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Abstract. For the algebraic convergence A, which generates the well known sequential topology 7, on
a complete Boolean algebra BB, we have A; = Ais N Ay, where the convergences A and Aj; are defined by
Ais(x) = {limsup xJ7T and Aji(x) = {liminfx} | (generalizing the convergence of sequences on the Alexandrov
cube and its dual). We consider the minimal topology O extending the (unique) sequential topologies
0,, (eft) and O,, (right) generated by the convergences Aj; and A; and establish a general hierarchy
between all these topologies and the corresponding a priori and a posteriori convergences. In addition, we
observe some special classes of algebras and, in particular, show that in (w, 2)-distributive algebras we have
limp,, = lim, = A, while the equality Oy = 7, holds in all Maharam algebras. On the other hand, in some
collapsing algebras we have a maximal (possible) diversity.

1. Introduction

It is known that a sequence (x,: n € w) of reals from the unit interval I = [0, 1] converges to a pointa € I
with respect to the left (resp. right, standard) topology on I if and only if a > lim sup x, (resp. a < liminfx,,
a = liminfx, = limsup x,) and, more generally, these three properties define three convergence structures
on any complete lattice or o-complete Boolean algebra. In this paper, continuing the investigation from
[8]-[12], we consider the corresponding convergences Ajs, Aj; and As on a complete Boolean algebra B,
as well as the sequential topologies O,, O;, and O, on B generated by them. Having in mind that the
union of the left and the right topology on I generates the standard topology on that interval, we regard
the minimal topology Ojs; on B extending O,,, U O,,, as well as the corresponding topological convergence
limg,; on BB, and explore the relationship between all the topologies and convergences mentioned above.
It turns out that A < limp, < limgp,, and Oy C O, and that there are several possibilities consistent with
these constraints. For example, if B is the power set algebra P(w), then we have an analogy to the unit
interval: A; = limp,_, and Oy = O,,; if B is a Maharam algebra (i.e. admits a strictly positive Maharam
submeasure), then As < limg,, and Oy5i = O,; finally, for some collapsing algebras we obtain a maximal
diversity: As <limg, <limg, and O & Oy,.
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We note that the topology O, on a complete Boolean algebra (c.B.a) B (traditionally called the sequential
topology and denoted by 7;), generated by the convergence A, (traditionally called the algebraic convergence)
was widely considered in the context of the von Neumann problem [14]: Is each ccc weakly distributive
c.B.a. a measure algebra? A consistent counter-example (a Suslin algebra) was given by Maharam [13]. In
addition, Maharam has shown that the topology O, is metrizable iff B is a Maharam algebra and asked
whether this implies that B admits a measure (the Control Measure Problem, negatively solved by M.
Talagrand [15, 16]). Moreover, Balcar, Jech and Pazak [3] and, independently, Veli¢kovié [18], proved that
it is consistent that the topology O,, is metrizable on each complete ccc weakly distributive algebra. (See
also [1, 2, 6, 17] for that topic).

Regarding the power set algebras, P(x), the convergence As is exactly the convergence on the Cantor
cube, while Ajs generalizes the convergence on the Alexandrov cube in the same way (see [11]). Further,
on any c.B.a., the topologies O, and O,, are homeomorphic (take f(a) = a’) and generated by some other
convergences relevant for set-theoretic forcing (see [9, 10]). For obvious reasons, the topology O, (resp.
0,,) will be called the left (resp. the right) topology on B (see also Fact 2.3(i)).

2. Preliminaries

Convergence. Here we list the standard facts concerning convergence structures which will be used in the
paper. (For details and proofs see, for example, [9].)

Let X be a non-empty set. Each mapping x: w — X is called a sequence in X. Usually, instead of x(n)
we write x, and x = (x,: n € w). A constant sequence {a, a, .. .) is denoted shortly by (a). A sequence y € X%
is said to be a subsequence of x iff there is an increasing function f: @ — @ (notation: f € w!%) such that
y = x o f; then we write y < x.

