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Abstract. This paper aims to discuss inequalities involving extension of Euclidean numerical radius. We
obtain a refinement of the inequality shown by Sattari et al. We give an improvement of the inequality
presented by Kittaneh for the numerical radius. In fact we show that if T € B(H), then

o?*(T) < %||T*T+ TT|| — inf ¢(x),

[lxll=1

2 2

+

where ¢(x) = ((‘m — (Tl %)

T = {IT"x, x)

b

1. Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space H with

inner product (-, -). For T € B(H), let w(T) = supl{Tx, x)| and ||T|| = sup||Tx||, denote the numerical radius,
llx|=1 [IxI=1
the usual operator norm of T, respectively. It is well know that w(-) is a norm on B(H), and that for all

T € B(H),

1

1Tl < o(T) < ITII (1.1)
For other results concerning the numerical radius of bounded linear operator on a Hilbert space, see [1],

(2], [10].
In [6], Kittaneh has improved (1.1) in the following manner:

1 1
leT*T +TT|| < *(T) < E||T*T +TTl. (1.2)

Let (Ty,...,T,) € B(H)™, the Euclidean numerical radius of (T4, ..., T,) is defined in [9] by

n

a(Ti, ., Tp) = sup (Y KTix, )P)?.
llxll=1 %=1
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In the following Sattari et al. [8] considered the generalized Euclidean numerical radius of a n-tuple of
bounded linear operators on a Hilbert space (H, (-, -)), as follows

n

wp(Th, .., Ty) = sup()_KTix, 0)F)7.

llxll=1 %=1

It is worth to mention here that w, : 8"(H) — [0, o) is anorm and if (T4, ..., Ty), (A1, ..., A,), (By,...,By) €
B"(H),p=1and r > 2, then

Z([B§f2(ITiI)Bi]”’ + A (T;DAIT)

i=1

1
w, (A\TiBy, ..., A, T,By) < 5 . (1.3)

In this paper we establish inequalities that refine the inequality (1.3) and second inequality in (1.2). We
also compare our result with the corresponding inequality obtained in [8]. Some applications of these
inequalities are considered as well.

2. Main Results

To prove our generalized numerical radius inequality, we need several well known lemmas. The first
lemma is known as the generalized mixed Schwartz inequality, which has been proved in [5].

Lemma 2.1. Let T € B(H), then
KTx, )P< (TP %, x TPy, ),
forall x,y € H and for all a with 0 < a < 1.

The second lemma is a simple consequence of the classical Jensen inequality concerning the convexity or
concavity of certain power function. This is a special case of Schlomilchs inequality for weighted means of
non negative real numbers. For generalization of this lemma, we refer to [3].

Lemma2.2. Fora,b>0,0<a <1,andr #0, let M,(a,b,a) = (aa” + (1 — oz)b’)% and let My(a, b, @) = a®b' %,
Then

M,(a,b,a) < M(a, b, a). r<s

The third lemma, which is called Holder-McCarthy inequality, is a well-known result that follows from the
spectral theorem for positive operators and Jensen’s inequality (see [7]).

Lemma 2.3. Let T € B(H) be positive, and let x € H be any unit vector. Then
(i) (Tx,x)" <{(T'x,x), r>1,
(ii) (T"x,x) < (Tx,x)", O<r<l.

The forth lemma is an immediate consequence of the spectral theorem for self-adjoint operators. For
generalization of this lemma, we refer to [5].

Lemma 2.4. Let T € B(H) and f and g be non-negative continuous function on [0, oo) satisfying f(t)g(t) = t. Then
KT, I < [IAATDxH g (T Dyll,
forall x,y € H.

In the following lemma proved by Kian for positive operators and r > 2 (see[4]).
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Lemma 2.5. Let T € B(H) be a positive operator, and x € H be any unit vector. Then
(Tx, x)" < (T"x, ) = (IT = (Tx, )|, x),
forr>2.

Now we are ready to state the main result of this section and generalization of inequalities.

Theorem 2.6. Let (Ty,...,T,),(A1,...,An),(By,...,By) € B(H)™ and let f, g be non-negative continuous on
[0, o0) satisfying f(t)g(t) = t, then

r—1

2

n

Y (B FAATBAT + [A;(T;DAI)

i=1

w;P(A;Tl By,...,A;T,B,) < - ||iﬂ1=fl¢(x)’

forp > 1andr > 2, where

r—1

o) =5 (Z(

i=1

(B; f(IT:NB:)” — ((B; f(ITi)B:)x, x)

o)

+ ‘(A§92(IT§ DAY = ((A;g*(IT;B:) x, x)

Proof. For every unit vector x € H, we have

Y KATBix, ) = ) KT:Bix, A}’
i=1 i=1
< Y IFATDBIPlg(T;) Al (by Lemma 2.4)
i=1
= Y (B FAITHBix, )5 (A (T DA, )
i=1

< Y (B FATIBY x,0) (A (TIDA) x, 1) (by Lemma 2.3)
i=1

= Z (%((B§f2(|Ti|)Bi)”x, xX) + (AT(T DA x, x)))

i=1
(by arithmetic-geometric mean inequality)
= (%«B;fz(ml)Bi)pxr 0"+ (AP (TDAY x, x}r))7 (by Lemma 2.2)
i=1
1l r
=) [(<(B?f “(TiDB:)"x, x> - < (B:fATBY — ((B; fA(T)B)x, x)| x, x>)

)

(i amnams ) - (aampay - caidmays
(by Lemma 2.5)
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)" (<((B;f2(|Ti|)Bi)w + (A§gz(|T;|)Al.)w)x, x>

i=1

— (B PATDBY - (B 2TBY % 0] 3, 7)

1

:(E

1

~(JAiamnay - Ay, s x})

n

7 Y (@ aBy? + AP (TDAYT) %)

ﬁl»—\

1
E i=1
~((jB: £aTbBY - (B faTBY 0|
+ (| 2T DAY = (AT DAY, 0 )z, x))
U
<n" T (X (@B + aigman? <)
(X

i=1

(B; fA(TiDB)” — (B f(TiB:)x, x)

1

Jeoll

(by the concavity of the f(t) = t'/").

