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On C-Parallel Legendre Curves in Non-Sasakian
Contact Metric Manifolds
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Abstract. In (2n + 1)-dimensional non-Sasakian contact metric manifolds, we consider Legendre curves
whose mean curvature vector fields are C-parallel or C-proper in the tangent or normal bundles. We obtain
the curvature characterizations of these curves. Moreover, we give some examples of these kinds of curves
which satisfy the conditions of our results.

1. Introduction

In [6] and [7], Chen studied submanifolds whose mean curvature vector fields H satisfy the condition
∆H = λH, where λ is a non-zero differentiable function on the submanifold and ∆ denotes the Laplacian.
Later, in [1], Arroyo, Barros and Garay defined the notion of a submanifold with a proper mean curvature
vector field H in the normal bundle as a submanifold whose mean curvature vector field H satisfies the
condition ∆⊥H = λH, where ∆⊥ denotes the Laplacian in the normal bundle. Furthermore, when the mean
curvature vector field H of the submanifold satisfies the condition ∆H = λH, they called the submanifold
as a submanifold with a proper mean curvature vector field. In a Riemannian space form, curves with a proper
mean curvature vector field in the tangent and normal bundles were studied in [1]. In [2], Kılıç and Arslan
studied Euclidean submanifolds satisfying ∆⊥H = λH. In [12], Kocayiğit and Hacısalihoğlu studied curves
satisying ∆H = λH in a 3-dimensional Riemannian manifold. For Legendre curves in Sasakian manifolds,
same problems were studied by Inoguchi in [10]. In [3], Baikoussis and Blair considered submanifolds in
Sasakian space forms M(c) = (M, ϕ, ξ, η, 1). They defined the mean curvature vector field H as C-parallel if
∇H = λξ, where λ is a non-zero differentiable function on M and ∇ the induced Levi-Civita connection.
Later, in [13], Lee, Suh and Lee studied curves with C-parallel and C-proper mean curvature vector fields
in the tangent and normal bundles. A curve γ has C-parallel mean curvature vector field H if ∇TH = λξ,
C-proper mean curvature vector field H if ∆H = λξ, C-parallel mean curvature vector field H in the normal bundle
if ∇⊥T H = λξ, C-proper mean curvature vector field H in the normal bundle if ∆⊥H = λξ, where λ is a non-zero
differentiable function along the curve γ, T the unit tangent vector field of γ, ∇ the Levi-Civita connection,
∇
⊥ the normal connection [13].

Let M = (M, ϕ, ξ, η, 1) be a contact metric manifold and γ : I → M a Frenet curve in M parametrized by
the arc-length parameter s. The contact angle α(s) is a function defined by cos[α(s)] = 1(T(s), ξ). If α(s) is a
constant, then the curve is called a slant curve [8]. If α(s) = π

2 , then γ is called a Legendre curve [5].
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In [13], Lee, Suh and Lee studied slant curves with C-parallel and C-proper mean curvature vector
fields in Sasakian 3-manifolds. In [9], Güvenç and the present author studied C-parallel and C-proper
slant curves in (2n + 1)-dimensional trans-Sasakian manifolds. Since the paper [9] includes the Legendre
curves in Sasakian manifolds, in the present paper, we consider C-parallel and C-proper Legendre curves
in (2n + 1)-dimensional non-Sasakian contact metric manifolds.

The paper is organized as follows: In Section 2 and Section 3, in non-Sasakian contact metric manifolds,
we consider Legendre curves with C-parallel and C-proper mean curvature vector fields, respectively. In
the final section, we give some examples of Legendre curves which support our theorems.

2. Legendre Curves with C-parallel Mean Curvature Vector Fields

Let M = (M, ϕ, ξ, η, 1) be a contact metric manifold. The contact metric structure of M is said to be normal
if

[ϕ,ϕ](X,Y) = −2dη(X,Y)ξ,

where [ϕ,ϕ] denotes the Nijenhuis torsion of ϕ and X,Y are vector fields on M. A normal contact metric
manifold is called a Sasakian manifold [5].