Each mapping A: X¢ — P(X) is called a convergence. The set Conv(X) = P(X)*") of all convergences on
the set X ordered by the relation A; < A, ifand only if A;(x) € Ay(x), for each x € X¥, is, clearly, a Boolean
lattice and A N A, will denote the infimum A A Ay; that is, (A1 N A2)(x) = A1(x) N Ax(x), for all x € X¥. If
|A(x)| <1 for each sequence x, then A is called a Hausdorff convergence.

Let (X, O) be a topological space. A pointa € X is a limit point of a sequence x € X* if and only if each
neighborhood of a2 contains all but finitely many members of x. The set of all limit points of a sequence
x € X“ is denoted by limg(x) and so we obtain a convergence limg: X* — P(X), that is, limp € Conv(X).

Let Top(X) denote the lattice of all topologies on the set X. A convergence A € Conv(X) is called
topological, we will write A € TopConv(X), if and only if there is a topology O € Top(X) such that A = lim,.
So we establish the mapping

G: Top(X) — TopConv(X), where G(O) = limy .

A topology O € Top(X) is called sequential, we will write O € SeqTop(X) if and only if in the space (X, O)
we have: a set A C X is closed if and only if it is sequentially closed (that is, limo(x) C A, for each sequence
x € A®). If O01,0; € SeqTop(X) and limgp, = limy,, then O; = O,. (We note that this is false in general:
take the discrete and the co-countable topology on the real line; in both spaces exactly the almost-constant
sequences converge.) So, G is one-to-one on SeqTop(X).

For each convergence A € Conv(X) there is a (unique) maximal topology O, such that A < limy,. The
topology O, is sequential; so, we obtain the mapping

F: Conv(X) — SeqTop(X), defined by F(A) = O,.

F and G are antitone mappings, that is, A1 < A, implies that O,, C O,, and O; C O, implies limy, < limy,.
Moreover, a convergence A is topological if and only if A = limg, (= G(F(A))) and, by Theorem 2.6 of [9], a
topology Ois sequential if and only if O = Ojim, (= F(G(O)). We remark that, in fact, the pair F, G is an antitone
Galois connection between the complete lattices Conv(X) and Top(X), because O c F(A) & A < G(O), for
each A € Conv(X) and O € Top(X). (If O c O,, then A < limy, < limyp. Conversely, if A < limy, then O Cc O,,
by the maximality of O,). Moreover, the restriction F [ TopConv(X) is a bijection from TopConv(X) onto
SeqTop(X) and G | SeqTop(X) is its inverse.



M.S. Kurili¢, A. Pavlovié / Filomat 33:14 (2019), 44514459 4453

Each topological convergence A satisfies the following conditions:

(L1)Vae X ae A({a)),

(L2) Vx € X Yy < x A(x) C A(y),

(L) Vxe X Vae X (Vy <xJz<yac Az) = aec Ax)).
If A € Conv(X) satisfies (L1) and (L2), then O ={X \ F: F € X A u,(F) = F}, where u,: P(X) —» P(X) is
the operator of sequential closure determined by A, defined by u (A) = Uyeao A(x). In addition, the minimal
closure of A under (L1)—(L3) is given by A*(x) = e U gewte Mx 0 f o g) and A is called a weakly-topological
convergence iff the convergence A* is topological.

Fact 2.1. ([9]) If A € Conv(X) is a convergence satisfying (L1) and (L2), then
(a) A is weakly-topological if and only if limg, = A*, that is, for each x € X“ anda € X

a€limg,(x) ©Vy<x dz<y aeAz)

(see [9, Theorem 4.1]);
(b) If A is a Hausdorff convergence, then A* is Hausdorff and weakly-topological ([9, Theorem 4.2]).

