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Abstract. In the current paper, we introduce the concepts of left p-approximate Connes-amenability
and left character approximate Connes-amenability of a dual Banach algebra A that ¢ is a w*-continuous
homomorphism from A to C. We also characterize left p-approximate Connes-amenability of A in terms of
certain derivations and study some hereditary properties for such Banach algebras. Some examples show
that these new notions are different from approximate Connes-amenability and left character Connes-
amenability for dual Banach algebras.

1. Introduction

In [12], Johnson, Kadison and Ringrose introduced a notion of amenability for von Neumann algebras

which modified Johnson'’s original definition for Banach algebras in the sense that it takes the dual space
structure of a von Neumann algebra into account. This notion of amenability was called later Connes-
amenability by A. Ya. Helemskii [11]. Runde extended the notion of Connes-amenability to the larger
class of dual Banach algebras in [17] and studied certain concrete Banach algebras in the subsequent papers
[18-21].
The concept of approximate amenability of Banach algebras was introduced by Ghahramani and Loy
in [9] for the first time. They characterized the structure of approximately amenable Banach algebras
through several different ways. After that, this notion was generalized for dual Banach algebras, namely;,
approximate Connes-amenability [8] and ideal Connes-amenability [15].

Let A be a Banach algebra and ¢ a character on A, that is, a non-zero multiplicative linear functional on
A. Then A is said to be p-amenable if there exists a m € A* such that m(a* - a) = p(a)ym(a*) and m(p) = 1 for
alla € Aand a* € A*. This notion was introduced by kaniuth, Lau and Pym in [13]. In the same time, Mon-
fared [23] presented the notions of left and right character amenability for Banach algebras (see also [24]);
for the module version of character amenability and its generalizations refer to [2] and [3]. Furthermore,
we say that A is approximately-¢ amenable [1] (in this paper is called left p-approximately amenable), if
there is a net (m,) € A™ such that m,(p) —» 1 and a - m, — @(a)ym, — 0 for alla € A.

It is well-known there are two product, as the first and second Arens products on A™, the second dual of
a Banach algebra A; see [4] for more details. Then A is called Arens regular if these two products coincide on
A*. A Banach A-bimodule X is dual if there is a closed submodule X, of X* such that X = (X.,)*. A Banach
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algebra A is dual if there is a closed submodule A, of A" such that A = (A.)". For a dual Banach algebra A,
a dual Banach A-bimodule X is called normal if the module actions of A on X are w*-continuous. Examples
of dual Banach algebras (besides von Neumann algebras) include the measure algebra M(G) = Cy(G)" and
the Fourier-Stieltjes algebra B(G) = C*(G)" of a locally compact group G. Also, the algebra B(E) = (E®, E)*
of all bounded operators on a reflexive Banach space E where ®, stands for the projective tensor product
and the second dual B* of an Arens regular Banach algebra B.

Let A be a dual Banach algebra and o, (A) the set of all non-zero w*-continuous characters on A (note
that 0,+(A) € A.). We say that A is left p-Connes-amenable if there exists m € A such that m(¢) = 1 and
am = @(a)ym for all a € A. Moreover, A is called left 0-Connes-amenable if for every normal dual Banach
A-bimodule X* where the left module action of X is zero, every w*-continuous derivation D : A — X*
is inner. In addition, A is called left character Connes-amenable if it left p-Connes-amenable for each
@ € 04 (A) U {0}

Motivated to [8, 13, 23-25], in this paper we introduce and study the concepts of left p-approximate
Connes-amenability and left character approximate Connes-amenability for dual Banach algebras where ¢ €
0. (A). We firstly investigate the basic properties of left p-approximately Connes-amenable dual Banach
algebra. Then we characterize left p-approximate Connes-amenability and left character approximate
Connnes-amenability in some different ways (Theorems 2.5, 2.14 and 2.16). For an Arens regular Banach
algebra A, we show that A is left p-approximately amenable if A™ is left ¢*-approximately Connes-
amenable (Theorem 2.12). Finally, we present some examples that show the concepts of left p-approximate
Connes-amenability and left character approximate Connes-amenability are weaker than [approximate]
Connes-amenability, [approximate] amenability and left character Connes-amenability.

2. Character approximate Connes-amenability

Let A be a Banach algebra and X be a Banach A-bimodule. Then X*, the conjugate of X, has an
A-bimodule structure defined by the usual way as follows:

(a-x",x)y=(",x-ay, -a,xy=«"a-x)y @eAxecXx eX).

