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Abstract. We introduce the notion of ideally relative uniform convergence of sequences of real valued
functions. We then apply this notion to prove Korovkin-type approximation theorem, and then construct an
illustrative example by taking (p, 7)-Bernstein operators which proves that our Korovkin theorem is stronger
than its classical version as well as statistical relative uniform convergence. The rate of ideal relatively
uniform convergence of positive linear operators by means of modulus of continuity is calculated. Finally,
the Voronovskaya-type approximation theorem is also investigated.

1. Introduction and preliminaries

Moore [36] was the first who introduced the notion of relative uniform convergence of sequence of
functions. Thereafter, Chittenden [13, 14] studied this notion (which is equivalent to Moore’s definition) as
follows: A sequence of function (g,), defined on | = [a, b] converges relatively uniformly to a limit function
g if there is a function y(t), called a scale function such that for every ¢ > 0 there exists an integer m = m(¢)
such that

|7.(t) — g(t)] < ely(t)] uniformlyinton J, Vn > m.

Based on this definition, Demirci and Orhan [15] and Dirik and Sahin [16] introduced the concept of
statistical relatively uniform convergence and statistical relatively equal convergence, respectively, and the
authors of both the papers used their notions of convergence to prove approximation results.

The asymptotic density or density of a subset U of IN, denoted by 6(U), is given by

S(U) = Tim <[k <n : ke U},

n—oo 11

if this limit exists, where |{k < n : k € U}| denotes the cardinality of the set {k < n : k € U}. With the help of
asymptotic density, Fast [19] introduced the notion of statistical convergence as follows: A sequence x = (x,)
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is said to be statistically convergent to ¢ if for every ¢ > 0, the set {n € IN : |x,, — £| > ¢} has density zero. For
more details on these type of convergence and their application, we refer to [8, 10, 23-25, 31, 33, 34, 38, 48].

The notion of ideal convergence is the dual (equivalent) to the notion of filter convergence which was
introduced by Cartan [12]. The filter convergence is a generalization of the classical notion of convergence
of sequence and it has been an important tool in general topology and functional analysis. Kostyrko et al.,
[29] and Nuray and Ruckle [41] independently discussed about the ideal convergence which is based on the
structure of the admissible ideal I of subsets of natural numbers IN (a similar notion was given by Katétov
[26]). It was further investigated by many authors, e.g. Salat et al. [43], Mursaleen and Mohiuddine [39],
Hazarika and Mohiuddine [35] and references therein.

A non empty class J of power sets of a non empty set X is called an ideal on X if and only if (i) ¢ € 1 (ii) I
is additive under union (iii) A € 7 and B € A, then B € 7. Anideal 1 is called non trivial if I # ¢ and X ¢ 1.
A non-empty family ¥ of power sets of X is called a filter on X if and only if (i) ¢ ¢ F (ii) ¥ is additive
under intersection (iii) for each U € ¥ and V O U, implies V € ¥. A non-trivial ideal 1 is said to be (i) an
admissible ideal on X if and only if it contains all singletons (ii) maximal, if there cannot exists any non-trivial
ideal K # I containing J as a subset (iii) is said to be a translation invariant ideal if {n +1 : n € U} € I, for
any U € 1. We consider the ideals are proper (# P(IN)) and contain all finite sets. We denote Fin for set of
ideals which consists of all finite sets.

We recall that a real sequence x = (xy) is called ideal convergent (in short J-convergent) to the number [
(denoted by 7-lim x; =[) if for every ¢ > 0, theset {k € IN : |[xy — I| > e} isin 1.

Katétov [27] gave a generalization of this notion by assuming sequences of functions into his account
as follows: A sequence gy : (Y, p1) = (Y, p2) of functions ((Y, p1) and (Y, p2) are metric spaces) is said to be
uniform 7-convergent to g if

yeYy

(Ve >0) {k € N : sup p> (g(y) — 9(y)) > e} €el.

The statistical convergence and ideal convergence for sequences of functions in metric space were studied
by Balcerzak et al. [7] while the idea of 7-uniformly convergent sequence (gx) of real-valued functions was
discussed by Filipéw and Staniszewski [20].