Given a contact Riemannian manifold M, the operator h is defined by h = 1
2
(
Lξϕ

)
, where L denotes the

Lie differentiation. The operator h is self adjoint and satisfies

hξ = 0 and hϕ = −ϕh,

∇Xξ = −ϕX − ϕhX. (1)

In a Sasakian manifold, it is clear that

∇Xξ = −ϕX.

For more details about contact metric manifolds and their submanifolds, we refer to [5] and [16].
Let

(
M, 1

)
be an n-dimensional Riemannian manifold. A unit-speed curve γ : I→M is said to be a Frenet

curve of osculating order r, if there exists positive functions k1, ..., kr−1 on I satisfying

T = υ1 = γ′,

∇TT = k1υ2,

∇Tυ2 = −k1T + k2υ3,

...

∇Tυr = −kr−1υr−1,

where 1 ≤ r ≤ n and T, υ2, ..., υr are a 1-orthonormal vector fields along the curve. The positive functions
k1, ..., kr−1 are called curvature functions and {T, υ2, ..., υr} is called the Frenet frame field. A geodesic is a Frenet
curve of osculating order r = 1.A circle is a Frenet curve of osculating order r = 2 with a constant curvature
function k1. A helix of order r is a Frenet curve of osculating order r with constant curvature functions
k1, ..., kr−1. A helix of order 3 is simply called a helix.

Now let (M, 1) be a Riemannian manifold and γ : I→M a unit speed Frenet curve of osculating order r.
By a simple calculations, it can be easily seen that

∇T∇TT = −k2
1T + k′1υ2 + k1k2υ3,

∇T∇T∇TT = −3k1k′1T +
(
k′′1 − k3

1 − k1k2
2

)
υ2

+
(
2k′1k2 + k1k′2

)
υ3 + k1k2k3υ4,

∇
⊥

T∇
⊥

T T = k′1υ2 + k1k2υ3,
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∇
⊥

T∇
⊥

T∇
⊥

T T =
(
k′′1 − k1k2

2

)
υ2 +

(
2k′1k2 + k1k′2

)
υ3 + k1k2k3υ4,

(see [9]). Then we have

∇TH = −k2
1T + k′1υ2 + k1k2υ3, (2)

∆H = −∇T∇T∇TT
= 3k1k′1T +

(
k3

1 + k1k2
2 − k′′1

)
υ2

−(2k′1k2 + k1k′2)υ3 − k1k2k3υ4, (3)

∇
⊥

T H = k′1υ2 + k1k2υ3, (4)

∆⊥H = −∇
⊥

T∇
⊥

T∇
⊥

T T

=
(
k1k2

2 − k′′1
)
υ2 −

(
2k′1k2 + k1k′2

)
υ3

−k1k2k3υ4, (5)

(see [1]).

Let γ : I ⊆ R→M be a non-geodesic Frenet curve in a contact metric manifold M. From [9], we give the
following relations:

i) γ is a curve with C-parallel mean curvature vector field H if and only if

−k2
1T + k′1υ2 + k1k2υ3 = λξ; or (6)

ii) γ is a curve with C-proper mean curvature vector field H if and only if

3k1k′1T +
(
k3

1 + k1k2
2 − k′′1

)
υ2 − (2k′1k2 + k1k′2)υ3 − k1k2k3υ4 = λξ; or (7)

iii) γ is a curve with C-parallel mean curvature vector field H in the normal bundle if and only if

k′1υ2 + k1k2υ3 = λξ; or (8)

iv) γ is a curve with C-proper mean curvature vector field H in the normal bundle if and only if(
k1k2

2 − k′′1
)
υ2 −

(
2k′1k2 + k1k′2

)
υ3 − k1k2k3υ4 = λξ, (9)

where λ is a non-zero differentiable function along the curve γ.
Now, let γ : I ⊆ R → M be a non-geodesic Legendre curve of osculating order r in an n-dimensional

contact metric manifold. By the use of the definition of a Legendre curve and (1), we have

η(T) = 0, (10)

∇Tξ = −ϕT − ϕhT. (11)

