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Abstract. In this paper, we obtain some Berezin number inequalities based on the definition of Berezin
symbol. Among other inequalities, we show that if A, B be positive definite operators in B(H), and A#B is
the geometric mean of them, then

A% + B?

ber’(AfB) < ber( ) - % inf C(ky),

where C(lAcA) =((A- B)IACA,IA{A )2, and k, is the normalized reproducing kernel of the space H for A belong to
some set ().

1. Introduction and preliminaries

Let B(H) stand for C*-algebra of all bounded linear operators on a complex Hilbert space H with inner
product (-, -). An operator A € B(H) is called positive semi-definite and write A > 0 if (Ax,x) > 0 for all
x € H. Also, it is called positive definite if A > 0. The numerical range and numerical radius of A € B(H)
are defined by

W(A) = {(Ax,x) : x € H,||x|]| = 1} and w(A) := sup{|A| : A € W(A)},

respectively. It is well-known that w(-) defines a norm on B(H), which is equivalent to the usual operator
norm ||.||. In fact, %IIAII < w(A) < ||All, for any A € B(H). A functional Hilbert space is the Hilbert space
of complex-valued functions on some set Q) such that the evaluation functional ,(f) = f(A1),A € Q, are
continuous on H. Then by the Riesz representation theorem for each A € Q there exists a unique function
ky € H such that f(A) = (f,k;) for all f € H. The family {k; : A € QO} is called the reproducing kernel of the
space H. For A a bounded linear operator on H, the Berezin symbol of A is the function A on Q defined by

A(A) = (Aka(2), ka(2)),
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where ky := Hllz_jl is the normalized reproducing kernel of the space H [8, 9, 13].
Berezin set and Berezin number of operator A are defined respectively by

Ber(A) := {A(A): A € Q} and ber(A) := sup{|A(A)| : A € Q).

It is clear that the Berezin symbol A is the bounded function on Q whose value lies in the numerical range
of the operator A and hence for any A € B(H),

Ber(A) C W(A) and ber(A) < w(A).

We remark that this numerical characteristic of operator deserve large investigations. We refer the reader
to[2, 3,5, 6,8-13, 18, 19] as a sample of recent work in this literature.
The Berezin number of an operator A satisfies the following properties:

(i) ber(aA) = |a|berA, for all a € C,
(ii) ber(A + B) < ber(A) + ber(B).

For two positive definite operators A, B € B(H), define Al:B to be
AYB = AH(ATIBATH) A}

with t € R, which is a positive definite operator in B(H). When 0 < t < 1, the operator A#;B is called the
t — weighted geometric mean of A and B. In particular, for t = 1, the operator A§B := Af 1B is called the

geometric mean of A and B. If AB = BA, then Af;,B = A'"'B".
In this paper we obtain some upper bounds for the Berezin number of the geometric mean of A and B, and
in the sequel, we establish some inequalities involving generalization of Berezin number inequalities.

2. Main results

To prove our Berezin number inequalities, we need the following well-known results.
Fora,b > 0and 0 < v < 1, the Young’'s inequality says that

'™ <va+ (1-v)b. (1)
Recently Kittaneh and Manasrah in [15] refined inequality (1) as following
a'b"™ + ro(vVa — Vo) <va + (1 —v)b, )

where 7y = min{v, 1 — v}.
Furthermore, in [1] they generalized inequality (2) in the following form.

@)™ + 1@z —b2)* < (va+ (1-v)b)", (3)

form=1,2,3,---.
From the spectral theorem for positive operators and Jensen’s inequality we have:

Lemma 2.1. [14] Let A be a positive operator in B(H) and let x € H be any unit vector. Then

(a) (Ax,x)" < (A"x,x) forr > 1,
(b) (A'x,x) < (Ax,x) for0 <r < 1.

Dragomir in [4] obtained an useful extension for four operators of the Schwarz inequality as following.

Theorem 2.2. Let A, B,C,D € B(H). Then for x, y € H we have the inequality

[{DCBAx, y)I> < (A*|B*Ax, x)XD|C** D"y, y). 4)
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From now on, our means of rp and Ry are min{v, 1 — v} and max{v, 1 — v}, respectively.
Now we are in a position to present our first result.

Theorem 2.3. Let A, B, X € B(H) such that A,B > 0and v € [0,1]. Then forallr > 2m(m =1,2,3,---),anda > 0

ber'((A#,B)X) < ber (V(X'AX)=7 + (1 — v)(AfhoB) 0 ) — 1l inf C(k2), (5)

