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Abstract. The presented work is devoted to study of the geodesic mappings of spaces with affine connec-
tion onto generalized Ricci symmetric spaces. We obtained a fundamental system for this problem in a form
of a system of Cauchy type equations in covariant derivatives depending on no more than 1n*(n + 1) + n
real parameters. Analogous results are obtained for geodesic mappings of manifolds with affine connection
onto equiaffine generalized Ricci symmetric spaces.

1. Introduction

The paper is devoted to study of geodesic mappings theory of special spaces with affine connection.
The first idea about this theory appears in the paper [15] by T. Levi-Civita, where the problem of finding
Riemannian spaces with common geodesics was defined and solved in a special coordinate system. Let
us remark an interesting fact, that this theory was connected with a study of equations of dynamic of
mechanical systems.

Later, the theory of geodesic mappings was developed in works by Thomas, Cartan, Eisenhart, Weyl,
Shirokov, Kagan, Vranceanu, Rashevski, Solodovnikov, Sinyukov, Petrov, Prvanovi¢, Mikes, etc. [4-7, 10—
13, 22-26, 30-45].

Geodesic mappings of Einstein, symmetric, recurrent spaces and the generalizations of these mappings
were studied in [1, 2, 8, 10, 13, 16-22, 2629, 31, 33, 36, 39, 41]. Detailed analysis of geodesic mappings of
generalized symmetric recurrent manifolds is presented in work [1, 3].

In presented paper we continue to study geodesic mappings of generalized Ricci symmetric manifolds
which are a natural generalization of the Ricci manifolds. We find fundamental equations of geodesic
mappings of spaces with affine connection onto generalized Ricci symmetric spaces in closed Cauchy type
system equations in covariant derivatives. General solutions of this system depended on finite number of
real parameters. We study a special case of the above mentioned mappings.

Let us suppose, that studied object are continuous and smooth enough.
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2. Geodesic mappings of spaces with affine connection

Let f: A, — A, beadiffeomorphism between spaces A, = (M, V) and A, = (M, V) with affine connections
Vand V, where M and M are n-dimensional manifolds. We supposed that M = M and therefore in coordinate
neighbourhood (U, x) corresponding points x € M and f(x) € M have “common” coordinates (x!,x2,...,x").

We define a deformation tensor of affine connections respective mapping f: A, — A, in the following form

P =V -V, ie. their components in common coordinate system x have the following form
iy — T h
Pi]'(x) - r,?j(x) - l"l.].(x), (1)

where I ?j(x) and fi‘].(x) are components of connections V and V of spaces A, and A, respectively.

A curve {(t) in space A, is a geodesic if there exists a vector field along ¢ which is tangent and parallel
along ¢. A diffeomorphism f: A, — A, is called geodesic mapping of A, onto A, if f maps any geodesic in A,
onto a geodesic in A,.

It is known [5, 6, 22, 26, 31, 41], that diffeomorphism f: A, — A,isa geodesic mapping if and only if in
common coordinate system x = (x!,x?, ..., x") the deformation tensor (1) has the following form

PL®) = i) + )0l @

where ;(x) are components of a covector i and 6! is the Kronecker symbol. Geodesic mapping is non trivial
if 1i(x) # 0.

Evidently, any space A, admit non trivial geodesic mapping onto other space A,. Analogically, the
statement is not valid for geodesic mappings onto Riemannian spaces. Particularly, there are found spaces
with affine connection which do not admit non trivial geodesic mappings onto (pseudo-) Riemannian
spaces, see [10, 16, 17, 19-22, 26-29, 31, 39, 41].

We obtained [1, 2] that fundamental equations of geodesic mappings of spaces with affine connection
onto Riemannian spaces and fundamental equations of geodesic mappings of spaces with affine connection
onto Ricci symmetric spaces are formed to closed Cauchy type equations system in covariant derivative.
Moreover, for geodesic mappings onto Riemannian spaces this system is linear.

3. Geodesic mappings of spaces with affine connection onto generalized Ricci symmetric spaces

In paper [3], see [26, pp. 469-473], we studied geodesic mappings onto generalized Ricci symmetric space.
In that case, there were found the fundamental equations in the form of closed Cauchy type equations
system in covariant derivative. In this section we find the fundamental equations of the geodesic mappings
in a simpler form.