Differentiating (10) and using (11), we obtain

k1η(υ2) = 1(T, ϕhT). (12)

If the osculating order r = 2, then we have the following results:

Theorem 2.1. There does not exist a non-geodesic Legendre curve γ : I ⊆ R → M of osculating order 2, which has
C-parallel mean curvature vector field in a contact metric manifold M.
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Proof. Assume that γ have C-parallel mean curvature vector field. From (6), we have

−k2
1T + k′1υ2 = λξ. (13)

Then taking the inner product of (13) with T, we find k1 = 0, this means that γ is a geodesic. This completes
the proof.

In the normal bundle, we can state the following theorem:

Theorem 2.2. Let γ : I ⊆ R→M be a non-geodesic Legendre curve of osculating order 2 in a non-Sasakian contact
metric manifold. Then γ has C-parallel mean curvature vector field in the normal bundle if and only if

k1 = ±1(ϕhT,T), ξ = ±υ2, λ = k′1. (14)

Proof. Let γ have C-parallel mean curvature vector field in the normal bundle. From (8), we have

k′1υ2 = λξ. (15)

So we have

λ = ±k′1,

ξ = ±υ2. (16)

Differentiating (16), we find

−ϕT − ϕhT = ∓k1T, (17)

which gives us

k1 = ±1(ϕhT,T).

The converse statement is trivial. Then we complete the proof.

If the osculating order r ≥ 3, then similar to the proof of Theorem 2.1, we have the following theorem:

Theorem 2.3. There does not exist a non-geodesic Legendre curve γ : I ⊆ R→ M of osculating order r ≥ 3, which
has C-parallel mean curvature vector field in a contact metric manifold M.

In the normal bundle, we have the following theorem:

Theorem 2.4. Let γ : I ⊆ R→M be a non-geodesic Legendre curve of osculating order 3 in a non-Sasakian contact
metric manifold. Then γ has C-parallel mean curvature vector field in the normal bundle if and only if

k1 , constant,

k2 = ∓
k′1

√
k2

1 − 1(T, ϕhT)2

k11(T, ϕhT)
,

ξ =
1(T, ϕhT)

k1
υ2 +

k2

k′1
1(T, ϕhT)υ3

and

λ =
k′1k1

1(T, ϕhT)
or

k1 = constant,

k2 =
√

1 + 21(T, hT) + 1(hT, hT),

λ = k1k2 and ξ = υ3.
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Proof. If k1 , constant, then from (8), we have

k′1υ2 + k1k2υ3 = λξ. (18)

Then taking the inner product of (18) with υ2 and using (12), we find

k′1 = λη(υ2) = λ
1(T, ϕhT)

k1
. (19)

This gives us

λ =
k′1k1

1(T, ϕhT)
.

Taking the inner product of (18) with υ3, we have

η(υ3) =
k21(T, ϕhT)

k′1
. (20)

Since ξ ∈ span {υ2, υ3}, using (12) and (20), we get

ξ =
1(T, ϕhT)

k1
υ2 +

k2

k′1
1(T, ϕhT)υ3.

Since ξ is a unit vector field, we obtain

k2 = ∓
k′1

√
k2

1 − 1(T, ϕhT)2

k11(T, ϕhT)
.

If k1 = constant, then from (8), we have

k1k2υ3 = λξ,

which gives us λ = k1k2 and ξ = υ3. So by a differentiation of ξ = υ3, using (1), we have −k2υ2 = −ϕT −ϕhT.
Hence, we obtain

k2 =
√

1 + 21(T, hT) + 1(hT, hT).

The converse statement is trivial. This completes the proof of the theorem.