where C(ky) = ((XAX) Ry, k) E — (At B) Sk, R) T )
Proof. Let k) be the normalized reproducing kernel of H(Q), then
((A8B)Xky k)l = KAZ(ATIBAT) ALKy, ko)l
By Theorem 2.2
< (X*AXky, k)i (AT (ATZBA Y ATk, k)
= (X AXky, k) 5 (AfauB)lr, k1) 57 )”
< ((X°AX)Fky, ka)(Af2eB) k1, k1)) . By Lemma 2.1(a)
Now, by refinement of Young's inequality (3) we have
(«CcAX) Tk, ka)(AaB) Tk )
< (WX AX) Ty, k)Y + (= v)(AaeB) Sk, ) )
— (X AX) B R, k) F — (At B) TRy, k) 5)
< (WX AX) Tk ) + (1= v)(AaaB) T, )
A ((CAX) Bk, k) E - (AtuB) Tk, k)T) By Lemma 2.1 (b)
= (VX AX)F + (1 - v)( At B) T ) Ky, )"
7 (X AX) B R, k) F — (AbaaB) TRy, k) T)
< ber (v(X'AX)%7 + (1 - v)(AtpaB) 77 )
(X AX) B R, ka)F — (AbauB) Tk, k) T)
Now, by taking supremum over A € (), we get the desired inequality. [
choosing m = 1 in the proof of Theorem 2.3 we have:

Corollary 2.4. Let A, B, X € B(H) such that A,B > 0 and v € [0,1]. Then for all r > 2Ry

ber'(A#aB)X) < ber (v(X"AX)¥ + (1 - v)(AH2B) ™7 ) = ro inf T(ky), (6)

where C(ky) = (X" AX)ky, k) F = (AfaB)ka, Ky )12,

By letting a = % and m = 1 in the proof of Theorem 2.3, since A§B = B§A we obtain the following corollary

which was proved earlier in [17] for the numerical radius in (p, g)—version.

Corollary 2.5. Let A, B, X € B(H) such that A,B > 0 and v € [0,1]. Then for all r > 2Ry

ber (A#B)X) < ber (vAZ + (1 - v)(X'BX)T ) - 1o inf k), )

where C(ky) = (Aky, k)& — (X*BXky, ky)y @ 2.
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Remark 2.6. Note that, ifweset X =1,r =2andv = % in (7), then we have

— - inf C(]A{A)/ (8)

A2+B%) 1
2
ber (A#B) < ber( ) 5 inf

where C(lAcA) =((A- B)I%A, k)2 Actually, (8) is an operator Berezin number version for arithmetic-geometric mean.

The next result reads as follows.

Theorem 2.7. Let A, B be positive definite operators in B(H) and v € [0,1]. Then for a € [0,1] and all ¥ > Ro/a

ber'(Af,B) < ber (vA“'T"” (- v)B%) - 1o inf C(ky), ©)

a

where C(ky) = ((Aky, ki) =" — (Bky, k) 7592

Proof. 1f ky is the normalized reproducing kernel of H(Q), then

(AfaB)kn, k1) = (AR (AEBATEY Alky, kY
= ((A2BA™?) A%k, Atk
< |A2 Ky 297 (A2 BA™%)A%ky, Ak ) By Lemma 2.1(b)
= (Arky, A1k ) (A"2BA 1) Azky, Atk )
= (Aky, k) (Bky, k)

(1-a)r

<wAky, kyy 7 + (1 = v)(Bky, k)

—a)r ~ ~ ar 2
-1 ((Ai%,\, IAcA>(12v) —(Bk,, kA)W) By Inequality(2)
< WA k) + (1= )BTk k)
1-a)r A A ar 2
— 79 ((Ak/\,k/\)( i (Bk,\,k,om) By Lemma 2.1(a)

- <(VA S - v)B%)b,w

(1-a)r

2
1 (<qu,ch> _ <Bf<A,ch>ﬁ)

< ber(vA(l%fW +(1- V)B%)
Ao (o) Ao _ar 2
= o (¢AR ) 5 — (B, ) 5E)
Now, by taking supremum over A € Q), we get the inequality. [J

Remark 2.8. [fweputa =3,r=2and v = 1 in (9), we get the inequality in (8).

Finally, we end this section by the following results.

Theorem 2.9. Let A, B € B(H) be positive definite operators and « € [0, 1], then
ber(Af#,B) < ber' “(A)ber*(B).

In particular,

ber(A#B) < v/ber(A)ber(B).
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Proof. let k) be the normalized reproducing kernel of H(Q), then

(AfaB)ky, k) = (AT(AIBA™) Atk k)
= (ABAH) Atk Azky)
< ((A:BA™1)Azky, A2k Y(Azky, A2k, )T
= (Aky, k)™ - (Bky, k)

1

Now, by taking supremum over A € ), we get the first inequality. In particular, for a« = 5 we obtain the

second one. [

Corollary 2.10. Let A, B € B(H) be positive definite operators which commute with each other and a € [0, 1], then
ber(A'"*B%) < ber'"*(A)ber”*(B).

In particular, if a = %, then

ber( VAB) < +/ber(A)ber(B).

3. Additional results

To prove our results in this section, the following basic lemmas are also required.

