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Transcendental Continued S-Fraction with Quadratic Pisot Basis over
Fa((x™)
q

Marwa Gouadri?, Mohamed Hbaib?

?Department of Mathematics, University of Sfax,Faculty of Sciences of Sfax, Route de soukra Km 3.5, B.P. 1171, 3000, Sfax Tunisia

Abstract. Let I, be a finite field and F,((x™")) is the field of formal power series with coefficients in IF,. Let
B € Fy((x™)) be a quadratic Pisot series with deg(p) = 2. We establish a transcendence criterion depending
on the continued g-fraction of one element of IF((x™%)).

1. Introduction

Let IF, be a finite field of characteristic g > 0, IF;[x] is the ring of polynomials with coefficients in IF; and
IF,((x™1)) is the field of formal power series of the form:

f=Y fix* fieF,lez,

k=1

where [ = deg(f) and by convention deg(0) = —co. We define the absolute value |f| = g%/ if f # 0, |f| = 0
otherwise. This absolute value is not archimedean over F,((x1)).

Letf € ]Fq((x‘l)) with [B| > 1. The continued S-fraction is a generalization of classic continued fraction with
formal power series basis. Similar to the real case, the f-expansion of a formal power series f is a unique
representation f = Y. d;~ where n € Z and (d;);>, is a polynomial sequence such that deg(d;) < deg(B)

i>n

N
for all i > n ( see [4]). Thus, f has a unique decomposition as followsf = Z dip' + Z d_if~". Note that
i=0 i€IN*

N
Z dif' = [flp is called B-polynomial part of f and Z d_if~" = {f}s is called -fractional part of f. If {f}; = 0,
i=0 i€N*

then f is f-polynomial. The f-polynomial’s set is denoted IF;[x]g.

Let f € IFq((x‘l)). Consider the transformation Ty defined over IFq((x‘l)) by Tg(f) = /l( - [Jl[],g. The continued
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B-fraction of f has the following form: Set f = fj,

f =[ﬁm+m@g

f
1
= [folp+ ]71
1
R TIRE
= [fils+ .

[filp + - 1

s+ To(7)
fi

where for all i > 0 the equality f%l = Tﬁ(%) is satisfied if f; ¢ IF;[x]z. Otherwise, the algorithm ends, and the
sequence (f;); is finite.
In this paper, we give a transcendence criterion of continued S-fraction with quadratic Pisot series basis f8
over ]Fq((x‘l)). This result has been developed on several researchers works [1, 7, 8], which contributes to
prove Khintchine conjecture [5].
In [1] Baker proved that if [ag, a1, a2, ....] is classic continued fraction of real number x such that
Ay = Qpe1 = ... = Anra(n)—1, Where a(n) is a sequence of integers satisfying certain increasing properties, then
x is transcendental. In 2004, Mkaouar [7] built an other transcendence criterion of the classic continued
fraction over F,((x1)).
This paper is organized as follows. In section 2, basic arithmetics properties of continued p-fraction with
Pisot series basis are introduced in ]Fq((x‘l)). In section 3, the main results are proved.

2. Continued B-fraction with Pisot series basis over F,((x™"))

Let B € Fy((x™")) with || > 1 and f € Fy((x"!)), we have f = [f]s + {f}s.
If Ao = [flg. Then, we get

f:/\0+

1 4
A1+

1
/\2+—

where A; = [ﬁ]ﬁ € IFy[x]g for alli > 1 and the map Ty : f — {jl[}lg. The previous continued p-fraction of f
pr

is denoted by [Ag, A1, A2, ...]s. The sequence (A;)ix is called the partial f-quotients of f and the expansion

[An, Aus, ... ]p is called the nth-complete B-quotients of f, denoted by f,.

Similarly, let f = [Aq, A1, ..., Ay, ...]g, we define two sequences (P;;)>0 and (Qy)n=0 € Fy[x, ,B’l] as follows:

{ Py =Ag, P1=AgA +1 nd{ P, = AP, 1+ Py
Q=1 O1=X Qn =AQu1 +Qu

P, )
Q_ = [Ao, A1, ...y Anlp is called the nth B-convergent of f.

Recall that IF,[x]g is not stable under usual multiplication. Let

Vn > 2.

L@ = {1’1 S ]N/vpl,P2 S IFq[x]ﬁ;dﬁ(P1P2) is finite = ﬁnplpz S qu[x]ﬁ}.
In [3], the value of Lg is already calculated for some Pisot series over ]Fq((x‘l)).