A derivation D : A — X is a continuous linear map such that D(ab) = a- Db+ Da - b for a,b € A. Given
x € X, the inner derivation 6, : A — X'is defined by 6.(a) = a-x — x -a. A derivation D : A — X is called
approximately inner if there exists a net (x,) € X such that Da = lim, a - x, — x,, - a for each a € A.

Definition 2.1. Let A be a dual Banach algebra and ¢ € o.(A). We say that A is left p-approximately Connes-
amenable if there exists a net (m,) € A such that m,(@) — 1 and am, — @(a)ym, — 0 for each a € A. Moreover, A
is left 0-approximately Connes-amenable, if for every normal dual Banach A-bimodule X* which the left action of X
is zero, every w*-continuous derivation from A into X* is approximately inner. We also say that ‘A is left character
approximately Connes-amenable if it is left p-approximately Connes-amenable for each ¢ € 04, (A) U {0}.

Definition 2.2. Let A be a dual Banach algebra, ¢ € 0. (A) U {0} and X be a Banach A-bimodule with the left
module action a-x = @(a)x (a € A, x € X). The dual Banach A-bimodule X* is called left p-normal if for each x* € X*
the map A — X*; a v a - x* is w'-continuous. It is easily seen that every left p-normal dual Banach A-bimodule is
normal dual Banach A-bimodule.

Proposition 2.3. Let A be a dual Banach algebra. Then A is left 0-approximately Connes-amenable if and only if it
has a right approximate identity.

Proof. Assume that X is the Banach A-bimodule, whose underlying linear space is A. with the module
actions a.x = 0 and x-a = xa for each x € X and a € A. Then X* = A is a left 0O-normal dual Banach
A-bimodule and the identity map from A into X* is a w*-continuous derivation, so it is approximately
inner, i.e. there exists a net (a,) € X* = A such that a = lim, aa, for eacha € A.
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Conversely, let (a,) be a right approximate identity for A and D be a w*-continuous derivation from A
into X* where X* be a left 0-normal dual Banach A bimodule. Since D) -a, = D(a,) -a = 0 fora € A and
each «, we have

D(a) = lign D(aa,) = h;n(Da -ay +a-D(ay)) = ligna -D(ay)
= libryn(a -D(a,) — D(a,) - a).

Hence D is approximately inner. It means that A is left 0-approximately Connes-amenable. [

Proposition 2.4. Let A be a Banach algebra, B be a dual Banach algebra and let 6 : A — B be a continuous
epimorphism and @ € 0, (B).

(i) If Ais left @ o O-approximately amenable, then B is left p-approximately Connes-amenable;
(ii) If 6 is w*-continuous and A is a dual Banach algebra which is left ¢ o 6-approximately Connes-amenable, then
B is left p-approximately Connes-amenable;
(iit) If Ais left character approximately [Connes]-amenable, then B is left character approximately Connes-amenable.

Proof. (i) Since A is left ¢ o O-approximately amenable, there exists a net (m,) € A" such that am, — ¢ o
O(a)ym, — 0, my(p o ) — 1. On the other hand, as [25, Proposition 2.6] for mapping i = (0%|g,)" : A™ — B,
we have Y(aa™) = 0(a)P(a™) where a € A and a” € A™. Set n, = P(m,) € B, so O(a)n, — @ o O(a)yn, =
O(@)Y(my)—poB(a)yp(my,) = Ylamy,—poB(a)ym,) — 0and (n,, ) = (Y(m,), ) = (Mm,, o) — 1. Furthermore,
0 is epimorphism and so we get 8 is left p-approximately Connes-amenable. For the part (ii) it suffices to
define n, = 6(m,). The Part (iii) is a direct consequence of statements (i) or (ii). O

Let A be a dual Banach algebra and ¢ € 0,-(A). We can consider kerg, the kernel of ¢ as a Banach
A-bimodule which its right module action is ma = @(a)m, a € A, m €kerp and the left action is the natural
one. Thus kerg is a left p-normal dual Banach A-bimodule. In the next theorem we characterize left ¢-
approximate Connes-amenability of dual Banach algebra A through the cohomlogy groups H..(A, X*) :=
Z! (A, X*)/BY(A, X*) for certain normal dual Banach A-bimodules X*.