3. Legendre Curves with C-proper Mean Curvature Vector Fields

If the osculating order r = 2, then we have the following theorems:

Theorem 3.1. Let γ : I ⊆ R→M be a non-geodesic Legendre curve of osculating order 2 in a non-Sasakian contact
metric manifold. Then γ has C-proper mean curvature vector field if and only if

k1 = ±1(T, ϕhT) = constant,

ξ = ±υ2

and

λ = 1(T, ϕhT)3.
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Proof. Let γ have C-proper mean curvature vector field. From (7), we have

3k1k′1T +
(
k3

1 − k′′1
)
υ2 = λξ. (21)

Then taking the inner product of (21) with T, we have k1k′1 = 0. Since γ is not a geodesic, we obtain k′1 = 0,
which means that k1 is a constant. Taking the inner product of (21) with υ2, we have

k3
1 − k′′1 = λη(υ2).

Since k1 is a constant, using (12), we get

λ =
k4

1

1(T, ϕhT)
. (22)

Furthermore, taking the inner product of (21) with ξ and using (12), we have

λ = k2
11(T, ϕhT). (23)

Then comparing (22) and (23), we obtain

k1 = ∓1(T, ϕhT).

Since ξ ∈ span {υ2}, we have

ξ = ±υ2. (24)

The converse statement is trivial. Hence, the proof is finished.

In the normal bundle, we can state the following theorem:

Theorem 3.2. Let γ : I ⊆ R→M be a non-geodesic Legendre curve of osculating order 2 in a non-Sasakian contact
metric manifold. Then γ is a curve with C-proper mean curvature vector field in the normal bundle if and only if

i) k1(s) = as + b, where a and b are arbitrary real constants and λ = 0 or
ii) k1 = ∓1(T, ϕhT), ξ = ±υ2 and λ = k′′1 .

Proof. Let γ have C-proper mean curvature vector field in the normal bundle. From (9), we have

−k′′1 υ2 = λξ. (25)

Taking the inner product of (25) with υ2 and using (12), we have

λ = −
k′′1 k1

1(T, ϕhT)
. (26)

Taking the inner product of (25) with ξ and using (12), we find

λ = −
k′′1 1(T, ϕhT)

k1
. (27)

Then comparing (26) and (27), we obtain either k′′1 = 0, in this case k1(s) = as + b,where a and b are arbitrary
real constants and λ = 0 or k1 = ∓1(T, ϕhT). If k1 = ∓1(T, ϕhT), it is easy to see that ξ = ±υ2 and λ = k′′1 .

The converse statement is trivial. This completes the proof of the theorem.

If the osculating order r = 3, then we have the following theorems:
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Theorem 3.3. Let γ : I ⊆ R→M be a non-geodesic Legendre curve of osculating order 3 in a non-Sasakian contact
metric manifold. Then γ is a curve with C-proper mean curvature vector field if and only if

k1 = constant,

λ =
k2

1

(
k2

1 + k2
2

)
1(T, ϕhT)

,

ξ =
1(T, ϕhT)

k1
υ2 −

k1k′2
λ
υ3

and

η(υ2)2 + η(υ3)2 = 1.

Proof. Let γ have C-proper mean curvature vector field. Then, from (7), we have

3k1k′1T +
(
k3

1 + k1k2
2 − k′′1

)
υ2 − (2k′1k2 + k1k′2)υ3 = λξ. (28)

Taking the inner product of (28) with T, we have k1k′1 = 0. Since γ is not a geodesic, we find k′1 = 0, which
gives us k1 is a constant. Now taking the inner product of (28) with υ2 and using (12), we have

λ =
k2

1

(
k2

1 + k2
2

)
1(T, ϕhT)

.

Taking the inner product of (28) with υ3, we have

η(υ3) = −
k1k′2
λ
. (29)

Since ξ ∈ span {υ2, υ3} , using (12) and (29), we obtain

ξ =
1(T, ϕhT)

k1
υ2 −

k1k′2
λ
υ3.

Since ξ is a unit vector field, we have η(υ2)2 + η(υ3)2 = 1. The converse statement is trivial. So we get the
result as required.