Corollary 2.1. [3] Let B be a quadratic Pisot series with deg(B) > 2. Then, Ly = 1.
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3. Results

Let f be a quadratic Pisot series with deg(f) = 2. For P = asf° + ... + ap € FFy[x]z. Define y(P) as the
B-degree of P as follows:
deg(B)degp(P) + deg(as) = 2s + deg(as).

In this case, we have |P| = g")

Theorem 3.1. Let ﬁ be a quadmtic Pisot series with deg(B) = 2 and f is a formal power series such that its continued
B-fraction is [A1, Aa, ..., Ay, ... ]p. If

log()_, y(A)
lim sup — -y,
n—+oo n

then f is transcendental.
First, we use the following proposition and lemma.

Proposition 3.2. Let f be a quadratic Pisot series with deg(8) = 2. If f is a formal power series such that its n

B-convergent is —, then

Qn
(ﬁan) € Pq[x]ﬁ/ (ﬁan) € IFq[x]ﬁ

and

2n+1

ﬁ 2 (Pn+1Qn - P Qn+1) eF [x]ﬁ
Proof. According to Corollary 2.1, if Ay, ..., A, € IFy[x]g, then ‘B%(AlAz...A,,) € Fylxlg. O

Lemma 3.3. Let f be a quadratic Pisot series with deg(f) = 2 and f is an algebraic series of algebraic degree d. Then,
there exists ¢ = c(f) > O such that, for all P, Q € Fy[x]g,

A | d+1
! IQI"

Proof. Similar to Liouville’s inequality [6]. Let K(y) = Adyd +...+Ag € F,[x][y] be an irreducible polynomial
of f such that K(f) = 0. According to Proposition 3.2, for all P, Q € IF;[x]z we get

ﬁ“dmdemmﬂ

So p .
K(=) > ———
Q" T IQe

As K(f) =0, then

p. P P i1
IK(é)I = IK(Q) K(AI < |Q fl max A ).
Let ¢c; = max |A1f"_1| and ¢ = min(1, 5> 3o ). We obtain
1<i<d
P 1 c

— | >
d+1

I= i :
Q / C1|.B|2|Q|d Il 1QI"
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Proof. of Theorem 3.1

Let (Q—")n be a f-convergent sequence of f. Similar to the classical case,
n

|f_ &| — |Pn+1Qn _PnQn+1|
n Qn+1Qn '
By Proposition 3.2, we obtain
" Bl
FE (- 2 o
|Qn+1”Qn|

If f is an algebraic series of algebraic degree d > 1. Then, according to Lemma 3.3, there exists ¢ > 0 such
that
If P |ﬁ| 2;1+1

B Iind S 1QQul
So,

n(d+2 +2

1Qual < Iﬁl 1Qul".

1
Letc, = s Then,

1\ (n(d+2)+2)(d-1)" d+2)+2)(d -1 n
Quaal < VBT Q@Y
This implies,
|Qn| < C(d 1)y |ﬁ| d+2)+2)(d " |Q1|(d_1)n'
Moreover,
2 Y(A) < (@ = 1)"[log(cr) +log(IB 7 ) + log(1Qu])].
Hence,

log(z y(Ai)) < nlog(d — 1) + log[log(c1) + (M

i=1

) log(IB]) + log(IQ1D)],

which is a contradiction with the fact that

log( E y(Ai)
. i=1 _
h,fr_l)il.ip —, =t~

|
Theorem 3.4. Let 8 be a quadratic Pisot series with deg(B) = 2 and f is a formal power series such that its continued

B-fraction [By, By, B3, ...]ﬁ is not ultimately periodic, where B; are finite blocks beginning with the repetition n;-times
of same partial B-quotient A and y(A) > 1. We denote by d; the sum of p-degrees of B;’s terms. If

then f is transcendental.

The proof of Theorem 3.4 requires the following lemmas indeed.
Let f be an algebraic formal power series of minimal polynomial P(Y) = A, Y™ + ... + Ag where A; € IF;[x].
Set H(f) = max |A |and o(f) =
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Lemma 3.5. Let f be a quadratic Pisot series with deg(B) = 2. If f is an algebraic series of algebraic degree d such

that
1

f=/\1+

Ay +
z 1

1
A+ —
T h

where A; € Fy[x]g, h € ]Fq((x‘l)) and |h| > 1. Then h is an algebraic series of algebraic degree d and

4

t
H(r) < H(AIBIE [ i
i=1

Proof. Assume that f is an algebraic series of algebraic degree d. Then,
Adf' +Aaaf + o+ Ay =0,

where A; € Fy[x].