Theorem 2.5. Let A be a dual Banach algebra and ¢ € 0, (A). Then the following are equivalent:

(i) Ais left p-approximately Connes-amenable;
(ii) For every left p-normal dual Banach A-bimodule X* every w*-continuous derivation D : A — X* is approxi-
mately inner;
(iif) Every w*-continuous derivation D : A —kerq is approximately inner;
(iv) There is a net (n,) € A such that m,(p) = 1 for each o and am, — p(a)ym, — 0 for each a € A.

Proof. (i)=(ii) By the assumption there exists a net (m,) € A which am, — (@)m, — 0 and m,(p) — 1.
Now, suppose that X" is a left ¢-normal dual Banach A-bimodule and D : A — X" is a w"-continuous
derivation. Define x?, = D(m,) € X*. Then for eacha € A,

0= hg(n D(amy — @p(a)ymq) = lit])in(D(ama) — @(a)D(my))
= ligén(D(a) My +a - D(my) — p(a)D(m,))

= lim(m,(9)D(@) + - X, — p(a)x;).

Therefore we obtain Da = lim, a - (—x},) — p(a)(—x}) = lim, a - (=x},) — (=x},) - a.

(ii)=(iii) It is obvious.

(iii)=(iv) We make A" into a Banach A-bimodule by taking the right module action as usual and the
left module action to be defined by a - a* = p(a)a’(a € A,a" € A’). Sincea-¢p = ¢ -a = p(a@)p and ¢ € A,,
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Cy is a closed A-submodule A.. So (A./Cp)* ~ {Cp}*+ = {a € A: p(a) = 0} =kere is a left p-normal dual
Banach A-bimodule with the module actions as follows:

a-la]=9p@lal], [a]-a=[a.-a] (aeA/la]ecA/Cp).

Now, choose my € A such that @(mp) = 1 and define a derivation D : A — A by Da = amy — @(a)my.
Obviously, D(A) Ckerg, and by the assumption there exists a net (11,) Ckerg such that Da = lim, an,—@(a)n,.
Define m, = my — n, € A. It follows that

ma(p) =mo(p) =1 and lim(am, — @(a)m,) = 0.
[24
(iv)=(i) It is routine. O

The upcoming corollary is a direct consequence of Theorem 2.5 and [1, Proposition 2.2]. We include it
without proof.

Corollary 2.6. Let ‘A be a dual Banach algebra and ¢ € 0.+ (A). Then A is left p-approximately amenable if and
only if it is left p-approximately Connes-amenable.

Here, we bring the next lemmas which are useful tools to reach some aims.

Lemma 2.7. Let A be a dual Banach algebra and ¢ € 0, (A). If I, =kerq has a right approximate identity, then A
is left p-approximately Connes-amenable.

Proof. Suppose that (e,) is a right approximate identity for I,. Consider ey € A such that ¢(ep) = 1 and set
My = ey — epey € A. Since epa — @(a)eo € I, for each a € A, we get
amy — p(aym, = aey — aege, — @(a)ey + p(a)eges
= aey — @(a)ey — (aey — p(a)ep)en — 0.

In addition, m,(¢p) = 1 for all a. By Theorem 2.5, A is left p-approximately Connes-amenable. []

Lemma 2.8. Let A bea dual Banach algebra with a bounded right approximate identity which be left p-approximately
Connes-amenable. Then I, = ker¢ has a right approximate identity.

Proof. Assume that (a,) is a bounded right approximate identity for A. Since it is dual Banach algebra,

G, —> e € A, ae = a for every a € A and ¢(¢) = 1. On the other hand, A is left p-approximately
Connes-amenable. Theorem 2.5 implies that there exists net (m,) € A such that am, — @(a)m, — 0 and
(mq, ) = 1 for each a. Pute, = e —m,. We have ¢(e,) = 0 and so e, € I,. Hence for each a € I,
ae, = ae —am, = ae — (am, — p(a)ym,) — a, as required. [

The following corollary is immediate result of lemmas 2.7 and 2.8.

Corollary 2.9. Let A be a dual Banach algebra with a bounded right approximate identity and ¢ € 0,(A). Then A
is left qp-approximately Connes-amenable if and only if I, = kerq has a right approximate identity.

Proposition 2.10. Let A be a dual Banach algebra, I be a w*-closed ideal with a left bounded approximate identity
and @ € o4, (A) with @iy # 0. If A is left p-approximately Connes-amenable, then 1 is left @|r-approximately
Connes-amenable.