Let f: A, — A, be a geodesic mapping of space with affine connection A, onto generalized Ricci
symmetric spaces A,. We supposed that x = (x!,x%,...,x") is common coordinate system respective
mapping f.

Space A, is called generalized Ricci symmetric space if Ricci tensor satisfy the following condition
Rijj + Ryji = 0, 3)

where R,-]- are components of Ricci tensor on A, and symbol “|” denotes covariant derivative on A,.

Let us note, that generalized Ricci symmetric space which is (pseudo-) Riemannian space is Ricci
symmetric (Rijx = 0). Let us remark, that the geodesic mappings of Ricci symmetric spaces were studied
in [1].

Because the covariant derivative of Riemannian tensor has the following form

JR"
ph _ ik | =h pa Fa ph Fa ph =a ph
Rijk\m T oxm + rmaRijk - I miRajk - rijiak - rmkRija’



V. E. Berezovski et al. / Filomat 33:14 (2019), 44754480 4477
from condition (1) we obtain

=Rt 4+pt RY —p*Rt _prRh _px Rh

Rh
R; ijk,m ma=jk mi~ajk mj~ Viak mk™ijo’ (4)

ijklm

where “ , ” denotes covariant derivative on A,, R, and R" are components of Riemannian tensors of A,,
ijk ijk

and A, respectively.
After contracting (4) with respect to the indices 1 and k we get

Riflm = Rij,m -P %Rm‘ -P ;ﬁjRia ®)
and after symmetrization (5) with respect to the indices i and m we obtain

Rijpm + Ryjii = Rijm + Ryjji — 2Py Raj — P;L]Rm - Pnga. (6)
Since the space A, is generalized Ricci symmetric it satisfies equation (3). Therefore from (6) follows

Rij,m + ij,i = ZaniRa]' + P;J»R,‘a + Pf}Rma. (7)

Deformation tensor of affine connection PZ, has form (2), and from its formula (7) we conclude

Rijm + Ryji = 3¢mRij + 3¢iRyj + j(Rim + Rini).- 8)
Itis known [41] and [26, p. 182], that between Riemannian tensors Rf’].k and R?jk of A, and A, the following
dependence holds
Sh h h h h h
Rl.].k = Rijk + Pz.k,j - P; it PP [ Pg.Pk " 9)

From (2) it follows P’ = ;8" + 1,0, and from formula (9) we obtain
ijk K K>

Rf]k = RZk - (SI;IP,'/]( + 621,0,‘,]' - 6?121)],]( + 6?1#](,] + 6’;4}14}]( - 521!)11711] (10)

Finally, by contracting (10) with respect to the indices & and k we get

Rij = Rij + nij = pji + (L = m)piypj, (11)

and after alternating (11) we obtain

Rpij) = Ryijy + (n+ 1)1#,'/]' —(n+ 1)¢j,i, (12)

where [ij] denotes alternation respective indices i and j.
From condition (12) we obtain

1 /.
Vij =i =g (Rin — Ruig) - (13)
Analyzing (11) and (13) we get the following equation

1 - _
llbi'j = 21 [nRi]‘ + R]‘i - (VlRi]‘ + R]‘i)] + QDﬂ,Dj. (14)

Equation (8) covariantly differentiating respective x* in space A, and after substituing (14) follows

Rijmk + Runjix = 3YmRijk + 3iRjx + 0 j(Rimk + Rije) + Tijuk, (15)
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where

1 - - -
Tijmk =3 (ﬁ (nRink + Rion = (nRye + Riom)) + llfmkl)k) Rij +

1 5 _
+3 (}’Z2 1 (TlR,‘k + Ry — (I’lRik + Rki)) + l,bil/)k)ij +
1 S S _ -
+ (—1’12 1 (nR]-k + Rk] — (TlR]'k + Rk])) + I’D]lpk) (Rim + Rmi) .
By alternating condition (15) with respect to the indices i and k:

