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On Hermite-Hadamard type inequalities of coordinated
(p1, h1)-(p2, h2)-convex functions via Katugampola Fractional Integrals
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Abstract. The present article establishes some results on Hermite-Hadamard type inequalities of co-
ordinated (p1, h1)-(p2, h2)-convex functions by using Katugampola fractional integrals. The results are in
generalized form and deduced for various special cases like coordinated pq-convex functions, coordinated
(p, s)-convex functions, coordinated s-convex functions and classical case of coordinated convex functions.

1. Introduction

During the last three decades, the theory of convex functions has been extensively studied due to its vast
applications in optimization theory and biological system [1, 2]. Important inequalities are introduced for
this class of functions. In recent years many generalizations of convexity such as s-convexity, h-convexity,
m-convexity and some combinations of these concepts shows the impact to the community of investigators.
These notions modified and generalized those inequalities which were found for classical convexity (see
for example [3]-[13]). Due to geometrical interpretation of Hermite-Hadamard type inequalities, significant
importance is given to them. Dragomir [14] introduced the notion of convex functions on the coordinates
in a rectangle from the plane R2 . He considered a bi-dimensional interval ∆ : [a, b] × [c, d] with 0 ≤ a < b <
∞, 0 ≤ c < d < ∞ and defined the concept as follows: A function f : ∆ → R, will be called convex on the
coordinates on ∆ , if the partial mappings fy : [a, b]→ R, fy(u) = f (u, y) and fx : [c, d]→ R, fx(v) = f (x, v) are
convex for all y, v ∈ [c, d] and for all x,u ∈ [a, b] respectively. Recall that convex functions on ∆ are satisfying
the inequality:

f
(
λx + (1 − λ)u, λy + (1 − λ)v

)
≤ λ f (x, y) + (1 − λ) f (u, v) (1)

for all (x, y), (u, v) ∈ ∆ and λ ∈ [0, 1]. Every convex function is coordinated convex but the converse is not
true (see[14]). Dragomir [14] established Hadamard type inequalities similar to one dimensional case. Later
on many generalizations of the coordinated convex functions are made and new inequalities are established
by different authors. We refer interested readers to [15]-[20].
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Noor et al. [21] defined a new class of functions named as two dimensional(coordinated) pq-convex
functions. They generalize some inequalities for this class of functions. Yang [22] extend this notion for
a more general class termed as coordinated (p1, h1)-(p2, h2)-convex functions. This is a very large class
as it includes coordinated (p1, s1)-(p2, s2)-convex functions, coordinated pq-convex functions, coordinated
(h1, h2)-convex functions, coordinated (s1, s2)-convex functions, coordinated h-convex functions, coordi-
nated s-convex functions and coordinated convex functions as special cases. Yang established inequalities
of Hermite-Hadamard type for this class of functions and connected the results to the previously known
results for classical integrals. Sarikaya [23] extended the Hadamard type inequalities by using coordinated
convex functions via Riemann-Liouville Fractional integrals. Chen [24] established Hadamard type in-
equalities for coordinated s-convex functions. Set et al. [26] considered coordinated h-convex functions and
generalized some inequalities of Hadamard type.

Motivated by these papers, we present the following work whose purpose is to establish the Hadamard
type inequalities for coordinated (p1, h1)-(p2, h2)-convex functions via Katugampola fractional integral. We
presented our results for several special cases like coordinated (p1, s1)-(p2, s2)-convex functions, coordinated
pq-convex functions, coordinated (h1, h2)-convex functions, coordinated (s1, s2)-convex functions. Results
proved in this study are continue to hold for established results for various kinds of convexities like
coordinated h-convex functions, coordinated s-convex functions and coordinated convex functions.