Proof. Suppose that (e,) is a bounded left approximate identity for 7 and ¢@|; # 0, there exists an e € 1

such that e, — e, ea = a for each a € I and ¢(e) = 1. On the other hand, A is left p-approximately
Connes-amenable so there is a net (m,) € A such that am, — @(a)m, — 0 and (m,, ) — 1. Setn, = mue €1,
then for eacha € 7,

an, — @(ayn, = amye — @(aymqye = (am, — @(@)ymy)e — 0,

and (|1, 1) = (@, mqae) = {@,m,) — 1. Therefore I is left p|r-approximately Connes-amenable. [
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Suppose that (A, A.) is a dual Banach algebra. Then its unitization, A* = A®; C is a dual Banach algebra
with predual A, @ C, where &; and &, denote the ¢! and ¢*-direct sums respectively. More generally if A
and 8B are dual Banach algebras, then A @; B is a dual Banach algebra with predual A. @ B.. In addition,
for ¢ € 0, (A) the mapping ¢ : A* — C is defined by @(a + A) = ¢(a) + A is the unique extension of ¢ and
P € 0 (A).

Proposition 2.11. Let A and B be dual Banach algebras and ¢ € 0., (A). Then

(i) Ais left p-approximately Connes-amenable if and only if A" is left p-approximately Connes-amenable;
(ii) A is left character approximately Connes-amenable if and only if A* is left character approximately Connes-
amenable;
(iii) A& B is left character approximately Connes-amenable if and only if A and B are left character approximately
Connes-amenable.

Proof. (i) Assume that A is left p-approximately Connes-amenable. Thus there exists a net (m,) C A such
that m,(¢) — 1 and am, — @(aym, — 0. Consider m, as an element of A*. Hence

(a+ Aymy —@la+ Aymy =amy —p@ymy, >0 @eA, AeC),

and also 1, (@) = ma(p) — 1. Thus A* is left p-approximately Connes-amenable. For the converse, suppose
that A* is left p-approximately Connes-amenable and D : A — X* is a w*-continuous derivation which
X" is a left p-normal dual Banach A-bimodule. Define x - ¢ = x for x € X. So, X can be considered as a left
@-normal dual Banach A*-bimodule with module actions (2 + A) - x = (p(a) + A)x and x - (a + A) = xa + Ax.
Therefore the mapping of D : A* — X*, 5(11 + A) = D(a) is a w*-continuous derivation. By Theorem 2.5,
there exists a net (x},) € X* such that

D(a) = 5(11 + A) =lim(a + A)x}, — (p(a) + A)x* = limax], — p(a)x,,

once more by Theorem 2.5, it follows that A is left p-approximately Connes-amenable. The Part (ii) is a
immediately consequence of part (i).

(iii) Assume A @ Bis left character approximately Connes-amenable. The natural projections on A and
8 are w*-continuous and so A and B are left character approximately Connes-amenable by the part (iii)
of Proposition 2.4. Conversely, suppose that A and B are left character approximately Connes-amenable.
Without loss of generality in view of part(ii), we can consider ‘A and 8 with identities e and eg, respectively
and @ € g,(A®; B). There exists two cases, if p|g # 0, then @(en) = 1. Since p(ea ®eg) = 1, s0 pleg) =0,
@lg = 0. On the other hand, A is left ¢|#-approximately Connes amenable so there is a net (1,) € A such
that am, — p(a)m, — 0 for each a € A and (m,, ) — 1. Consider the net (m, & 0) C A & B, then for each
a®b € Ad; B, we have (a®b)(m, ®0)—pa®b)(m, ®0) = am, —p(@)ym, — 0and (m, ®0, ) = (m,, ) — 1,it
follows that A @; B is left p-approximately Connes-amenable. For the other case, that is ¢|g # 0. Similarly,
one can show that A &; B is left p-approximately Connes-amenable. Moreover, A &; B has an identity
ea ® eg and hence it is left 0-approximately Connes-amenable by Proposition 2.3. Therefore, A &, B is left
character approximately Connes-amenable. [J

Here, we have two observations for Arens regular Banach algebra ‘A with extra condition that A is an
ideal in A™.

o If A* is Connes-amenable, then so is A [17, Theorem 4.4].

o If A™ is approximately Connes-amenable then so is A [8, Theorem 7.1(ii)].

We prove the above assertions for left character approximate Connes-amenability case only with Arens
regularity condition. Recall that every ¢ € o(A) has a unique extension to @™ € g (A™).