Rijmk = Rijmi = RajRyy; + RinaRG; + 3tmRijk = 3tpmRji +

mki
+31iRmjk = 3iRomji + Y j(Rimk = Riam,i + Runik = Runk) + Tijuk = Tjmi-
From the Ricci identity and the algebraic identy of Riemannian tensor we obtain

Rij,km - Rkj,im = ZRa]Ra + RiaR(]/'Ykm + RkﬁéRa

>, [
ki + RyoRG +

jmi jki
+3YmRijk = 3YmReji + 3PiRpyjx — 3YkRonji +

+i(Rimk = Rim,i + Ruik = Runki) + Tijonk = Tkjmi-
Finally, by replacing the indices k and m in the last formula and adding to (15) we get

WRijnp = 2RyRY, +RiR, + RyaRS, + RigRS, 4

jmi

+3Uk(Rijm = Runji) + 3Yi(Rijm + Rinji) + 3¢ (Rijk — Recji)+

_ _ _ _ _ _ (16)
+11D]'(Rimk + Ruik + Rigm — Ryki + Ry — kai)+
+Tijkm = Timjki + Tijmks
where Rijm = Rl‘]‘,m.
Evidently, the equations (14) and (16) together with
Rij,m = Rijm (17)

form closed Cauchy type system on space A, with respect to unknown functions 1;(x), R;j(x), and Ryj(x).
We obtain the following

Theorem 3.1. A space with affine connection A, admits geodesic mapping onto generalized Ricci symmetric space
A, if and only if on A, there exists a solution of closed Cauchy type system of equations in covariant derivative (14),
(16) and (17) with respect to unknown functions y;(x), Rij(x), and Rij(x).

General solution of the system (14), (16) and (17) depends on no more than
2,15 _1,
n+n +=-n“n-1)==n"n+1)+n
2 2
real parameters.

From the conditions (1) and (2) it follows that the space A, from the Theorem 3.1 has the equiaffine
connection

=h _T1h hoy, oy,
l"i].(x) = l"ij(x) +0; Y+ Oj¢,,

where ¢; is the solution of the above mentioned system (14), (16) and (17). Furthermore, it follows that R;;
are components of the Ricci tensor on A,.
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4. Geodesic mappings of spaces with affine connection onto equiaffine generalized Ricci symmetric
spaces

It is known [41], [26, pp. 85], that equiaffine spaces are defined by symmetry of Ricci tensor. We verify,
that the following lemma holds.

Lemma 4.1. Equiaffine generalized Ricci symmetric space is Ricci symmetric.

Proof. Let A, be a generalized Ricci symmetric space for which the condition (3) holds. Since A, is equiaffine
then

Rij = R]','. (18)

After differentiating (18) we obtain

Rijk = Riji. (19)
Then from the properties (3) and (19) it follows

= 0B 5 1 5 OB W5 @ 5 19 5
Rijk = —Rinjj =" —Ruij = Reji = Rji = —Rjix =" —Rijk-

Now we compare first and the last article and verify that

Rij =0,
therefore A, is Ricci symmetric. [J

Geodesic mappings onto Ricci symmetric manifolds were studied in [1]. In our case the equations of
such mapping would be simpler because A, is equiaffine. This system of equations, using [1], has the form:

Rijm = 2YmRij + YiRyj + PiRim (20)
1

$ij = = [+ DRy = (1R + Rp)| + i (21)

It is evident that the equations (20) and (21) in the given manifold represent a closed Cauchy type system
with respect to unknown functions R;j(x) and ;(x).

Theorem 4.2. A manifold A, with affine connection admits a geodesic mapping onto an equiaffine Ricci symmetric
manifold A, if and only if in A, there exists a solution of a closed Cauchy type equations in covariant derivative (20)
and (21) with respect to unknown functions Ryj(x) (= Rji(x)) and ;(x).

General solution of a closed Cauchy system of equations (20) and (21) depends on no more than
%n(n +1)+n= %n(n + 3) independent real parameters.

From the conditions (1) and (2) it follows that the space A, from the Theorem 4.2 has the equiaffine
connection

h _T1h noi,. hoy.
T () = T (x) + ol + Oy,

where 1); is a solution of the above mentioned system (20) and (21). Furthermore, it follows that R;; are
components of the Ricci tensor on A,.
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