2. Ideal relatively uniform convergence

We assume that C(J) (J = [a, b]) denotes the space of all continuous real-valued functions defined on a
compact subset | of real numbers and is also a Banach space. For g € C(J), one obtains

llgllcgy = sup lg(y)l.
veJ

We are now introducing the notion of ideal relatively uniform convergence of sequences of real-valued
functions as follows:

Definition 2.1. Let I be an admissible ideal of IN. A sequence (gi) of real valued functions defined on | C R, is
said to be ideally relative uniform convergent to a function g on |, if there is a function y(t), called a scale function
[y(H)| > 0, such that for every € > 0,

get) 90| g} o

y(t)

te]

{keIN:sup

vy
We write (k) LN gon J. We denote by I, the set of all ideally relative uniform convergent sequences.

Note that if we take 7 = Fin, then we obtain the usual notions of relatively uniform convergence due
to Chittenden [13, 14]. Also, if I = Is = {B € IN : 06(B) = 0} then Definition 2.1 reduces to statistically
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relative uniform convergence which was given by Demirci and Orhan [15]. Since ideal 7 is admissible, the
convergence in Definition 2.1 is implied by the classical uniform convergence

Yy

(gx) — g (in classical sense of uniform convergence) = (gx) LN g. (1)

But the converse of implication (1) is not true in general. In order to prove this assertion, we construct the
following example.

Example 2.2. We define hy : [0,1] = R by

_kt
m@={6Wﬂ g28

Then we have (hy) L4, 1 = 0 relative to the scale function [15] defined by

1
o={1 ez

But (hy) is not uniformly convergent to h = 0 on [0, 1].

3. Korovkin-type approximation theorem via ideal relatively uniform convergence

For any sequence (T) of positive linear operators on C(J), Korovkin [28] was the first who investigated
the sufficient conditions for the uniform convergence of a sequence Ti(g) (k € IN) to a function g by
considering the test function e; which is defined by e;(s) = s’, where i = 0,1,2. The Korovkin result, in
statistical sense, firstly was proved in [21]. By considering various convergence methods, Korovkin-type
approximation theorem studied by many researchers (for example see [3, 5, 6, 9, 11, 18, 30, 42, 44-46, 49]).

Theorem 3.1. Suppose that Ty : C(J) — C(]) is a sequence of positive linear operators. Then, for any function
g€,

Ti(g: D) =5 g(t) @)
if and only if
Tilej;t) 25 ei(t) 3)

where
ei(s) =5 and () = maxily;(®)] : ly; ()] > 0} (j=0,1,2).

Proof. Since each of the functions ¢; (j = 0,1,2) belongs to C(J), then condition (3) follows immediately
from (2). In order to prove the converse part, suppose that (3) holds. By the continuity of g on ], we have
lg(t)] < M, where M = sup,, / |g(t)I. Therefore, we find that |g(s) — g(f)| < 2M. Also, since g is continuous on J,
for every e > 0 there exists 0 > 0 such that |g(s) — g(t)| < e whenever |s — | < 6 for all t € ]. We thus find that

96) = 9001 < € + 2,

or,

2

—e- 6—]\24;1(5) <g(s)—gt)<e+ 26—1\24p(s). 4)
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where u(s) = (s — )% Since Ti(g; t) is monotone and linear, we obtain by operating Ti(eo; t) in (4) that

Tieo:) (e = 22009) < Teo: 0g06) — g0 < Tueor ) e + 205

Here t is fixed and so g(t) is a constant number. Therefore

—eTy(eo; t) — %/ITk([J(S); t) < Ti(g;t) — g(t)Ti(eo; t) < eTi(eo; t) + 2]\/ITk(!J(S), t)

and

Ti(g;£) = g()) = Ti(g; 1) = 9()Tileo; £) + g(D){Tileo; ) — eo}-
It follows from (6) and (7) that

Ti(g;t) — g(t) < €Ti(eo; t) + M Tk(y, ) + g(t){Tk(eo; t) — eo}.