Theorem 2.12. Let A be an Arens regqular Banach algebra and ¢ € o(A). If A™ is left p**-approximately Connes-
amenable, then A is left p-approximately amenable.
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Proof. By the hypothesis there exists a net (m,) C A" such that m,(¢™) — 1 and a"m, — ¢ (@™)m, — 0. For
each a, consider a net (ag) C A which g — My in the w*-topology. Since ¢™ is w*-continues, ¢ € A" and
we get

(ma, @) = lim{ag, @) = limdag, @) = G, ) = 1.
Moreover for each a € A, am, — p(a)m, — 0, which finishes the proof. [

Let L*(A, C) be the space of all bounded bilinear functionals on A and L2, (A, C) be the space of separately
w* continuous elements of L%(A, C). Following [18], we turn L?(A, C) into a Banach A-bimodule through
the identification L(A, C) =~ (ARA)*. The module actions of A on L?(A, C) are as follow:

(a.F)(b,c) = F(b,ca), (Fa)(b,c) =F(ab,c) (a,b,ce A, F eL*A,Q)).
Clearly, L?.(A, C) is a Banach A-submodule of L*(A, C). We also have a natural A-bimodule map
0:A®A — [2.(A,C), O0a®Db)F)=F(a,b).

Since A. ® A, C L2 (A,C) and A. ® A, separates the points of A® A, O is one-to-one. We will identify
A ® A with its image as

AQACL?(AC).

For the map
Ag: AQA — A; a®brab (a,be A).

Since the multiplication in a dual Banach algebra is separately w* — w*-continuous, we have
ANig(A) C L2.(A,C).
Therefore the restriction of A7 to L?.(A,C)* turns into a Banach A-bimodule homomorphism

Ay i L2 (AC) — A.

Definition 2.13. Let A be a dual Banach algebra and ¢ € 0, (A). A net (My) C L2 (A, C)* is said to be a left
@-approximately normal virtual diagonal for A if

aM,—p@M, — 0 (@eA) and My @ ® @)= (Ap(My), @) — 1.

For a dual Banach algebra A, if A has a (approximate) normal virtual diagonal, then it is (approximately)
Connes-amenable (see [8, Theorem 3.1] and [18, Theorem 4.4.15] for more details). The converse of the
mentioned results is no longer valid for the Connes-amenability case [22]. However, we can characterize
left p-approximate Connes-amenability of dual Banach algebras in terms of left ¢-approximate normal
virtual diagonals as follows:

Theorem 2.14. Let A be a dual Banach algebra and ¢ € 0, (A). Then the following are equivalent:

(i) Ais left p-approximately Connes-amenable;
(ii) There exists a net (My) C L2.(A,C)* such that a.M, — @M, — 0 (a € A) and (M, ¢ @ @) =
(A (My), ) =1 for each a;
(ii1) A has a left p-approximately normal virtual diagonal.
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Proof. (i)=(ii) By Theorem 2.5 there exists a net (m,) € A such that am, — p(a)m, — 0 and m,(p) = 1 for
each a € A and for each a. Choosing a my € A which (m, ) = 1 and in view of A® A C Li»(ﬂ, C)*, define
M, =m, ®mg € L2 (A,C)*. Thus for a € A we get

aM, — p(a)M, = am, @ my — p(a)ym, ® my = (am, — @(a)ymy) @ my — 0,

and (A (My), @) = (M, ® my, @ ® @) = (Mg, p)mo, @) = 1 for each a.

(i1)=(iii) It is clear.

(iii)= (i) Assume that (M,) is a left p-approximately normal virtual diagonal for A, definem, = A, (M,) €
A. Hence am, — p(a)ymy = Ay (a.My — p(@)My) — 0 and (my, @) = (A-(My), @) — 1. It implies that A is left
@p-approximately Connes-amenable. []

In the next theorem we characterize left p-Connes-amenability of dual Banach algebra A in terms of some
bounded nets in A and ARA.

Theorem 2.15. Let A be a dual Banach algebra and ¢ € 0,,+(A). Then the following are equivalent:

(i) Ais left p-Connes-amenable;
(ii) There is a bounded net (m,) C A such that

amy, —@(aym, —» 0 and (my, @) — 1;
(iii) There is a bounded net (N,) C ASA such that

a.Ny—@@)N, = 0 and (Aa(Ny), @) — 1.

Proof. (i)=(ii) It is obvious.

(ii)=(iii) Choose a mgy € A such that (myo, ¢) = 1 and define N, = m, ® my € ARA for each a. Tt is easy
to check that the net (N,) works as required.