Convergences on Boolean algebras. Let IB be a complete Boolean algebra or, more generally, a complete lattice.
If (x,: n € w) is a sequence of its elements, liminfx, := Ve, Ausi Xn and imsup x, := Agey, V sk X, then,
clearly, liminfx, < limsup x,. We consider the convergences A, Aji, As: BY — P(IB) defined by

Ms((xn)) = {limsupx,}T, 1

Mi((xn)) = A{liminfx,}|, 2)

1 _ {x} ifliminfx, =limsupx, = x, 3
() = 0 ifliminfx, <limsupx,, &)

where AT:={beB:dac Ab>aland Al:={b e B: da € Ab <a}, for A C B. The following property of
c.B.a.’s will play a role in this paper

Yx € BY dy <xVz <y limsupz = limsupy. ()

We note that property (%) is closely related to the cellularity of Boolean algebras. Namely, by [8], t-cc = (i) =
s-cc and, in particular, ccc complete Boolean algebras satisfy (7). By [12], the set {x € Card: x-cc = (h)} is
equal either to [0, D), or to [0, ] and {x € Card: (/i) = x-cc} = [s, o0). Basic facts concerning the invariants
of the continuum t, s, and }) can be found in [5].

Fact 2.2. ([8]) If B is a complete Boolean algebra, then we have
(a) As is a weakly-topological Hausdorff convergence satisfying (L1) and (L2) ([8, Lemma 3]);
(b) As is a topological convergence if and only if the algebra B is (w, 2)-distributive (see [8, Theorem 2]).

Fact 2.3. ([11]) If B is a complete non-trivial Boolean algebra, then

(a) Ais and Ay are non-Hausdorff convergences satisfying (L1) and (L2) ([11, Theorem 4.3]);

(b) If B satisfies (1), then Ais and Ay; are weakly-topological convergences ([11, Theorem 6.1]);

(c) Ays is topological if and only if Ay is topological if and only if the algebra B is (w, 2)-distributive ([11, Theorem
3.5]);

(d) As = Ais N Ay ([11, Theorem 4.3]);

(e) Oy, 0n, € Oy, ([11, Theorem 4.3]);

() Al < limg, and Aj; < limo, ([11, Theorem 4.3]);

(g) Ay = /\i‘s NAL ([11, Theorem 4.3]);

(h) On,, and O, are homeomorphic, Ty, connected and compact topologies ([11, Theorem 4.4]);

(i) A set F C B is O, -closed if and only if it is upward-closed and N, x, € F, for each decreasing sequence
(x) € F?; (and dually, for O,,-closed sets) ([11, Theorem 4.4]).
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3. The Topology Oy on Boolean Algebras

On a complete Boolean algebra B we consider the minimal topology containing the topologies O,,, and
0,,. This topology, denoted by O, is generated by the base Bi5i = {O1 N Oz: O1 € Oy, A O7 € O, ). By Fact
2.3(i), the sets from O, (resp. O,,) are downward (resp. upward)-closed; so, the elements of By are convex
subsets of BB.

Theorem 3.1. The following diagrams show the relations between the considered convergences and topologies on a
non-trivial ¢.B.a. B. In addition, we have

(a) Mis N Ay = A, AN /\* = A; and hmo\ ﬂhmo‘ =limg,;

(b) Ag < A, Aji, AL < A2 limgp,, < hmoA ,hmo\ and O 2 Oy, Oy,

Is” 1’

limo " lil’n()/‘l_

|

Olsi

Figure 1: Convergences and topologies on B

Proof. By Fact 2.3(e) we have O,,,0,, ¢ O,, and the inclusion Oy;; C O,, follows from the minimality of
Oisi- So the diagram for topologies is correct.

By Fact 2.3(d) and (g) we have As = AjsNAj; and A; = A NAL which implies A < Aj5, Ay and A} < My Ay
By Facts 2.2(a) and 2.3(a), As is a Hausdorff convergence, while Ajs and Ay are not; thus, A < Ay, /\11 By Fact
2.1(b) A; is a Hausdorff convergence and, clearly, M and A}; are not Hausdorff; so, A; < Mo M-

By the construction of the closure A* it follows that we always have A < A*; thus Aj5 < Mg Mi S A and
As < A% By Fact 2.3(f) we have A}, < limp, and A}; < limg, . The equality A = limg,_ follows from Facts
2.2(a) and 2.1(a). Since Oi5; € O,, we have limg, < limg, .