In the normal bundle, we can give the following result:

Theorem 3.4. Let γ : I ⊆ R→M be a non-geodesic Legendre curve of osculating order 3 in a non-Sasakian contact
metric manifold. Then γ is a curve with C-proper mean curvature vector field in the normal bundle if and only if

λ =
k2

1k2
2 − k1k′′1
1(T, ϕhT)

,

ξ =
1(T, ϕhT)

k1
υ2 −

(
2k′1k2 + k1k′2

)
λ

υ3

and

η(υ2)2 + η(υ3)2 = 1.
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Proof. Let γ have C-proper mean curvature vector field in the normal bundle. From (9), γ is a Legendre
curve with(

k1k2
2 − k′′1

)
υ2 −

(
2k′1k2 + k1k′2

)
υ3 = λξ. (30)

Taking the inner product of (30) with υ2 and using (12), we have

λ =
k2

1k2
2 − k1k′′1
1(T, ϕhT)

.

Taking the inner product of (30) with υ3, we get

η(υ3) = −
2k′1k2 + k1k′2

λ
. (31)

Since ξ ∈ span {υ2, υ3} , using (12) and (31), we obtain

ξ =
1(T, ϕhT)

k1
υ2 −

2k′1k2 + k1k′2
λ

υ3.

Since ξ is a unit vector field, we have η(υ2)2 + η(υ3)2 = 1. The converse statement is trivial. Hence, we
complete the proof.

If the osculating order r ≥ 4, then we can state the following theorem:

Theorem 3.5. Let γ : I ⊆ R → M be a non-geodesic Legendre curve of osculating order r ≥ 4 in a non-Sasakian
contact metric manifold. Then γ is a curve with C-proper mean curvature vector field if and only if it satisfies

k1 = constant,

λ =
k2

1

(
k2

1 + k2
2

)
1(T, ϕhT)

,

ξ =
1(T, ϕhT)

k1
υ2 −

k1k′2
λ
υ3 −

k1k2k3

λ
υ4

and

η(υ2)2 + η(υ3)2 + +η(υ4)2 = 1.

Proof. Since γ has C-proper mean curvature vector field, by the use of (7), we have

3k1k′1T +
(
k3

1 + k1k2
2 − k′′1

)
υ2 − (2k′1k2 + k1k′2)υ3 − k1k2k3υ4 = λξ. (32)

Taking the inner product of (32) with T, we have k1k′1 = 0. Since γ is not a geodesic, we find k′1 = 0, which
gives us k1 is a constant. Now taking the inner product of (32) with υ2 and using (12), we find

λ =
k2

1

(
k2

1 + k2
2

)
1(T, ϕhT)

.

Taking the inner product of (32) with υ3 and υ4, we get

η(υ3) = −
k1k′2
λ

(33)
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and

η(υ4) = −
k1k2k3

λ
, (34)

respectively. Since ξ ∈ span {υ2, υ3, υ4} , using (33) and (34), we obtain

ξ =
1(T, ϕhT)

k1
υ2 −

k1k′2
λ
υ3 −

k1k2k3

λ
υ4.

Since ξ is a unit vector field, we have η(υ2)2 + η(υ3)2 + +η(υ4)2 = 1. The converse statement is trivial. Thus
we get the result as required.

In the normal bundle, we can give the following theorem:

Theorem 3.6. Let γ : I ⊆ R → M be a non-geodesic Legendre curve of osculating order r ≥ 4 in a non-Sasakian
contact metric manifold. Then γ is a curve with C-proper mean curvature vector field in the normal bundle if and
only if

λ =
k2

1k2
2 − k1k′′1
1(T, ϕhT)

,

ξ =
1(T, ϕhT)

k1
υ2 −

2k′1k2 + k1k′2
λ

υ3 −
k1k2k3

λ
υ4

and

η(υ2)2 + η(υ3)2 + +η(υ4)2 = 1.

Proof. The proof is similar to the proof of Theorem 3.5.

4. Examples

Let us take M = R3 and denote the standard coordinate functions with (x, y, z). We define the following
vector fields on R3:

e1 =
∂
∂x
, e2 =

∂
∂y
, e3 = 2y

∂
∂x

+
(1

4
e2x
− y2

)
∂
∂y

+
∂
∂z
.

