that D& < £ > defines a totally geodesic foliations and its leaves are
totally geodesic in M. As we have considered that the slant distribution is integrable, then if Mg be a leaf
of % in M and h? be the second fundamental form of My in M, then (26) implies that

(VZzT)W = g(Z, W)pVA + g(TZ, W)V A,
for any Z, W € T(DY). Taking the inner product with X for any X € ['(D&® < & >) and using (11), we arrive at
g(h*(Z, TW), X) + g(h°(Z, W), pX) = ~(9XA)g(Z, W) = (XA)g(Z, TW). (27)
Interchanging W by TW and X by ¢X, the above equation takes the form
—cos? 0g(h°(Z, W), pX) — g(h®(Z, TW), X) = (XA)g(Z, TW) + cos* O(pXA)g(Z, W)

= nX)EMIZ, TW) + n(X)9(Z, TW). (28)
Then (27) and (28), we derive
sin? 0g(h°(Z, W), pX) = n(X)g(Z, TW) — sin® O(pXA)g(Z, W) — n(X)(EA)g(Z, TW). (29)
By polarization identity, we find that
sin? 0g(h°(Z, W), pX) = n(X)g(TZ, W) = sin” 0(pX)g(Z, W) = n(X)(EA)g(TZ, W). (30)

Since, £In f =1, then again from relations (29) and (30), we obtain
g (Z, W), 9X) = —(Z, W)g(VA, ¢X),

or equivalently,
Wo(Z, W) = —g(Z, W)V A,

which means that Mp is a totally umbilical submanifold of M with mean curvature vector field H? = =V A.
Now, we can easily show that the mean curvature vector H? is parallel corresponding to the normal
connection V' of Mg in M, which means that Mp is an extrinsic sphere in M. Hence, a result of Hiepko (cf.
[9]), M is locally a warped product submanifold. Hence, the theorem is proved completely. [
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Remark 4.7. As an immediate consequence of Theorem 4.6 is that if we consider the slant angle © = 7, then TP,U =
TP,V =0, for anti-invariant submanifold M, . Thus a warped product semi-slant submanifold M = Mt X f Mg turns
into contact CR-warped product submanifold M = Mr X M, such that Mt and M, are invariant and anti-invariant
submanifolds, respectively.

In other words, Theorem 4.6 is generalizing the characterization theorem for contact CR-warped products
as follows.

Theorem 4.8. Let M be a Kenmotsu manifold and a CR-submanifold M of M is locally a contact CR-warped products
if and only if

(VuT)V =(P1VAPLU + g(P,U, P, V)V A + g(P1V, TPLU)E — n(V)TP: U, (31)

for each U,V € T(TM) and a C®-function A on M with ZA = 0, for each Z € T'(D*). Furthermore, Py and P, are
orthogonal projections on D and D+, respectively .

In this sense, Theorem 4.4 of [13] is a special case of Theorem 4.6.
Now, we have another characterization theorem in terms of VF.

Theorem 4.9. Every proper semi-slant submanifold M of a Kenmotsu manifold M with integrable slant distribution
DY is locally a warped product submanifold if and only if

(VuF)V = fi(U, PV) = h(U, TP, V) — (P1VA)FP,U — n(V)FU, (32)

for every U,V € T(TM) and a C*®-function A on M with ZA = 0, for each Z € T(D?), where Py and P, are the
orthogonal projections on D and DY, respectively.

Proof. If M is a warped product semi-slant submanifold in a Kenmotsu manifold M, then from (19), we
obtain

(VuF)V = (VuF)P1V + (VuF)P2V + n(V)(VuF)<. (33)
Hence, from Lemma 4.5 (i)-(ii) and (23) (iv), we get desired result (32).

Conversely, if M is a semi-slant submanifold of a Kenmotsu manifold M such that (32) holds, then for
any X, Y € I'(D& < ¢ >), it follows from (32) that —FVxY = 0, which implies that VxY € I'(D® < £ >), which
means that, the invariant distribution (D¢ < & >) is integrable and its leaves are totally geodesic in M.
Furthermore, by the hypothesis of the theorem that DY assumed to be integrable, thus we can consider My
be a leaf of DY and h? be the second fundamental form of My in M. Then from (32), we derive

(V2F)X = —(XA)FZ — n(X)FZ. (34)

for any Z € [(DY) and X € I(D&® < & >). Taking the inner product in (34) with FW for any W € I'(®%) and
by virtue of (18), the above equation takes the form

9(V2F)X, FW) = —sin® 0((XA) + 1(X))9(Z, W). (35)
Using (12), we obtain

(FVzX, FW) = —sin? 0((XA) + n(X))g(Z, W).
Thus from (18), we arrive at

—sin? 0g(V2X, W) = —sin? 0(g(VA, X) + g(£, X))g(Z, W),
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which implies that
gH*(Z, W), X) = =g(X, VA + E)g(Z, W). (36)

Since, in a Kenmotsu manifold £In f = 1, which implies that g(VIn f,&) = 1, i.e,, £ = VInf, using this
relation in (36), we get

g(h°(Z, W), X) = =29(Z, W)g(VA, X),
equivalently, we find
Wo(Z, W) = —29(Z, W)VA.

The above relation shows that My is totally umbilical in M with mean curvature vector H? = —2VA.
Moreover, the condition ZA = 0, for any Z € (oY% implies that the leaves of DY are extrinsic spheres in M.
Hence , by a result of Hiepko (cf. [9]) M = Mt X M is locally a warped product submanifold, where Mr
and My are integral manifolds of D& < & > and DY, respectively. Hence, the proof is complete. []

Remark 4.10. In particular if M is a contact CR-submanifold, then DO turn into anti-invariant distribution, i.e,
0 = 7, in this case, TP,V = 0, thus characterization Theorem 4.9 is generalized the characterization theorem obtained
for contact CR-warped product submanifolds in Kenmotsu manifold which was proved by V. A. Khan for contact
CR-warped products in [13].

Theorem 4.11. Every proper CR-submanifold M of a Kenmotsu manifold M is locally a warped product submanifold
if and only if

(VuP)V = fh(U, P2V) - (PiVA)EPU — n(V)FU, (37)

for every U,V € T(TM) and a C®~function A on M with ZA = 0, for each Z € T(D*). Moreover, Py and P, are
orthogonal projections on D and D+, respectively (see [13]).
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