Further we prove that limg,; = limp, Nlimg, . Since O,,, 0y, C O, we have limg,; < lim, ,limg, .
Conversely, if a € hmo‘ x)n hmoA (x) and Uisa 0151—ne1ghborhood of a, then thereis O1 N O, € Blsl such
thatae O1N O, c U and hence, there aren; € w, i € {1,2}, such that x,, € O;, for each n > n;. Thus for each
n > max{ny, ny} we have x,, € U, so a € limg,,(x).

So we have limg,; < limg, ,limg, . Since we have 1 € A5((0)), assuming that limp,; = limo, , we would
have Ajs < hmO,‘lS < hm@«ni and, therefore 1 € limOAﬁ((O)). Now, since the sets from O,, are upward-closed,
for a non-empty set O € O,, we would have 1 € O and, since 1 € limoAli ({(0)), 0 € O as well, which would
give O = B. S0 0), would be the antidiscrete topology which is false, because it is Tp. Thus limg,; < limg,

and, similarly, limg,; < limg, , which implies that Ois; 2 Oy, Oy,. O

In the sequel we consider the topology O\ and its convergence and investigate the form of the diagrams
in Figure 1 for particular (classes of) Boolean algebras. In particular, it is natural to ask for which complete
Boolean algebras we have

Oisi = 0, or, atleast, limg, = limg, ? (4)

First we give some sufficient conditions for these equalities.
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Theorem 3.2. Let B be a complete Boolean algebra. Then

(a) If the algebra B satisfies condition (1), then limg,, = limo, ;

(b) If the algebra B is (w, 2)-distributive, then limo, = Ai, limg, = Ay and lime,; = limg, = A; so the
diagram for convergences collapses to 3 nodes;

(c) If limg,; = limg, , then O\s; = Oy, if and only if (B, Oy;) is a sequential space.

Proof. (a) By Theorem 3.1 we have Oi; C Oy, so, limg, < limg, .
Conversely, assuming that x € B and a € limg(x), by Theorem 3.1 we have

ae hmO,\lS x)n limOAh (x) (5)

and we should prove thata € limg, (x). Thus, by Facts 2.2(a) and 2.1(a), we have to show that for each y < x
there is z < y such that limsup z = liminfz = a.

Let y be a subsequence of x. By Fact 2.3(b) the convergence A5 is weakly topological so, by (5) and Fact
2.1(a), there is z’ < y such that lim sup z’ < a. Since z’ < x and the convergence Ay; is weakly topological, by
(5) and Fact 2.1(a) again, there is z < z’ such that liminfz > 4. Now, we have limsupz < limsupz’ <a <
liminf z, which implies that liminfz = limsupz = a.

(b) If the algebra B is (w, 2)-distributive, then by Facts 2.2(b) and 2.3(c) we have limg, = A, limO,«ls = A
and limp, = Aji. Thus, by Theorem 3.1 we have limg,; = limp, Nlimg, = Ais N A = As =limg, .

(c) The implication “=" is true because the topology O,, is sequential. If limp = limp, , and Oy is a
sequential topology, then (since a topology O is sequential if and only if O = Oim,) we have Ois; = Olim,, =
OlimOAs = O/\S. [l

The unit interval. Although the unit interval I = [0, 1] is not a Boolean algebra, it provides obvious examples
of the convergences considered in this paper. Let O = {[0,4): 0 <a <1} U{0,I} and O_, ={(1,1]: 0 <a <
1} U {0, I} be the left and the right topology on I and let Oy denote the standard topology on I. It is easy to
check that defining As({x,)) = {x € I: x > limsup x,} and Au({x,;)) = {x € I: x < liminfx,} we have

limp_ =A;s and limp, K =A; and limg, = As. (6)

We recall that a topology O is sequential if and only if O = Ojim,,. So since the topology O is first countable
and, hence, sequential, by (6) we have O, = Ojim,_ = O; and similarly for the other two topologies. So

0,.=0c and O,, =0. and O, = Os. (7)

Since O UO,, is a subbase of Oy we have Oss = O(O— UO-,) and by (7) wehave O, = Oy = O(O~UO_,) =
0(0,,, U 0,,) = O and (4) is true.