It is seen that e1, e2, e3 are linearly independent at all points of M. We define a Riemannian metric on M
such that e1, e2, e3 are orthonormal. Then we have

[e1, e2] = 0, [e1, e3] =
e2x

2
e2, [e2, e3] = −2ye2 + 2e1.

Let η be defined by η(W) = 1 (W, e1) for all W ∈ χ(M). Let ϕ be the (1, 1)-type tensor field, defined by ϕe1 = 0,
ϕe2 = e3, ϕe3 = −e2. Then

(
M, ϕ, e1, η, 1

)
is a contact metric manifold. Let us set ξ = e1, X = e2 and ϕX = e3.

Let ∇ be the Levi-Civita connection corresponding to 1which is calculated as

∇Xξ =
(
−

e2x

4 − 1
)
ϕX, ∇ϕXξ =

(
1 − e2x

4

)
X, ∇ξξ = 0,

∇ξX =
(
−

e2x

4 − 1
)
ϕX, ∇ξϕX =

(
1 + e2x

4

)
X, ∇XX = 2yϕX,

∇XϕX = −2yX +
(

e2x

4 + 1
)
ξ, ∇ϕXX =

(
e2x

4 − 1
)
ξ, ∇ϕXϕX = 0.

(35)

By the definition of h, it is easy to see that

hX = e2x

4 X, hϕX = − e2x

4 ϕX.

Hence, M is a
(
κ, µ, ν

)
-contact metric manifold with κ = 1 − e4x

16 , µ = 2
(
1 + e2x

4

)
, ν = 2 [14].
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Example 4.1. Let M be the
(
κ, µ, ν

)
-contact metric manifold given above and let γ : I ⊆ R → M be a curve

parametrized by γ(s) = (ln 2, 0,
√

2
2 s), where s is the arc-length parameter on an open interval I. The unit tangent

vector field T along γ is

T = −

√
2

2
X +

√
2

2
ϕX.

Since η(T) = 0, the curve is Legendre. Using (35), we find

∇TT = −ξ,

which gives us k1 = 1 and υ2 = −ξ. Differentiating υ2 along the curve γ, we have

∇Tυ2 = −

√

2ϕX
= −k1T + k2υ3.

Thus, we get

k2 = 1, υ3 = −

√
2

2
(
X + ϕX

)
.

Finally we find

1
(
T, ϕhT

)
= −1.

From Theorem 3.4, γ has C-proper mean curvature vector field in the normal bundle with λ = −1.

Let M = E(2) be the group of rigid motions of Euclidean 2-space with left invariant Riemannian metric
1. Then M admits its compatible left-invariant contact Riemannian structure if and only if there exists an
orthonormal basis {e1, e2, e3} of the Lie algebra such that [15]:

[e1, e2] = 2e3, [e2, e3] = c2e1, [e3, e1] = 0,

where we choose c2 > 0. The Reeb vector field ξ is obtained by left translation of e3. The contact distribution
D is spanned by e1 and e2. Then using Koszul’s formula, we have the following relations:

∇e1 e2 = 1
2 (−c2 + 2) e3, ∇e1 e3 = − 1

2 (−c2 + 2) e2,
∇e2 e1 = − 1

2 (c2 + 2) e3, ∇e2 e3 = 1
2 (c2 + 2) e1,

∇e3 e1 = 1
2 (c2 − 2) e2, ∇e3 e2 = − 1

2 (c2 − 2) e1,
(36)

all others are zero (for more details see [15] and [11]). Let us denote by X = e1, ϕX = e2, ξ = e3. By the
definition of h, it is easy to see that

hX = − 1
2 c2X, hϕX = 1

2 c2ϕX. (37)

Let γ : I→M = E(2) be a unit speed Legendre curve with Frenet frame {T = υ1, υ2, υ3}. Let us write

T = T1ξ + T2X + T3ϕX.

Since γ is Legendre, T1 = 0. Using (36), we find

∇TT = −T2T3c2ξ + T′2X + T′3ϕX
= k1υ2.