We see that

Ti(u; 1) = {Ti(e; £) = ea(t)} = 2H{Ti(er; 1) — ea(D)) + £{Ti(eo; ) — eo(H)}.
Employing (9) in the earlier inequality (8), we obtain

Tg: - g(H) < eTileo;t) + %A[{Tk(ez; ) = ex(t)} — 2{Ti(er; ) — e1 (1))

+£{Ti(eo; t) — eo(H)]] + (N Ti(eo; 1) — eo(t)}

= e elTulewst) = eo() + | [Teles; ) = ea(8) = 2Ty (o)~ x(0)

+8{Ti(eo; £) — eo(D)]] + g1} Ticeo; ) — eo(t)).

which gives

IA

2M
(@)= gl < e+ (e+ M+ =leallcg ) ITelews ) — eo(t)

4M 2M
+6—2||€1||C(])|Tk(€1; t) —ei(t) + §|Tk(€2,‘ t) —ex(t)l

< e+ L[Tk(eo; t) — eo(H)l + ITk(er; t) — ea (Bl + [Ti(ea; t) — ea(B)l],
where
2M

L=e+M+ ? {”Ez”c(]) + 2”31”C(]) + 1} .

We thus have
Ti(g; t) — g(t)‘ sup & L[ up Ti(eo; t) — Eo(t)‘ Ti(e1;t) — e(t)
te] (t) te] 7/( ) te] VO(t) te] Vl(t)
su Ti(e2; 1) = ex(t) }
te] Vz(f)

For a given g > 0, choose ¢ > 0 such that ¢, = sup,; G < 4. Then, upon setting

_ . Tk(!]: g(t)
_{keIN.stl:}) —(t) ' }

4552

(10)
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Ho={keIN:su
: { P 00 3M

te]

Ty(eo; t) — 6’0(1‘)‘ > q- 51}

Hi ={keN:sup
te]

Ti(er;t) - 6’10‘)‘ Si-&a
y1() - 3M

and

HZ:{kGIN:sup

te]

Ti(ep; t) — €2(t)‘ Si-&a
Y2(t) - 3M

2 2

We thus have H C |J H;. It follows from our assumption (3) that H; € I for j = 0,1,2, thatis, | J Hjisin 1.
j=0 j=0

Consequently, from the definition of ideal, we have H € 7. Hence, the proof is complete. [

We are now going to construct an example in support of our Theorem 3.1 with the help of (p, g)-Bernstein
operators which were constructed by Mursaleen et al. [37]. For recent work on quantum and post-quantum
calculus and related operators, one may refer to [1, 2, 4, 32, 40, 47]

Example 3.2. Assume that | = [0,1]. For any given k € IN, let us consider the (p, q)-Bernstein operators as

[pk—n [n]p,q

o ] (t€[0,1]),

k
Bk,p,q(g/' t) = Z Bk,n,p,q(t) g

n=0

where0 < q<p <1land

k no=)kkD) konzl s s
Brnpa(t) = p- 0t H ¥ —q1).
pAa s=0

n

Recall, as in [22], that [k], 4 denotes a (p, q)-integer, defined as

O<g<p<l)
and the (p, q)-binomial coefficient | ,’; ]pq is defined by

klyq!
[k} L VA S
nl,.  [k=nlglnlp,!
where (p, q)-factorial [k, 4! is given by

klpq! = [11,4'12),4! - - - [Klpg! for k=1 and [0],,! = 1.

Let T be an admissible ideal of IN. Suppose that p = (px) and q = (qi) such that g € (0,1), px € (qx, 1], and also
k=L ag—1,pf —a, qf — bask — oo (a #b). We are now defining the sequence of positive linear operator Py
on C[0,1] by

Pi(@:t) = A+ )Bipa(9:1) (g € CIO,1]), (11)
where the sequence (hi(t)) of functions as defined in Example 2.2. We thus find that