2. Preliminaries

In this section we give some definitions and properties of convexity and fractional integral operators.
Recall that a real valued function f defined in an interval J is called convex function if for all x, y in J and
for any t in [0, 1],

f
(
tx + (1 − t) y

)
≤ t f (x) + (1 − t) f

(
y
)
. (2)

Let f : J = [a, b] ⊂ R → R be a convex function with a ≤ b, then the following double inequality which is
called Hermite-Hadamard’s inequality holds:

f
(

a + b
2

)
≤

1
b − a

b∫
a

f (x) dx ≤
f (a) + f (b)

2
. (3)

Let us consider a bi-dimensional interval ∆ : [a, b] × [c, d] in R2 such that 0 ≤ a < b < ∞, 0 ≤ c < d < ∞.

Theorem 2.1. [14] Suppose that f : ∆→ R is convex on the coordinates on ∆. Then following inequalities hold:

f
(

a + b
2
,

c + d
2

)
≤

1
2

 1
b − a

b∫
a

f
(
x,

c + d
2

)
dx +

1
d − c

d∫
c

f
(

a + b
2
, y

)
dy


≤

1
(b − a) (d − c)

b∫
a

d∫
c

f
(
x, y

)
dxdy

≤
1
2

 1
b − a

b∫
a

[
f (x, c) + f (x, d)

]
dx +

1
d − c

d∫
c

[
f
(
a, y

)
+ f

(
b, y

)]
dy


≤

f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

.

A formal definition of coordinated convex function may be stated as follows:
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Definition 2.2. A function f : ∆→ R will be called coordinated convex on ∆, if the following inequality holds:

f
(
tx + (1 − t) u, sy + (1 − s) v

)
≤ ts f

(
x, y

)
+ t (1 − s) f (x, v) + (1 − t) s f

(
u, y

)
+ (1 − t) (1 − s) f (u, v)

for all
(
x, y

)
, (x, v) ,

(
u, y

)
, (u, v) ∈ ∆ and s, t ∈ [0, 1].

In the following we present some definitions and results which are helpful in the further study. Details
can be found in [23],[27]-[34].

Definition 2.3. Let f ∈ L1 [a, b] . The left and right Riemann- Liouville integrals of order α > 0 with a ≥ 0 are
denoted and defined by

Jαa+ f (x) =
1

Γ (α)

∫ x

a
(x − τ)α−1 f (τ) dτ, x > a

and

Jαb− f (x) =
1

Γ (α)

∫ b

x
(τ − x)α−1 f (τ) dτ, x < b,

respectively. Where Γ is the Gamma function and J0
a+ f (x) = J0

b− f (x) = f (x) .

Definition 2.4. Let f ∈ L1 ([a, b] × [c, d]) . The Riemann- Liouville integrals Jα,βa+,c+, Jα,βa+,d−, Jα,βb−,c+ and Jα,βb−,d− of order
α, β > 0 with a, c ≥ 0 are defined by

Jα,βa+,c+ f
(
x, y

)
=

1
Γ (α) Γ

(
β
) ∫ x

a

∫ y

c
(x − τ1)α−1 (

y − τ2
)β−1 f (τ1, τ2) dτ2dτ1, x > a, y > c,

Jα,βa+,d− f
(
x, y

)
=

1
Γ (α) Γ

(
β
) ∫ x

a

∫ d

y
(x − τ1)α−1 (

τ2 − y
)β−1 f (τ1, τ2) dτ2dτ1, x > a, y < d,

Jα,βb−,c+ f
(
x, y

)
=

1
Γ (α) Γ

(
β
) ∫ b

x

∫ y

c
(τ1 − x)α−1 (

y − τ2
)β−1 f (τ1, τ2) dτ2dτ1, x < b, y > c,

and

Jα,βb−,d− f
(
x, y

)
=

1
Γ (α) Γ

(
β
) ∫ b

x

∫ d

y
(τ1 − x)α−1 (

τ2 − y
)β−1 f (τ1, τ2) dτ2dτ1, x < b, y < d,

respectively. Here Γ is the Gamma function,

J0,0
a+,c+ f

(
x, y

)
= J0,0

a+,d− f
(
x, y

)
= J0,0

b−,c+ f
(
x, y

)
= J0,0

b−,d− f
(
x, y

)
= f

(
x, y

)
and

J1,1
a+,d− f

(
x, y

)
=

1
Γ (α) Γ

(
β
) ∫ x

a

∫ d

y
f (τ1, τ2) dτ2dτ1.