C. Özgür / Filomat 33:14 (2019), 4481–4492 4491

If we choose υ2 = ξ, then

k1 = −T2T3c2,

and we can take T2 = − cosθ =constant, T3 = − sinθ =constant such that cosθ sinθ < 0, cos 2θ = 2
c2

. So we
have

T = − cosθX − sinθϕX. (38)

Then using (1), (36), (37) and (38), we can write

∇Tυ2 = ∇Tξ = −
1
2

sinθ (c2 + 2) X +
1
2

cosθ (−c2 + 2)ϕX. (39)

Moreover 1(T, ϕhT) = − sinθ cosθc2 = k1.

So, we can state the following example:

Example 4.2. Let M = E(2) be the group of rigid motions of Euclidean 2-space with left invariant Riemannian metric
1 and has a compatible left-invariant contact Riemannian structure given above. Let γ : I → M be a unit speed
Legendre curve of osculating order 2 and {T = υ1, υ2 = ξ} the Frenet frame of γ. Then γ is a Legendre circle with
curvature k1 = − cosθ sinθc2, where the tangent vector field of γ is T = − cosθX − sinθϕX and θ is a constant
such that sinθ cosθ < 0, cos 2θ = 2

c2
.

Moreover, we have

1(T, ϕhT) = − sinθ cosθc2 = k1.

From Theorem 3.1, γ has C-proper mean curvature vector field with λ = − sin3 θ cos3 θc3
2.

Now let us assume that γ : I → M = E(2) is a unit speed Legendre curve of osculating order 3 with
Frenet frame {T = υ1, υ2 = ξ, υ3}. Similar to the above example, if we choose υ2 = ξ, we find k1 = −T2T3c2
and we can take T = cosθX + sinθϕX, where θ is a constant such that sinθ cosθ < 0, cos 2θ , 2

c2
. Define a

croos product × by e1 × e2 = e3. So we have υ3 = T × ξ = sinθe1 − cosθe2. Then using (36), we obtain

∇Tυ3 = −
1
2

(
cos2 θ(−c2 + 2) + sin2 θ(c2 + 2)

)
e3,

which gives us k2 = 1
2

(
cos2 θ(−c2 + 2) + sin2 θ(c2 + 2)

)
=constant.

Hence, we have the following example:

Example 4.3. Let M = E(2) be the group of rigid motions of Euclidean 2-space with left invariant Riemannian metric
1 and has a compatible left-invariant contact Riemannian structure given above. Let γ : I → M be a unit speed
Legendre curve of osculating order 2 and {T = υ1, υ2 = ξ, υ3} the Frenet frame of γ. Then γ is a Legendre helix with
curvatures k1 = − cosθ sinθc2 and k2 = 1

2

(
cos2 θ(−c2 + 2) + sin2 θ(c2 + 2)

)
, where the tangent vector field of γ is

T = cosθX + sinθϕX and θ is a constant such that sinθ cosθ < 0, cos 2θ , 2
c2

.

Moreover, we have

1(T, ϕhT) = − sinθ cosθc2 = k1.

From Theorem 3.3, γ has C-proper mean curvature vector field in the normal bundle with λ = k1

(
k2

1 + k2
2

)
. Further-

more, from Theorem 3.4, γ has C-proper mean curvature vector field in the normal bundle with λ = k1k2
2.
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[12] H. Kocayiğit, H. H. Hacısalihoğlu, 1-type curves and biharmonic curves in Euclidean 3-space, Int. Electron. J. Geom. 4 (2011)

97–101.
[13] J.-E. Lee, Y. J. Suh, H. Lee, C-parallel mean curvature vector fields along slant curves in Sasakian 3-manifolds, Kyungpook Math.

J. 52 (2012) 49–59.
[14] M. Markellos, V. J. Papantoniou, Biharmonic submanifolds in non-Sasakian contact metric 3-manifolds, Kodai Math. J. 34 (2011)

144–167.
[15] D. Perrone, Homogeneous contact Riemannian three-manifolds, Illinois J. Math. 13 (1997) 243–256.
[16] K. Yano, M. Kon, Structures on manifolds, Series in Pure Mathematics, 3. World Scientific Publishing Co., Singapore, 1984.