Prleo; ) = (L + h(t)eo(t), Prler;t) = (1 + hi(t)) ex(t)
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and
Prest) = (L[ Fer(ty+ BT
e; = + e1(t) + e
e ¢ [k]r’wk ! [k]Pwk 2
k-1 k-1 k
P Py 9k — 9 ex(t)
= (1+ h(t e1(t) +
(1 + h(t)) ©n 1(t) —, [k]pk,qk)
pt pet
= (1+ =h(t e1(t) — er(t) +ex(t)].
(14| g—er() = gg—et) + ex )]
It is easy to see that
ret pt
K o) 50 and —L—e)(t) >0 (t€[0,1]).
[k]pk,qk [k]]ﬂkﬂk

Since
) 25 h=0

for the sequence (hy) of functions and scale function y(t) as defined in Example 2.2, and together with our assumption
that 1 is an admissible ideal of IN and so ideal relatively uniform convergence is implied by the uniform (usual)
convergence, we thus obtain

7 ,
Prlej;t) — ei(t) (j=0,1,2).
We therefore obtain by Theorem 3.1 that

Pugit) 25 g(t) (Vg € C[0,1] and ¢ € [0, 1]).

Moreover, since (hy) is not ideally (or classical) uniform convergent to the function h = 0 on [0, 1], we can say that
our Theorem 3.1 is a non-trivial generalizations of the classical and ideal cases of the Korovkin results discussed in
[17] and [28], respectively. For

T=TIs={BCN:5B)=0},

I's is a non-trivial admissible ideal of IN, then Theorem 3.1 reduced to statistical relative uniform version of Korovkin
result obtained in [15].

4. Rate of ideal relatively uniform convergence

Using the concept of modulus of continuity, we investigate the rate of ideal relatively uniform conver-
gence of a sequence of positive linear operators defined on C(J). We first recall the modulus of continuity
of a function g € C(]) is defined by

w(g,0) = sup |g(s) = g(B)l (6> 0).

|[s—t|<6,s,t€]
We introduce the following definition in order to compute the rate of ideal relatively uniform convergence.

Definition 4.1. Let 1 be an admissible ideal of IN. A sequence (gx) of functions is said to be ideally relative uniform
convergent to g on | with the rate v € (0,1) if there exists a scale function y(t), [y(t)| > 0, such that for every € > 0,
we have

gi(B)=g(t)

r#)
keIN:sup >ereld.
k1-v
te]
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Here, in this case, we write
gr—g=1,"-0(k™)on].

Lemma 4.2. Let I be an admissible ideal of IN, and let (gi) and (hy) are two sequence of functions defined on C(J).
Suppose also that

gi—g =1k on] (12)
and

he —h=1I,"-0(k™")on] (13)
Let v = min{vy, vp} and y(t) = max{ly;(t)| : lyi(f)| > 0}, i = 1, 2. Then each of the following statements holds true:

(i) (gx £ h) = (g £h) = I, -0o(k™) on J;

(i) (Mgx —g)) = I,)"-0(k™") on | for any scalar A;
(iii) (gx — 9)(h = h) = I;,"°-0(k™), where yo(t) = y1(£)ya(t) on |
(iv) +lgx =gl = I, -o(k™) on ]

Proof. Suppose that gy — g = I,/*-0o(k™*) and hy — h = I,*-0(k™"2) on ]. In order to prove (i), we define the
following sets for every ¢ > 0and t € J:

y(t)

(geth) () —(g£h)(#)
A(t,e):{kEIN:sup > },

re] klfv

get)—g(t)
y1(t) &
Ai(t,e) =qke N :sup 2=
te] k1-v 2

and

hi(t)=h(t)
y2(t)

&
— . > —
Az(t, e) {k e N S;.el}) EE }

where y(t) = max{ly:(t)| : [yi(t)] > 0} (i = 1,2). Clearly, we have A(t,€) C Ai(t,€) U As(t,€). Since v =
min{vy,v,}, then we obtain

A(t,€) C By(t,€) U Ba(t, ) (14)
where
gk(t)—g(t)’
By(t,e) = ke N :sup 0 15 &
1t : te]p o =2

and

hk(t)?})l(t)

Yal(t &

By(t,e) ={k e IN: > -3,
2(t,€) { St‘g’ - 2}



S. A. Mohiuddine et al. / Filomat 33:14 (2019), 4549-4560 4556

By our assumptions (12) and (13), we find that the right-hand side of the inequality (14) is in 7 and
consequently, from the definition of ideal, we have