+ |(ATP(TDAN = ((Aig*(T;1)B)Px, x)

Thus
ZI(A;‘TiB,-x,xW’J <Y (BB + ATy )
i=1 2 i=1
-1, M r
-t L mremnsy - e amays
[ APTDAY — (AITDBY %)
=1, "
< 2 (B12ATDBY” + (AiP(TIDAY? . ) - inf 9(x),
where

n'- 1

P(x) =

(G

+](A:g (TDAY — (A P(TDBY x, )

Remark 2.7. In Theorem 2.6, Hlll’llf ¢(x) = 0 if and only if

oo

)x,x>.

Now the result following by taking the supremum over all unit vector in H.

0e() W(‘(B:ﬁuTiDBi)p —(B:TBYx,x)| +
i=1

’(A;92(|T; DAY = (A7 (T DA X, x)| ).

4522
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An important special case of Theorem 2.6, which leads to sharper of inequality (1.3) for ¢(x) > 0. Choosing
A; = B; =1 we get.

Corollary 2.8. Let (Ty,...,T,) € B(H)™ and let f, g be non-negative continuous on [0, o) satisfying f(t)g(t) = t
forallt € [0, 0). Then

n

Y (P + 2| - inf o,

=1
— e

nrfl

a);p(Tl,...,T,,) < >

forp >1andr > 2, where

-1, "

o) = ()

i=1

+1g%(T;]) + (g% (T;D)x, x)

FATH) = (P (Ti)x, x)

o).

Corollary 2.9. Let T € B(H), then

WX (T) < 1||T*T +TT*|| - inf ¢(x),
2 lIx=1
where
2

+ 1T = (|T"Ix, x)

o).

Proof. The result follows by letting Ty = T and f(t) = g(t) = t2,7r =2,p =1, n = 1 in Corollary 2.8. [

$(x) = ((‘m (T %)

Remark 2.10. Corollary 2.9 gives a sharper inequality than (1.2).
Corollary 2.11. Let (Ty,...,Ty), (A1, ..., An), (B1,...,By) € B(H)™. Then
r—1

2

n

Zn: ((BilTilBi)r” + (A§|T;.‘|Ai)”’)H — inf ¢(x),

x|[=1
~ el

W, (A\TiBy, ..., A, TuBy) <

forp > 1andr > 2, where
i
0= <Z (
i=1
Corollary 2.12. Let (Ay,...,A,), (B, ...,By) € B(H)™. Then
Y (i +147)| - inf o0,

=1
— [

o).

+ ’(A§IT§ 1A — (A7 1A x, x)

(BITilB;)” — {(B;|Ti|B)"x, x)

nr—l

w, (A}By, ..., A;By,) <

forp = 1andr > 2, where

r—1

b =5 (Z(

i=1

IBi”? — (|Bilx, x)

o).

" ‘|Az-|zﬂ (AP x)

Theorem 2.13. Let (T, ..., T,) € B(H)™. Then

y (1P + |T:|2<1-“>)pH - inf 6(x),

=1
~ e

1
Wh(Ty, ..., Ty) < >

for0<a <1, andp > 2, where

n

=35,

i=1

P
TP+ T, PO — (TP + T, P, )| x, x>.
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Proof. By using the arithmetic- geometric mean for any unit vector x € H. We have

n n
Y KT xp < Y (AT TP, 08 (by Lemma 2.1)
i=1 i=1

n

1 2(1— P
< 5 2 (AP, ) + AT PO, )
i=1

P
= 3 D (TP + TP x)

i=

=

| —_

n

(e s ey, x)
i=1

| —

<
n

(X

i=1

TP+ T, PO — (TP + 1T P, x)

)

(by Lemma 2.5)

21<Z(|T P [ pa-ayy, x>_ inf (),

where

P(x) = 2p< px,x>,

now the result following by taking the supremum over all unit vector in H. O

TP+ T, PO — (TP + 1T P, x)

Corollary 2.14. Let T = C +iD be the Cartesian decomposition of T, then
1 2 2
WA(T) < Z‘ (|C|2“ + |C|2(1‘“)) + (|D|2“ + |D|2(1‘“)) ” - inf 9(x),

for 0 < a <1, where

P2 + IDPA= — (IDP* + |DPA-)x, x)

2
)x, x>.
Proof. We observe that if T = C +iD is the Cartesian decomposition of T, then w3(C, D) = w*(T). By choosing n = 2

p=2,T1 =Cand T, = D in Theorem 2.13, we conclude that the desired inequality. [

2
(x) = —(( ICP + |CPA) — ((CP* + [CP)x, x)
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