(iii)=(i) Define m, = A#(N,) for each a. Therefore for eacha € A,

lim(am, — @(a)m,) = im Az(a.N, — p(a)N,) =0,

and (m,, @) = (Aa(N,), ) — 1. On the other hand the net (1,) is bounded and A is a dual Banach algebra,
thus there is a m € A such that,

My 5> m and  anmy — p(aym, < am— p(aym.
Consequently, am = @(a)m and (m, @) = lim,(m,, ) = 1. It follows that A is left p-Connes-amenable. [

In the next theorem we present other characterizations of left p-approximate Connes-amenability of
dual Banach algebras.

Theorem 2.16. Let A be a dual Banach algebra and ¢ € 0,(A). Then the following are equivalent:

(i) Ais left p-approximately Connes-amenable;
(ii) There is a net (m,) C A such that

amy, — @(a)ymyg =50 and (Mg, ) = 1;
(iii) There is a net (N,) C ARA such that

a.Ny—@@)N, = 0 and (Aa(Nn), @) — 1.
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Proof. (i)=(ii). It is clear.
(ii)=(iii) For each finite set F = {ay, ..., a,} C A, we get

(alma - (P(al)ma/ cers anma - (P(an)ma/ <(Pl ma)) i) (Ol e IOI 1)

in A" @ C. With applying Mazur’s theorem, we can obtain another net (11,) € A, which is called again
(mg) such that am, — @(a)m, — 0 in norm topology and (m,., ) — 1. Now, consider my € A such that
(mp, ) = 1 and define N, = m, ® mg € ARA for each a. It is easily to verified that a.N, — ¢(@)N, — 0 and
<Aﬂ(Na)/ (P> - L

(iii)=(i) Define m, = Aa(N,) for each a. Thus for each a € A, am, — p(a)m, — 0 and (m,, p) — 1, as
required. [J

Let A be a dual Banach algebra. Recall that a point derivation 4 at a character ¢ € o(A) is a linear
functional d : A — C such that d(ab) = d(a)p(b) + p(a)d(b) for each a,b € A.

Proposition 2.17. Let A be a dual Banach algebra and ¢ € 04+ (A). If A has a non-zero continuous point derivation
at @, then A is not left p-approximately Connes-amenable.

Proof. Suppose that d is a non-zero continuous point derivation at ¢ and A is left p-approximately Connes-
amenable. Thus there is a net (m,) C A such that am, — p(a)m, — 0 and (m,, ) — 1 for every a € A.
Consequently

0 =limd(am, — pa)na) = im(d(@)p(ma) + @@)d(me) — (a)d(mn.))
= lign @(my)d(a) = d(a).

Thus d=0, which contradicts the assumption. [

Let A and B be dual Banach algebras, 0 : A — B a w"-continuous homomorphism and ¢ € o,(A)U{0}.
Then B can be considered as a Banach A-bimodule by the following module actions

ab=0@b, ba=¢e@ab @cA beB).

We denote the above left p-normal dual Banach A-bimodule by B,). The next Theorem generalize
[7, Theorem 2.3], and give another characterizations for left p-approximate Connes- amenability of dual
Banach algebras.

Theorem 2.18. Let A and B be dual Banach algebras and ¢ € o4 (A) U {0}. The following are equivalent:

(i) Ais left p-approximately Connes-amenable;
(ii) For every w-continuous homomorphism 0 : A — B, then every w*-continuous derivation D : A — Byg ) is
approximately inner;

(iii) For every injective w*-continuous homomorphism 6 : A — B, then every w* continuous derivation D : A —
Bo,¢) is approximately inner.

Proof. According to Theorem 2.5, the implications (i)=(ii) and (ii)=(iii) are obvious. It suffices to prove
that (iii) implies that (i). Assume that X* is a left ¢-normal dual Banach A-bimodule and D : A — X" is
a w*-continuous derivation. In view of [7, Lemma 2.2], A ®, X" is a dual Banach algebra, and the map
0 : A > Ads X" by 0(a) = (4,0) is an injective w*-continuous homomorphism. Thus (A S X*)(g,¢) is a left
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¢-normal dual Banach A-bimodule. We now define D; : A — (A®c X*)(0,p) through D1(a) = (0, D(a)), then
for each a,b € A we get

D1 (ab) = (0, Dab) = (0,D(a) - b+ a - D(b))
= @(b)(0, D(@)) + (a,0) - (0, D(b))
= @(b)(0, D(a)) + 6(a)(0, D(b))
= @(b)D1(a) + 6(a)D1(b),

consequently, Dy is a w*-continuous derivation. Hence by the assumption D; is approximately inner, so
there is a net ((44, X},)) € (A S X*)(g,p) such that