Similar to Definition 2.3, Sarikaya [23] introduced the following fractional integrals:

Jαa+ f
(
x,

c + d
2

)
=

1
Γ (α)

∫ x

a
(x − τ1)α−1 f

(
τ1,

c + d
2

)
dτ1, x > a,

Jαb− f
(
x,

c + d
2

)
=

1
Γ (α)

∫ b

x
(τ1 − x)α−1 f

(
τ1,

c + d
2

)
dτ1, x < b,
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Jαc+ f
(

a + b
2
, y

)
=

1
Γ
(
β
) ∫ y

c

(
y − τ2

)β−1 f
(

a + b
2
, τ2

)
dτ2, y > c,

Jαd− f
(

a + b
2
, y

)
=

1
Γ
(
β
) ∫ b

x

(
τ2 − y

)β−1 f
(

a + b
2
, τ2

)
dτ2, y < d.

It is worth noting that Sarikaya gave the following remarkable results in [23].

Theorem 2.5. Let f : ∆ ⊂ R2
→ R be a coordinated convex function on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b,

0 ≤ c < d and f ∈ L1 (∆). Then one has the inequalities:

f
(

a + b
2
,

c + d
2

)
≤

Γ (α + 1) Γ
(
β + 1

)
4 (b − a)α (d − c)β

[
Jα,βa+,c+ f (b, d) + Jα,βa+,d− f (b, c) + Jα,βb−,c+ f (a, d) + Jα,βb−,d− f (a, c)

]
≤

f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

.

Theorem 2.6. Let f : ∆ ⊂ R2
→ R be a coordinated convex function on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b,

0 ≤ c < d and f ∈ L1 (∆). Then one has the inequalities:

f
(

a + b
2
,

c + d
2

)
≤

Γ (α + 1)
4 (b − a)α

[
Jαa+ f

(
b,

c + d
2

)
+ Jαb− f

(
a,

c + d
2

)]
+

Γ
(
β + 1

)
4 (d − c)β

[
Jβc+ f

(
a + b

2
, d

)
+ Jβd− f

(
a + b

2
, c

)]
≤

Γ (α + 1) Γ
(
β + 1

)
4 (b − a)α (d − c)β

[
Jα,βa+,c+ f (b, d) + Jα,βa+,d− f (b, c) + Jα,βb−,c+ f (a, d) + Jα,βb−,d− f (a, c)

]
≤

Γ (α + 1)
4 (b − a)α

[
Jαa+ f (b, c) + Jαa+ f (b, d) + Jαb− f (a, c) + Jαb− f (a, d)

]
+

Γ
(
β + 1

)
4 (d − c)β

[
Jβc+ f (a, d) + Jβc+ f (b, d) + Jβd− f (a, c) + Jβd− f (b, c)

]
≤

f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

.

Noor et. al. [21] introduced the notion of coordinated pq-convex functions to generalize the p-convex
functions as follows:

Definition 2.7. Let ∆ := [a, b] × [c, d] ⊂ R2 be a rectangle. A function f : ∆ → R is said to be two dimen-
sional(coordinated) pq-convex function, if

f
(
[txp + (1 − t)up]

1
p , [ryq + (1 − r)vq]

1
q
)
≤ tr f (x, y) + t(1 − r) f (x, v) + (1 − t)r f (u, y) + (1 − t)(1 − r) f (u, v) (4)

for all (x, y), (x, v), (u, y), (u, v) ∈ ∆ and r, t ∈ [0, 1].

They established the following result.