Power set algebras. Let k > w be a cardinal. We recall that the Alexandrov cube of weight « is the product of
many copies of the two point space 2 = {0, 1} with the topology {0, {0}, {0, 1}}. Identifying the sets P(x) and
2¥ via characteristic functions we obtain a homeomorphic copy A, = (P(k), ta,) of that space. We recall
that for a sequence (X, : n € w) in P(x) we have

liminfuey Xi = Ukew Mzt Xn = {x: x € X, for all but finitely many n},

limsup,,., Xn = Mkew Unsk Xn = {x: x € X, for infinitely many n}. Further, the Cantor cube of weight x is
the product of ¥ many copies of the two point discrete space 2 = {0, 1} and, identifying the sets P(x) and 2*
again, we obtain its homeomorphic copy C,. = (P(k), ¢, ). By [11, Theorem 4.2] we have

Fact 3.3. For the power algebra P(x) with the Aleksandrov topology we have
(a) Ais = limg, = limy, ; thus Ay is a topological convergence;
(b) (P(x), Ta, ) is a sequential space if and only if O, = ta, if and only if x = w;
(c)Ifk > w, then tp, € Oy, ¢ Tc,.

For the power algebra P(x) with the Cantor topology we have
(d) As = limg, = limq ; thus As is a topological convergence;
(e) (P(x), Tc, ) is a sequential space if and only if O, = ¢, if and only if ¥ = w;
(P If x > w, then t¢c, G O,,.



M.S. Kurili¢, A. Pavlovié / Filomat 33:14 (2019), 44514459 4456

Let ¢ be the topology on the power algebra P(x) obtained by the standard identification of P(x) and 2
with the Tychonov topology of ¥ many copies of the space 2 with the topology {0, {1}, {0, 1}}. Then, clearly,
X = x\ Xis a homeomorphism from A, = (P(x), Ta, ) onto the reversed Alexandrov cube A, = (P(x), Tac).
Replacing ta by Tac and Ajs by Aj;in (a), (b) and (c) of Fact 3.3 we obtain the corresponding dual statements.
In addition, we have

Theorem 3.4. For the power algebra P(x) we have
(a) limg,, = As;
(b) t¢, is the minimal topology containing T, and Tac;
(c) ¢, € Ousi and so Oy is a Hausdorff topology on P(x);
(d) For ¥ = w we have O = ¢, = O,
(e) Ousi = t¢, ifand only if k = w.

Proof. (a) By Fact 3.3(a) and its dual we have limp, = A;s and limg, = Aj. Now, by Theorem 3.1,
lil’l’l()lSi = limoAls N 1im()A]‘_ =As N A = As.

(b) Let O be the minimal topology containing 74, and 7ac. A subbase for the topology 7a, (resp.
Tac) consists of the sets B; := {X C x: i ¢ X} (resp. B := {X C x:i € X}), where i € x; while the family
Sc, = Uier!Bi, Bf} is a subbase for the topology 7¢,. Thus 74, UTa: C 7¢, and, hence, O C 1¢,. On the other
hand, S¢, C A, U Tac € O, which gives ¢, C O.

(c) By Fact 3.3 and its dual we have 74, C O, and 7ac C O,,. Thus 74, U tac C Oy and 7¢, C Oy, by
the minimality of 7¢, proved in (b).

(d) By (c) and Theorem 3.1, 1¢, C Oisi C O,, and we apply Fact 3.3(e).