1
If f=MA+ W such that A; € Fy[x]g, h € qu((x’l)) and |h| > 1. Thus, according to Proposition 3.2, we obtain

g 1 1.,
B (Ag(Ay + E)d + Ay (A + E)d Ly +A)=0.
This implies,
Bsh? + Byih* '+ ...+ By =0 (*)

where

d
Buk =B ) (DA € Fylxlp.
j=k

Let P = a,f° + ... + a1 + ap € IFy[x]g, we denote by TCy(P) = a9. Then, by () we have
TCp(Ba)h" + TCp(Ba—1)h"™! + ... + TCp(Bo) = 0.

Thus, we get

a-1 ) ,
ITCp(BaI = ITCH(B* ) (AN} + (A A
=0

= [TCH()ABIAD)
< 1A4lIB A9
< H(f)IBIF 1A,

and fork > 1,
d
ITCp(Ba—i)| < ITCs(Ba)l < H(N)IBI2IA1[".

Hence,

H(h) < sup [TC4(By)l < H(NIBIFIA 1.
0<k<d

Consequently, if f = [A1, Ay, ..., Ay, h]g where A; € Fy[x]g, h € ]Fq((x‘l)) and |k > 1,and set f; = [A;, A1, ..., At, B
t

Then, we get by iterating the last case H(h) < H( f)lﬁl%l H Al O
i=1
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Lemma 3.6. Let f be an algebraic series of algebraic degree d and g is a formal power series such that its continued

B-fraction is purely periodic with its period is Per(g) = 1. We denote by o(g) = Q1 such that g is the first
1
B-convergent of g. If f # g, then
1

91218 o (g)|P4=DH(f)?

lf —gl=

1

Proof. Combine Lemma (2) in [7] and Proposition 3.2, we get |f — g| > .
4 @ P Bt~ 912 i g v H 2

O

Proof. of Theorem3.4

Assume that f is an algebraic series of algebraic degree d such that its continued B-fraction [By, B2, B3, ...J
is not ultimately periodic where, for all i > 1, B; is finite block which begins with n;-times of A € F, [x],g and
y(A) > 1. We denote by g = [A,A4, A, ...]s and we set fi = [B;, Biy1, Biy2, ...]g such that its nf" B-convergent is
P,

—. As f; and g have same first n;-terms of their continued S-fraction, then according to Proposition 3.2,

ni

we have p p
2041 241 : 2041 :
IBI7=Ifi — gl < supllpl = Ifi — ==L, 181 = lg — =1}
ni ni
2nl+1
2
P
|Qn,-|2
By Lemma 3.6, we obtain
1 |’8|2n1+1
2n;+1 2
<P Ifi-gl <
|919-2|B?|o(g)|P4-D H( f;)? p=lfi=9 10,17

Thus, _
Q. < IBI7= 191" 2la(@)*"VH(f)>.
As deg(Qy,) = niy(A) — deg(g), then

2n; +5
2

2niy(A) < ( )deg(B) + 2deg(H(f;)) + d deg(g) + (2d — 1) deg(o(g)).

i-1
Leta = Z aj, with a; is the number of B;’s terms. Then, by Lemma 3.5, we get
j=1

2n; +5
2

i-1
Ydeg(B) + 2d Z dj +ddeg(g) + (2d — 1) deg(o(g)).

j=1

2n;y(A) < 2deg(H(f)) + (ad +

Hence
i-1

ni(y(A) = 1) < deg(H(f)) + (ad + g) +d Z dj +d deg(g) + d deg(o(g)).

=1
Therefore, we get
i-1
2.4
.. )=l
liminf > 0.
i—+00 n;
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Example 3.7. Let f be a quadratic Pisot series with deg(f) = 2. Consider f = [B1, By, B,

Bi = [hﬁ/ ce ,hﬁ, (h + l)ﬁ]ﬁ/
~—_———
i'—terms

with h € Fy[X] and deg(h) = 1. We get:
i-1

Z ji+1
Then, by Theorem 3.4, f is transcendental.
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