Theorem 2.8. Let f : ∆ ⊂ R2
→ R be a pq-convex function on the coordinates on ∆, then following inequalities

hold:

f

[ap + bp

2

] 1
p

,

[
cq + dq

2

] 1
q
 ≤ pq

(bp − ap) (dq − cq)

b∫
a

d∫
c

xp−1yq−1 f
(
x, y

)
dydx ≤

f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

.

Yang [22] generalized this concept by defining a larger class of coordinated convex functions termed as
coordinated (p1, h1)-(p2, h2)-convex function as follows:
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Definition 2.9. Let h1, h2 : J→ R be two non-negative and non-zero functions. A mapping f : ∆→ R is said to be
(p1, h1)-(p2, h2)-convex function on the coordinates on ∆, if the partial mappings fy : [a, b]→ R, fy(u) = f (u, y) and
fx : [c, d]→ R, fx(v) = f (x, v) are (p1, h1)-convex with respect to u on [a, b] and (p2, h2)-convex with respect to v on
[c, d] respectively for all y ∈ [c, d] and x ∈ [a, b].
From the above definition, we can say that if f is coordinated (p1, h1)-(p2, h2)-convex function, then the following
inequality holds:

f
(
[txp1 + (1 − t)up1 ]

1
p1 , [ryp2 + (1 − r)vp2 ]

1
p2

)
≤ h1(t)h2(r) f (x, y) + h1(t)h2(1 − r) f (x, v) + h1(1 − t)h2(r) f (u, y)

+h1(1 − t)h2(1 − r) f (u, v). (5)

Remark 2.10. If p1 = p2 = 1, then the function f defined in inequality (5) will be reduced to coordinated (h1, h2)-
convex function.

Remark 2.11. If h1(t) = ts1 and h2(t) = ts2 , then the function f defined in inequality (5) will be called coordinated
(p1, s1)-(p2, s2)-convex function.

Remark 2.12. If h1(t) = ts1 , h2(t) = ts2 and p1 = p2 = 1, then the function f defined in inequality (5) will be called
coordinated (s1, s2)-convex function.

Yang [22] gave following two results along with many other results.

Theorem 2.13. Let f : ∆ → R be a
(
p1, h1

)
-
(
p2, h2

)
-convex function on the coordinates on ∆. Then one has the

inequalities:

1

4h1

(
1
2

)
h2

(
1
2

) f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2

 ≤
p1p2

(bp1 − ap1 ) (dp2 − cp2 )

b∫
a

d∫
c

xp1−1yp2−1 f (x, y)dydx

≤ [ f (a, c) + f (a, d) + f (b, c) + f (b, d)]

1∫
0

h1(t)dt

1∫
0

h2(t)dt.

Theorem 2.14. Let f : ∆ → R be a
(
p1, h1

)
-
(
p2, h2

)
-convex function on the coordinates on ∆. Then one has the

inequalities:

1

4h1

(
1
2

)
h2

(
1
2

) f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

p1

4h1

(
1
2

)
(bp1 − ap1 )

b∫
a

xp1−1 f

x,
[

cp2 + dp2

2

] 1
p2

 dx +
p2

4h2

(
1
2

)
(dp2 − cp2 )

d∫
c

yp2−1 f

[ap1 + bp1

2

] 1
p1

, y

 dy

≤
p1p2

(bp1 − ap1 ) (dp2 − cp2 )

b∫
a

d∫
c

xp1−1yp2−1 f (x, y)dydx

≤
p1

2 (bp1 − ap1 )


b∫

a

xp1−1 f (x, c) dx +

b∫
a

xp1−1 f (x, d) dx


1∫

0

h2(t)dt

+
p2

2 (dp2 − cp2 )


d∫

c

yp2−1 f
(
a, y

)
dy +

d∫
c

yp2−1 f
(
b, y

)
dy


1∫

0

h1(t)dt

≤
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] 1∫

0

h1(t)dt

1∫
0

h2(t)dt.
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Definition 2.15. [27] Xp
c (a, b)(c ∈ R, 1 ≤ p ≤ ∞) is the set of those complex valued Labesgue measurable functions

f of [a, b] for which
∥∥∥ f

∥∥∥
Xp

c
< ∞, where the norm is defined by

∥∥∥ f
∥∥∥

Xp
c

=

 b∫
a

∣∣∣tc f (t)
∣∣∣p dt

t


1
p

< ∞ for 1 ≤ p < ∞, c ∈ R

and for the case p = ∞,
∥∥∥ f

∥∥∥
Xp

c
= esssup

a≤t≤b
[tc

∣∣∣ f (t)
∣∣∣], c ∈ R.