(0, D(a)) = D1(a) = lim(a - (@0, X,) = (aa, ;) - 2)

(
= lim(6(a) - (a0, x3) — @(@)(@aq, X,))
= hg(n((u 0)(aq, X,) — @(a)(@aa, x3,))
= lim(aay — @(a)aq, a - x, — pa)xy),

5}

and therefore D(a) = lim,(a.x), — @(a)x}). Theorem 2.5 implies that A is left p-approximately Connes-
amenable. [J

Let A and B be dual Banach algebras and 0 € 0.+(8). Then the 0-Lau product A and B, denoted by
A Xg B, is defined as the set A x B equipped with the multiplication

(a,b)(@,b) = (aa + O(b)a + 6(b)a,bb),

and norm ||(a, b)|| = ||al| + ||b]|. It is known that A is a closed two sided ideal of A X¢ B and A Xy B/ A = B.
Similar to [23] one may prove that o, (A Xg B) = 04+ (A) X {0} U {0} X 04+ (B).

Lemma 2.19. Let net (my, n,) and (a,b) be in A Xg B.

(i) @ € 04 (A), (a,b)(my, ny)—(@(a)+0(b))(Ma, ny) — 0and (my, )+{ny, 0) = lifandonlyif am,—qe(a)ym, —
0, (my, @) = land n, — 0;
(ii) Suppose that O(n,) = 1 for each a. Then (a, b)(my, ny) — O(b)(my, n,) — 0 if and only if bn, — O(b)n, — 0
and net (—my) is a right approximate identity for A;
(iif) Suppose that P € 0,+(B), 0 # ¢, O(n,) = 0 and Y(n,) = 1 for each av. Then (a, b)(My, ) — P(b) (Mg, 1) = 0
if and only if m, — 0 and an, — P(b)n, — 0.

Proof. (i) Assume that (a,b)(m,, 1) — (@(a) + 6(b))(m4,n,) — 0. Then am, + O(ny)a — p(aym, — 0 and
bn, - (a)na - 0(b)n, — 0. Choosing b = 0 and ¢(a) = 1, we obtain n, — 0. Hence am, — ¢p(a)m, — 0 and
(mg, @) — 1. The converse is clear.

(ii) From (a, b)(m,, ny) — 0(b)(ma, ny) — 0, we get am, + 6(n,)a — 0and bn, — 6(b)n, — 0. Since O(n,) =1,
amy +a — 0 and hence the net (—m1,) is a right approximate identity for A. The converse is obvious.

(iii) According to (a,b)(m,, n,) — P(b)(my,n,) — 0, we obtain am, + O(b)ym, + O(ny)a — P(b)ym, — 0 and

— P(b)n, — 0. Consider a = 0, then (8(b) — ¢(b))m, — 0. Since 0 # ), we have m, — 0. [

Proposition 2.20. Let A and B be dual Banach algebras. Then A Xg B is left character approximately Connes-
amenable if and only A and B are so.

Proof. Assume that A Xy B is left character approximately Connes-amenable. Then by the part (iii) Propo-
sition 2.4, so is 8. Now, consider (0, 0) € 0, (A X B). By the assumption and Lemma 2.19 (ii), A has a right
approximate identity. It follows from Proposition 2.3 that (A is left 0-approximately Connes-amenable. On
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the other hand, for each ¢ € 0+ (A) and (¢, 0) € 0,(AXpB), according to the assumption and Lemma 2.19 (i)
we get A is p-approximately Connes-amenable and so A is left character approximately Connes-amenable.

Conversely, by Proposition 2.11 (ii) we can consider that 8 is unitary with identity e € 8. Since (0,e) is
a right identity for A X B, it is left 0-approximately Connes-amenable by Proposition 2.3. The rest of the
proof can be obtained immediately from Lemma 2.19. O

3. Examples

It is clear that every dual Banach algebra which is either Connes-amenable or approximately Connes-
amenable, then it is left character approximately Connes-amenable. In this section, by using some examples
we show that the converse of these results do not hold in general.