(e) By (d) the implication “<" is true. Assuming that Ois; = 7¢, and k¥ > w, by Fact 3.3(c) we would have
O, ¢ 1¢,, which gives a contradiction because O, C Oii. 0O

O,
/\15 = limol /\11 = limo/\
s li

= llmTAx = 11mTjAK
Olsi
0/\15 O/\h
As = lil’l’lol‘S T,
= limg,; = limg,
TA, TA

Figure 2: Convergences and topologies on the algebra P(x)

For the power set algebras the diagrams from Figure 1 are presented in Figure 2. Namely, by Theorem
3.2(b), the diagram describing convergences collapses to three nodes. The diagram for topologies in Figure
2 contains the topologies from Figure 1 as well as the topologies of the Cantor, Alexandrov and reversed
Alexandrov cube (see Fact 3.3(c) and Theorem 3.4(c)). By Fact 3.3(b) and (e), for k = w the diagram
describing topologies contains exactly three different topologies. So, for the algebra P(w) we have Oy = O,
and (4) is true.
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Maharam algebras. We recall that a submeasure on a complete Boolean algebra B is a function u: B — [0, o)
satisfying:

(i) u(0) = 0;

(i) a < b= p(a) < () and

(iif) p(a v b) < p(a) + p(b).
A submeasure y is strictly positive if and only if

(iv)a>0= p(a) > 0.
A submeasure y is called a Maharam (or a continuous) submeasure if and only if

(v) limy, e p(a,) = 0 holds for each decreasing sequence {a,: n € w) in BB satisfying A ¢, an = 0.

Itis easy to prove that if ;1 is a Maharam submeasure, then lim,,_,0 11(a,) = H(/\ sew an), for each decreasing
sequence {a,) in B. A complete Boolean algebra B admitting a strictly positive Maharam submeasure is
called a Maharam algebra.

Theorem 3.5. On each Maharam algebra B we have Oy = O,,.

Proof. Under the assumption, d(x, y) = u(x A y) is a metric on B which generates the topology O,, (see [13]).
For a non-empty set O € O,, we show that O € Oyi. Leta € O and r > 0, where B(a,r) = {x € B: p(x A a) <
r} € O. Let

O1={xeB: pu(x\a)<r/2}and O, = {x € B: u(a\ x) <r/2}.

Then by (i) we have a € O; N Oy. If x € O1 N Oy, then, by (iii), u(x A a) < p(x \ a) + p(a \ x) < r and, hence,
x € B(a,7),thusae O, N 0O, C O.

Let us prove that O; € O,,. By Fact 2.3(a) the convergence A5 satisfies (L1) and (L2), so it is sufficient to
prove that B \ O; is a closed set, which means that 1, (B \ O;) € B\ O;. By (iii), the set B \ O; is upward-
closed and it is sufficient to show that for a sequence (x,) in B \ O; we have limsupx, € B\ Oy, that is
p(lim sup x,\a) > r/2. By the assumption we have p(x,\a) > r/2, foreachn € w. Now limsup x,\a = A, Y,
where v = V2% \ 4, k € w, is a decreasing sequence and u(yx) > r/2 so, by the continuity of y,
plimsup x, \ a4) = limy_, u(yx) = r/2. Similarly we prove that O, € Oy, so O1 N O, € Oy and O is an
Ogsi-neighborhood of the pointa. [