Katugampola introduced a new fractional integral which generalizes the Riemann-Liouville and Hadamard
fractional integrals into single form as follows (see for example [29-32]).

Definition 2.16. Let [a, b] ⊆ R be a finite interval. Then, the left and right-sided Katugampola fractional integrals
of order α(> 0) of f ∈ Xp

c (a, b) with a ≥ 0 are defined by:

ρIαa+ f (x) =
ρ1−α

Γ (α)

x∫
a

tα−1

(xρ − tρ)1−α f (t) dt

and

ρIαb− f (x) =
ρ1−α

Γ (α)

b∫
x

tα−1

(tρ − xρ)1−α f (t) dt

with a < x < b and ρ > 0, provided the integrals exist.

Katugampla fractional integrals into two dimensional case may be given as follows:

Definition 2.17. Let f ∈ Xp
c (∆) . The Katugampola fractional integrals p1,p2 Iα,βa+,c+,

p1,p2 Iα,βa+,d−,
p1,p2 Iα,βb−,c+ and p1,p2 Iα,βb−,d−

of order α, β > 0 with a, c ≥ 0 are defined by

p1,p2 Iα,βa+,c+ f
(
x, y

)
=

p1−α
1 p1−β

2

Γ (α) Γ
(
β
) ∫ x

a

∫ y

c

tp1−1sp2−1

(xp1 − tp1 )1−α (
yp2 − sp2

)1−β f (t, s) dsdt, x > a, y > c,

p1,p2 Iα,βa+,d− f
(
x, y

)
=

p1−α
1 p1−β

2

Γ (α) Γ
(
β
) ∫ x

a

∫ d

y

tp1−1sp2−1

(xp1 − tp1 )1−α (
sp2 − yp2

)1−β f (t, s) dsdt, x > a, y < d,

p1,p2 Iα,βb−,c+ f
(
x, y

)
=

p1−α
1 p1−β

2

Γ (α) Γ
(
β
) ∫ b

x

∫ y

c

tp1−1sp2−1

(tp1 − xp1 )1−α (
yp2 − sp2

)1−β f (t, s) dsdt, x < b, y > c,

and

p1,p2 Iα,βb−,d− f
(
x, y

)
=

p1−α
1 p1−β

2

Γ (α) Γ
(
β
) ∫ b

x

∫ d

y

tp1−1sp2−1

(tp1 − xp1 )1−α (
sp2 − yp2

)1−β f (t, s) dsdt, x < b, y < d,

respectively and p1, p2 > 0. Here Γ is the Gamma function. Moreover,

p1,p2 I0,0
a+,c+ f

(
x, y

)
=p1,p2 I0,0

a+,d− f
(
x, y

)
=p1,p2 I0,0

b−,c+ f
(
x, y

)
=p1,p2 I0,0

b−,d− f
(
x, y

)
= f

(
x, y

)
and

p1,p2 I1,1
a+,d− f

(
x, y

)
=

∫ x

a

∫ d

y
tp1−1sp2−1 f (t, s) dsdt.
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Similar to Definition 2.16, we introduce the following fractional integrals:

p1 Iαa+ f

x,
[

cp2 + dp2

2

] 1
p2

 =
p1−α

1

Γ (α)

∫ x

a

tp1−1

(xp1 − tp1 )1−α f

t,
[

cp2 + dp2

2

] 1
p2

 dt, x > a,

p1 Iαb− f

x,
[

cp2 + dp2

2

] 1
p2

 =
p1−α

1

Γ (α)