Lemma 3.1. [14] Let A be an operator in B(H), and f, g be nonnegative functions on [0, co) which are continuous
and satisfy the relation f(t)g(t) =t for all t € [0, 00). Then for all x,y in H,

KAx, I < I £(1ADlllg(A DY (10)

Lemma 3.2. [16] Let a; be a positive real number (i = 1,2,...,n). Then
n r n
[Z u,-] <Y la Wr1 (11)
i=1 i=1

The following result is proved in [16], for the numerical radius. We bring the proof here with a slight
difference for the convenience of readers.

Theorem 3.3. Let A;,B;, X; € B(H) (1 =1,2,...,n),and let f and g be nonnegative continuous functions on [0, o)
which satisfy the relation f(t)g(t) =t for all t € [0, 00). Then

ber’ [Z AXB;

i=1

-1
nr
ber

<
2

Y (AP UXDAT + [B; F(Xi)BT) (12)
i=1

forallr > 1.
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Proof. If ky is the normalized reproducing kernel of H(Q), then

n
Z AXB;
i=1

= ) (AXiBika, k)
i=1

r

IA

n r
Z [(A;X;Bik), le)I]
p

= Z [(X;Biky, Aikn)l
i1

r

n
<| Y (PUXiDB, B GA(X; DAL, Ak | By (3.1)

i=1

IA

n
n'! Z(B;fquil)Bif(/\/ k)2 (AP (X DAk, ka): By (3.2)
p

<n Y (BB K k) ((A:2(X;DAY Ky k)’ By Lemma2.1
i=1
< nr; Y (B £24xiDBI K, k) + (1A (X DAT R, A)) By (1)
i=1
n

-1 | 2
5 < (1B POXDBA" + [A;g2(|xz|)Ai]’)i%A,l%A>
i=1

nr—l

5 ber (;([A;gqu;fDA,-]f +[B; f2(|Xz-|)Bi]’)]

IA

Now, by taking supremum over A € (), we get the desired inequality. [

If we take f(t) = t* and g(t) = '™, a € (0, 1), in inequality (12), we get the following inequality.

Corollary 3.4. Let A;,B;, X; € BH) (i=1,2,...,n)and 0 < o < 1. Then

i AXB;

i=1

nr—l
b
2 er

ber <

Y QAT OAT + (BB i]r)J "
i=1

forr>1.
Inequality (13) includes some special cases as follows.

Corollary 3.5. Let A, B, X € B(H). Then

(i) ber'(A) < lber(|Al" +|A*) Vr>1,
(ii) ber(A*B) < iber(A"A + BB),
(iii) ber(A*XB) < 1ber(A*|X*|A + B*|X|B).

Now, we want to generalize inequality (12) in the following form.
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Theorem 3.6. Let A;,B;, X; € B(H) (i =1,2,...,n), and let f and g be nonnegative functions on [0, co) which are
continuous and satisfy the relation f(t)g(t) =t for all t € [0, 00). Then for v € [0,1] and r > 2Rg

Zn“ AXB;

i=1

n
r

< nr—lber[z v(B; f(XDB)F + (1= )(A;g*(XDA) T |. 14)

i=1

ber”

Proof. let k; be the normalized reproducing kernel of H(Q), then

n
Y AXB;
i=1

r

r

= Z(A:XiBiff/\/ k)
P

IA

Y KAiXiBiky, fcm]
i=1

=) KXiBiky, Akl
i=1

r

< | Y (PUXDBiky, Bk (P (IX; Ak, )

i=1

By (3.1)

n

Ty (BIfZ(IXiI)Bich,ch)% <A§g2(|Xj|)A,-IA<A,IQA>% By (3.2)

i=1

IA

By Inequality (1) and Lemma 2.1

w7 Y (v (B PAXDB) Tk, ) + (1= ) (AP (X DA) Tk, k)

i=1

IA

=n! <Z (v(B; f2IXiBy)% + (1 - v)(A;gX(IX; I)Ai)z“y”)’%w’%/‘>

i=1

i=1

<n'"'ber [Z (VB; F2UXiDBYF + (1 = v)(A; (X, )A) T )]
Now, the result follows by taking the supremum over A € Q3. [J

By letting A; =B; =1(i=1,2,...,n),and f(t) = t* and g(t) = t=¢ @ €(0,1),in inequality (14), we obtain the
following inequalities.

Corollary 3.7. Let X; € BH) (i=1,2,...,n)and 0 < a < 1. Then forv € [0,1] and r > Roar

ber’ [Z Xi] <n'"'ber [2 VXY + (1 - v)IXﬂr(l]f)]. (15)

i=1 i=1

In particular, if X1 = Xo = -+ = X, = X, then

(1-a)r

ber (X) < ber (v|X|% + - )x|

) ’ (16)
As special cases of (14), (15) and (16), we present the following inequalities.

(i) ber’ (A) < ber (V|A|i +(1- v)|A*|2<1+v)),

(i) ber'(A"B) < ber (vBI* + (1 - v)IA|™),

(111) berr(A*XB) < ber (V(B*leB)ﬁ + (1 _ V)(A*|X*|A) 2(1r,v) ) .
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