A = hmO,\lS AL = 11m0A“ 0,, = O

As
Figure 3: Non-(w, 2)-distributive Maharam algebras

Thus, if B is a Maharam algebra which is not (w, 2)-distributive (for example, the algebra of the Lebesgue-
measurable subsets of [0,1] modulo the ideal of the sets of measure zero), then, the Figure 3 describes
the corresponding diagrams. Namely, by Facts 2.2(a) and 2.1(a) we have limp, = A and, by Fact 2.2(b),
As # limg, . Since the algebras with strictly positive measure satisfy the countable chain condition the
algebra B has (). Thus, by Facts 2.3(b) and 2.1(a) we have limohs = A}, and hmOAH = A} By Fact 2.3(c) we
have Ajs # limg, and Ay; # limo, . By Theorem 3.5 we have Oj5; = O, and, hence, limg,; = limg, .
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Collapsing algebras. We show that both equalities from (4) can fail. We recall that a family T C [w]® is a tower
if and only if it is well-ordered by *2 and has no pseudointersection; the tower number, t, is the minimal
cardinality of a tower. The distributivity number, b, is the smallest number of dense open families in the
preorder ([w]¥, C*) with empty intersection. A family 7~ C [w]? is called a base matrix tree if and only if
(77,7D) is a tree of height ) and 7 is a dense set in the preorder ([w]¥,C*). By a theorem of Balcar, Pelant
and Simon (see [4]), such a tree always exists, its levels are maximal almost disjoint families and maximal
chains in 7~ are towers.

Theorem 3.6. If B is a complete Boolean algebra satisfying 1 +p (h”) < t and cc(B) > 2V, then limg, < limg,
and O G O,,.

Proof. Using the construction from the proof of Theorem 6.4 from [11], we will find a sequence x in B such
that 0 € limg,;(x) \ limg, ().

Let 7 C [w]” be a base matrix tree and Br(7") the set of its maximal branches. Since the height of 7~
is b, the branches of 7~ are of size < b; so k := |Br(7)| < ¢ = 2% and we take a one-to-one enumeration
Br(7) ={T,: a < x}.

Since 1 - (h) < t, for each a < xk we have 1 I |T,| < t and, consequently, in each generic extension of
the ground model by B the family T, obtains a pseudointersection. Thus 1 X € [@]? VB € T, X C* B so,
by the Maximum Principle (see [7, p. 226]), there is a name 0, € VB such that

1+ o, €[0]° AYBeT, o, C" B. (8)

Since cc(B) > 2" > «, there is a maximal antichain in B of cardinality «, say {b,: a < x}. By the Mixing
lemma (see [7, p. 226]) there is a name 7 € V® such that

Ya <k by +1T=0,, 9)

and, clearly, 1 I 7 € [@]®. Let x = (x,) € B?, where x, := ||ii € 1||, for n € w. Then for the corresponding
name T, = {{(f1,x,): n € w} we have

1I7T="1,. (10)
Now, by Claims 1 and 2 from the proof of Theorem 6.4 from [11] we have
0 € limg, (x) \ Aj(x).

By Facts 2.2(a) and 2.3(g) we have limg, (x) = Aj(x) = A} (x) N A},(x) and, since 0 ¢ A (x), it follows that
0 ¢ limg, (x).

By Theorem 3.1 we have limg,, (x) = limo‘ (x) nlimo‘ (x) and, since 0 € limp N (x), it remains to be proved
that 0 € limg, (x). But, if 0 € O € 0,,, then, since O is an upward -closed set, we have O = B. Consequently,
x, €0, forallnea) soOehmOA (x). O

Example 3.7. An algebra for which the diagrams describing convergences and topologies from Figure 1
contain exactly 9 and 4 different objects respectively.

If B is a complete Boolean algebra which collapses 2 to w (e.g. the collapsing algebra Coll(w,2°) =
r.0.(*“(2"))), then B satisfies the assumptions of Theorem 3.6 and, hence, limp, < limg, and O & O,..
By Theorem 6.4 from [11] the same conditions provide that the convergence Ajs is not weakly topological,
which, by Fact 2.1(a), gives A}, < limg, . By Theorem 4.4 from [11], the mapping h: (B,0,,) — (B,0,,)
given by h(b) = I, for each b € ]B isa homeomorphlsm, so A}, < limg, ~as well. Assuming that Ajs = Al , by
duality we would have Aj; = A} and, by Theorem 3.1, limp, = A{ = /\* N A}, = Ais N A = As. But this is not
true since the algebra B is not (a), 2)-distributive. Thus Ajs < A}, and s1m11arly, Ai < A, By Fact 2.2(b) we
have A5 < limg, . The rest follows from Theorem 3.1.
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