∫ b

x

tp1−1

(tp1 − xp1 )1−α f

t,
[

cp2 + dp2

2

] 1
p2

 dt, x < b,

p2 Iβc+ f

[ap1 + bp1

2

] 1
p1

, y

 =
p1−β

2

Γ
(
β
) ∫ y

c

sp2−1(
yp2 − sp2

)1−β f

[ap1 + bp1

2

] 1
p1

, s

 ds, y > c,

p2 Iβd− f

[ap1 + bp1

2

] 1
p1

, y

 =
p1−β

2

Γ
(
β
) ∫ d

y

sp2−1(
sp2 − yp2

)1−β f

[ap1 + bp1

2

] 1
p1

, s

 ds, y < d.

It is important to notice that if p1 = p2 = 1, then Katugampola fractional integrals reduces to Riemann
Liouville fractional integrals given in Definition 2.4.

3. Main Results

In this section we give the Hadamard type inequalities by using
(
p1, h1

)
-
(
p2, h2

)
-convex functions of two

variables on ∆ = [a, b] × [c, d].

Theorem 3.1. Suppose that f : ∆→ R is a
(
p1, h1

)
-
(
p2, h2

)
-convex function on the coordinates on ∆ and f ∈ L1(∆).

Then one has the inequalities:

1

4h1

(
1
2

)
h2

(
1
2

) f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

pα1 pβ2Γ (α + 1) Γ
(
β + 1

)
4 (bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) +

p1 ,p2 Iα,βb−,d− f (a, c)
]

(6)

≤
αβ

4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] 1∫

0

1∫
0

tα−1
1 tβ−1

2 [h1 (t1) + h1 (1 − t1)] [h2 (t2) + h2 (1 − t2)] dt1dt2.

Proof. Let xp1 = t1ap1 + (1 − t1) bp1 , yp1 = (1 − t1) ap1 + t1bp1 and up2 = t2cp2 + (1 − t2) dp2 , vp2 = (1 − t2) cp2 + t2dp2 ,
then by coordinated

(
p1, h1

)
-
(
p2, h2

)
-convexity of f , we have,

f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2

 = f

[xp1 + yp1

2

] 1
p1

,
[up2 + vp2

2

] 1
p2


≤ h1

(1
2

)
h2

(1
2

) [
f (x,u) + f (x, v) + f

(
y,u

)
+ f

(
y, v

)]
. (7)

Multiply by αβ
4 tα−1

1 tβ−1
2 and integrating over ([0, 1] × [0, 1]) , one has

1

4h1

(
1
2

)
h2

(
1
2

) f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2

 ≤ αβ4
1∫

0

1∫
0

tα−1
1 tβ−1

2

[
f (x,u) + f (x, v) + f

(
y,u

)
+ f

(
y, v

)]
dt1dt2. (8)
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Note that by the change of variable, we have on the right-hand side of the inequality (8):

1∫
0

1∫
0

tα−1
1 tβ−1

2

[
f (x,u) + f (x, v) + f

(
y,u

)
+ f

(
y, v

)]
dt1dt2

=
p1p2

(bp1 − ap1 )α (dp2 − cp2 )β


b∫

a

d∫
c

xp1−1yp2−1

(bp1 − xp1 )1−α (
dp2 − yp2

)1−β f
(
x, y

)
dydx

+

b∫
a

d∫
c

xp1−1yp2−1

(bp1 − xp1 )1−α (
yp2 − cp2

)1−β f
(
x, y

)
dydx +

b∫
a

d∫
c

xp1−1yp2−1

(xp1 − ap1 )1−α (
dp2 − yp2

)1−β f
(
x, y

)
dydx

+

b∫
a

d∫
c

xp1−1yp2−1

(xp1 − ap1 )1−α (
yp2 − cp2

)1−β f
(
x, y

)
dydx

 .
Now applying the Definition 2.17 of Katugampola fractional integral, the firs inequality of (6) is obtained.
For the second inequality on the right hand side of (6), we use the coordinated