(gl (D—(g£h)()

y(6)
ke N:sup ——————
reJ k1-v

>¢eveld,

which completes the proof of statement (i). The proof of the other statements of lemma follows in a similar
way. O

Theorem 4.3. Let 1 be an admissible ideal of IN. Suppose that Ty : C(J) — C(]) is a sequence of positive linear
operators. Suppose also that

(i) Ti(eo;t) —eo = I -0(k™™).
(ii) w(g,dr) = I,)*-0(k™"2), where 5 (t) = VTk(u?; t) with u(s) = (s — t).
Then
T(g;:t)—g =1 -ok™) on] (Vg€ C()) (15)
where
v =min{vy, v} and y(t) = max{ly;(t) : lyi(t) > 0} (i = 1,2).
Proof. Let g € C(J) and t € J. Since (T¢) (k € IN) ia linear and monotone, we can write
IT(g; 1) =g < Tillg(s) — g(®)l; £) + 19D Ti(eo; £) — eo ()]
Ty ((1 + |y§fs)|) w(g,0); t) + C|T(eo; t) — eo(?)]

, 0
Y00 s + Tt~ o,

where C = ||g||. It follows from Cauchy-Schwarz inequality that

Tr(IpuG); 1) < Te(p?(s); ) v Tx(eos 1)

We therefore find that
w(g,o
ITi(g; 1) — ()| < w(g, 6)Tk(eo; t) + (% ) \ Te(p?; £) \Ti(eo; ) + ClTi(eo; ) — eo(t)]-

If we take

6 1= 0p(t) = | Te(u? 1)

in the last inequality, we obtain
ITk(g; 1) = g(B)] < w(g, 6K) Tk(eo; 1) + w(g, Ok) VTr(eo; £) + ClTi(eo; £) — eo(£)l
which yields
ITeg;t) = 9O < (g, 6) {ITileo; ) — eo(t)] + 2e0(t) + VTeleo; D) — eo(B)} + ClTileos t) — eo(t)]
Therefore, we have
Ti(g:t) —9®) ‘ < C

w(g,0)Tr(eo; t) +

[Tk (eo; t) — eo(t)l ‘ ’ w(g, Ok)
- N 0

BT g 1 ) "o 120
(g, 0k) | Ti(eo; t) — eo(t) w(g,0r) || Tr(eo; £) — eo(t)
TSP L0l [T i) '”32] 20 0] ’ (16)

Employing our hypotheses (i) and (ii) together with Lemma 4.2 in the last inequality (16) gives us (15). The
proof of the theorem is thus completed. O
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5. Voronovskaya-type approximation theorem

We obtain a Voronovskaya-type approximation theorem by taking our positive linear operator Pi(g; t)
defined by (11) through ideal relatively uniform convergence. Before proceeding further, let us prove
following lemma which will be used to prove our next approximation result.

Lemma 5.1. Let I be an admissible ideal of IN. Assume that the following assumptions hold:

(C1) Let p = (pi) and q = (qi) satisfy qi € (0,1), px € (qe, L with pe = 1, g — 1, pk — a,qF — bask — oo, where
a#b.

Assume also that t € [0,1]. Then, for the scale function y(t) such that |y(t)| > 0, we have
Ky i (G = 0758) 25 Pt = 1) on [0,1]

Proof. We shall obtain by (11) that
Pr ((S -7 f)

(1+ By (8)) Bipg, (5% = 25t + £35t)
(1+ 1 () {Bepog, (5% t) = 2By, (5:8) + By (11|

_ pllz_l Qk[k - 1]pk,qk 2 2
- (1 ’ hk (t)) { [k]PMk t+ [k]PMk Fot }
which yields
L, P —ap
Kl Pe (= 075t) = A+ (1) {p’,; T+ qukktz - [k],,k,qkﬂ}
= (L+h®) (Pt -pR)
= (+h@E)pH1-1)
or,
(Kl P (5 = £ 5) = pEH 1 = ) = pf (1 = Bl (8) (17)

In view of implication (1) and Example 2.2, we see that the right-hand side of inequality (17) is ideal
relatively uniform convergent to zero on [0, 1]. Consequently, we have
7 e
[k]m—,qkpk ((S - t)z ; t) — pllz 1t(1 - t) on [0/ 1]/
which proves the lemma completely. [
Corollary 5.2. Let I be an admissible ideal of IN. Assume also that t € [0,1]. Then there exist a positive constant
C(t) depending only on t, such that

K2, P (s = B 31) 25 C(®) on [0,1],

where y(t) is a scale function satisfying |y(t)| > 0.