Example 3.1. Consider the Banach algebra ¢! = ¢!(IN) of all sequences a = (a(n)) of complex numbers with
llall = X5y la(n)| < co along with product o defined by

b(n) = a(1)b(1) n=1
a0 b(n) =4 41)b(n) + b(1)a(n) + a(m)b(n) n > 1

fora,b € {'. Tt is easy to check that ! with this product is a dual Banach algebra and
0w (€") = o(") = {1} U{pr + @n i > 2},

where ¢, (a) = a(n) for each a € ¢!. It was shown in [16, Example 2.9(a)] that there is no bounded net
(mg) € ¢* such that am, — 1(a)m, — 0 and (m,, ¢1) — 1. Theorem 2.15 implies that ¢! is not left ¢1-Connes
amenable and hence it is not Connes-amenable. However, £! is (1 + ¢,,)-Connes amenable by [16, Example
2.9(a)]. On the other hand, the sequence (1) C ¢! defined by

1 n=1
m(n)=3 -1 1<n<k
0 n>k

satisfies in Definition 2.1 for every ¢ € o, (¢') and therefore ¢! is p-approximately Connes-amenable for each
@ € 0, (€") [16, Example 2.9(a)]. Now, consider ¢! as a dual Banach algebra with pointwise multiplication.
It is easily verified that

O (") = 0(6") = {p, : n € N, {@y,a) =a(n), (aecfl)).

For each n € N, set m = ¢, € {'. Then

am — @u(a)m = a@, — @u(a)p, =0 and (P, ¢n) =1,

foreverya € {'. Thus ¢! is left ¢,,-Connes amenable. Furthermore, ¢! has an approximate identity and so it is
left 0-approximately Connes-amenable by Proposition 2.3. Consequently, {* is left character approximately
Connes-amenable, but it is neither approximately Connes-amenable [14, Theorem 3.2] nor approximately
amenable [6, Theorem 4.1].

Example 3.2. Consider the discrete convolution algebra ¢! consist of all sequences of a = (a(n)) which
llall = Y52, la(n)] < co. Since N is weakly cancellative semigroup, ¢! is a dual Banach algebra [5, Theorem
4.6]. Moreover, o(£) = {@, : z € Z,|z| < 1}, where @.(a) = Y., a(n)z" for each a € ¢'. Thus for each z € C
and |z| < 1, ¢, = (z,2%,2%,--+) € cp. Consequently o, (() = {@, : z € C, |z| < 1}. Therefore for each |z| < 1, the
map f + f (z) is a non-trivial bounded point derivation at ¢., and hence ¢! is not left ¢.-approximately
Connes-amenable by Proposition 2.17.
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Example 3.3. Let G be a locally compact group, then o,(M(G)) = 0 by [25, Example 3.1]. So M(G) is always
left character approximately Connes-amenable. But for non-amenable G, M(G) is neither Connes amenable
[19] (approximately Connes amenable [8, Theorem 5.2]) nor character amenable [23, Corollary 2.5].

Example 3.4. Consider the dual Banach algebra A = ¢!(IN) with pointwise product which has an approxi-
mate identity. For each n € N, M,,(A) = ARM,, is a dual Banach algebra with approximate identity. Since
o(M,) = 0, we find 04 (M,(A)) = 0 for each n > 2. Therefore M,,(A) is always left character approximately
Connes-amenable by Proposition 2.3. However M, (A) is not left character Connes-amenable [25, Lemma
2.9].

Example 3.5. Let IF, be a free group on two generators and VN(IF;) denote the von Neumann algebra
generated by the left regular representation A of IF, on ¢2(F). Then VN(IF,) is left character approximately
Connes-amenable [25, Example 3.1], but VN(IF,) is neither amenable [17, Corollary 6.7] (Connes-amenable
[18, Theorem 4.4.13]) nor approximately Connes-amenable [8, Corollary 6.3]. Moreover, for a non-discrete,
amenable locally compact group G, the dual Banach algebra A = M(G) @ VN(IF,) is left character approxi-
mately Connes-amenable by Proposition 2.11 part(iii). On the other hand, the projections nt; : A — M(G)
and m; : A — VN(IF,) are norm and w*-continuous homomorphisms, respectively. In addition, M(G) is not
left character amenable [23, Corollary 2.5] and VN(IF;) is not approximately Connes-amenable, and hence A
is neither left character amenable [23, Theorem 2.6(i)] nor approximately Connes amenable [8, Proposition
2.3(ii)].

Note that the converse of the part (iii) from Proposition 2.4 is not true. Since for a non-amenable
group G, M(G) is always left character approximately Connes-amenable by Example 3.3 while it is not left
character approximately amenable [1, Theorem 7.2].
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