(
p1, h1

)
-
(
p2, h2

)
-convexity of

f as follows:

f (x,u) = f
(
[t1ap1 + (1 − t1) bp1 ]

1
p1 , [t2cp2 + (1 − t2) dp2 ]

1
p2

)
≤ h1 (t1) h2 (t2) f (a, c) + h1 (t1) h2 (1 − t2) f (a, d) + h1 (1 − t1) h2 (t2) f (b, c)

+h1 (1 − t1) h2 (1 − t2) f (b, d) , (9)

f (x, v) = f
(
[t1ap1 + (1 − t1) bp1 ]

1
p1 , [(1 − t2) cp2 + t2dp2 ]

1
p2

)
≤ h1 (t1) h2 (1 − t2) f (a, c) + h1 (t1) h2 (t2) f (a, d) + h1 (1 − t1) h2 (1 − t2) f (b, c)

+h1 (1 − t1) h2 (t2) f (b, d) , (10)

f
(
y,u

)
= f

(
[(1 − t1) ap1 + t1bp1 ]

1
p1 , [t2cp2 + (1 − t2) dp2 ]

1
p2

)
≤ h1 (1 − t1) h2 (t2) f (a, c) + h1 (1 − t1) h2 (1 − t2) f (a, d) + h1 (t1) h2 (t2) f (b, c)

+h1 (t1) h2 (1 − t2) f (b, d) (11)

and

f
(
y, v

)
= f

(
[(1 − t1) ap1 + t1bp1 ]

1
p1 , [(1 − t2) cp2 + t2dp2 ]

1
p2

)
≤ h1 (1 − t1) h2 (1 − t2) f (a, c) + h1 (1 − t1) h2 (t2) f (a, d) + h1 (t1) h2 (1 − t2) f (b, c)

+h1 (t1) h2 (t2) f (b, d) . (12)

Adding inequalities (9), (10), (11), and (12), we come to the result:

f (x,u) + f (x, v) + f
(
y,u

)
+ f

(
y, v

)
≤

[
f (a, c) + f (a, d) + f (b, c) + f (b, d)

]
{h1 (t1) h2 (t2) + h1 (t1) h2 (1 − t2)

+ h1 (1 − t1) h2 (t2) + h1 (1 − t1) h2 (1 − t2)} . (13)

Multiplying (13) by αβ
4 tα−1

1 tβ−1
2 and integrating over ([0, 1] × [0, 1]) , one has the second inequality of (6) by

apllying Defintion 2.17, which then completes the proof.

Remark 3.2. If α = 1 = β, then above result become Theorem 2.13 which was proved in [22].

Remark 3.3. If h1(t) = t = h2(t) and α = β = 1, then above result coincide to Theorem 2.8 which was proved in [21].
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Remark 3.4. If p1 = p2 = 1, then inequality (6) reduced to:

1

4h1

(
1
2

)
h2

(
1
2

) f
(

a + b
2
,

c + d
2

)

≤
Γ (α + 1) Γ

(
β + 1

)
4 (b − a)α (d − c)β

[
Iα,βa+,c+ f (b, d) + Iα,βa+,d− f (b, c) + Iα,βb−,c+ f (a, d) + Iα,βb−,d− f (a, c)

]
≤

αβ

4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] 1∫

0

1∫
0

tα−1
1 tβ−1

2 [h1 (t1) + h1 (1 − t1)] [h2 (t2) + h2 (1 − t2)] dt1dt2.

This result generalizes Theorem 2.1 of [26]. It coincide with Theorem 2.1 of [26], if h1(t) = h2(t) = h(t).
Furthermore, if α = β = 1, it reduced to Theorem 7 of [16].

Remark 3.5. If h1(t) = h2(t) = t and p1 = p2 = 1, then our result coincide with Theorem 2.5.