Theorem 5.3. Let I be an admissible ideal of IN. Assume that condition (C1) holds. If for every g € C[0, 1] such
that g’ and g’ in C[0, 1] then

Vscs p’;_lt(l - t)
2

[Klpeq: (Pr (g(s); 1) — g(8)) = 7't on [0,1],

where y(t) = max{|y;()| : i = 1,2}, |yi(t)| > 0.
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Proof. Letg,g’,g9” € C[0,1] and t € [0, 1]. Define

9(5)=g(t)—(s—Dg’ ()= 3 (s—)’g" (1)
Qi (s) = { . ES * t;
s=1).

We then have () (s) = 0 and the function ; belonging to C[0, 1]. By Taylor’s formula, one writes

ge) =g®)+—-1g )+ % (s =67 g" () +(s =1 Qi (s). (18)

Since the operator %% is linear, by operating this operator on both sides of last inequality, we have

PugE)it) = Pr(g):)+g OPus— 0+ 20" P~ 0,0+ Pe((s - 02 Q1 (6);1)
= GO + 1e(t)Brepq (1) + ' (B) (1 + e(t)) [Br g, (5;1) = tBrp, 0, (1;1)]
+% 7" (O) (1 + 1e(t)) [ Bipog (5% £) = 2tBrpyq,(5: ) + £ i, (1)
P (=07 Qu9)3t),
or,
. — 1 7 pi_l qk[k B 1]Pk,17k 2 2
Pig(s);t) —gt) = gBOh® + 59" ) (1 + hk(t)){[k]pk,qu " £t }

+P (s = D (5) ;1)
Multiplying above equality by [k],, 4., we obtain

Ko, Pr@ 610~ 90) = WhqgOht) + 59" 01+ ) (o~ piP)
+[k]PqukPk ((5 - t)z 0 (s); t)
which gives

ptA -1

Ky (Prlg (5) ;¢ t))—— 'O < M(Klpq +pE) het)

Pi((s =D (s)5t)],

where M = [lg(H)llcio,17 + l9” (Dllcro,1;- Employing the Cauchy-Schwarz inequality in the last term on the
right-hand side of (19), we obtain

+[k]p g1 (19)

Pk I ‘Pk (s - t) Qi (

)| < \Pe(Q2(5); ) IR, Pr (5 — 1) 51). 20)
Let

0 (s) = Qf (s).
Clearly, we see that

0:(t)=0 and 6;(.) € C[0,1].

It follows from Theorem 3.1 that

P(0,);5) 2 0,(t) =0 on [0,1]. 1)
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We thus have from (20) that

Ko P (5 = 07 4 5)1) 5 0. o)

Now, for given € > 0, we define

) — _pa-y o,
Ju(t) =k € N : sup Kl Pilg )0 = 9) = ==—9" B
t€[0,1] )/(t)

(Klpoge + ) t)| e
") ={keNN: su > —
Ji® te[o,rf] y1(t) 2M

and

KnPe (=72 8] e
>t

’(t)={kelN: su
¢ te[OE] y2(h)

Ty
where y(t) = max{|y;(t)| : i = 1,2}. We then find from (19) that Ji(t) C J(t) U J{'(t). Since (h) 1, h=0,we
have

- I
(IKlpge + PE ) et) =50 (£ € [0,1]). (23)
Finally, by using the (22) and (23) together with the definition of ideal, we have

P -t
2

(Klpqr (Pr(g (s) ;1) = g(t)) — g’ () on [0,1].

Hence, the proof is complete. [
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