Corollary 3.6. Suppose that f : ∆ → R is
(
p1, s1

)
-
(
p2, s2

)
-convex function on the coordinates on ∆ and f ∈ L1(∆).

Then one has the inequalities:

2s1+s2−2 f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

pα1 pβ2Γ (α + 1) Γ
(
β + 1

)
4 (bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) +

p1 ,p2 Iα,βb−,d− f (a, c)
]

≤
αβ

4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] { 1

(α + s1)(β + s2)
+

B(β, s2 + 1)
(α + s1)

+
B(α, s1 + 1)

(β + s2)

+ B(β, s2 + 1)B(α, s1 + 1)
}
,

where B(x, y) =
1∫

0
τx−1(1 − τ)y−1dτ, for all x, y > 0 is the Beta function.

Proof. If one chooses h1(t) = ts1 , h2(t) = ts2 for s1, s2 ∈ (0, 1], then calculation of integrals involved in inequality
(6) leads to the required result.

Corollary 3.7. Suppose that f : ∆→ R is an (s1, s2)-convex function on the coordinates on ∆ and f ∈ L1(∆). Then
one has the inequalities:

2s1+s2−2 f
(

a + b
2
,

c + d
2

)
≤

Γ (α + 1) Γ
(
β + 1

)
4 (b − a)α (d − c)β

[
Iα,βa+,c+ f (b, d) + Iα,βa+,d− f (b, c) + Iα,βb−,c+ f (a, d) + Iα,βb−,d− f (a, c)

]
≤

αβ

4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] { 1

(α + s1)(β + s2)
+

B(β, s2 + 1)
(α + s1)

+
B(α, s1 + 1)

(β + s2)

+B(β, s2 + 1)B(α, s1 + 1)
}
,

where B(x, y) is the Beta function as defined in Corollary 3.6. Above result extends Theorem 10 of [24].
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Corollary 3.8. Suppose that f : ∆ → R is a
(
p1, s

)
-
(
p2, s

)
-convex function on the coordinates on ∆ and f ∈ L1(∆).

Then one has the inequalities:

4s−1 f

[ap + bp

2

] 1
p

,

[
cp + dp

2

] 1
p


≤
pα1 pβ2Γ (α + 1) Γ

(
β + 1

)
4 (bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) +

p1 ,p2 Iα,βb−,d− f (a, c)
]

≤
αβ

4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] { 1

(α + s)(β + s)
+

B(β, s + 1)
(α + s)

+
B(α, s + 1)

(β + s)
+ B(β, s + 1)B(α, s + 1)

}
.

Corollary 3.9. Suppose that f : ∆→ R is
(
p, s

)
-convex function on the coordinates on ∆ and f ∈ L1(∆). Then one

has the inequalities:

4s−1 f

[ap + bp

2

] 1
p

,

[
cp + dp

2

] 1
p


≤
pα+βΓ (α + 1) Γ

(
β + 1

)
4 (bp − ap)α (dp − cp)β

[
p,pIα,βa+,c+ f (b, d) + p,pIα,βa+,d− f (b, c) + p,pIα,βb−,c+ f (a, d) +

p,p
Iα,βb−,d− f (a, c)

]
≤

αβ

4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] { 1

(α + s)(β + s)
+

B(β, s + 1)
(α + s)

+
B(α, s + 1)

(β + s)
+ B(β, s + 1)B(α, s + 1)

}
.

This result also gives a generalization of Theorem 10 of [24].
To prove the next result, we need the following motivation.

Proposition 3.10. Let f : I = [a, b] ⊆ (0,∞) → R be a
(
p, h

)
-convex function and f ∈ L1[a, b]. Then following

double inequality holds:

1

h
(

1
2

) f

[ap + bp

2

] 1
p
 ≤ pαΓ (α + 1)

(bp − ap)α
[

pIαa+ f (b) +p Iαb− f (a)
]
≤ α

[
f (a) + f (b)

] 1∫
0

tα−1 [h (t) + h (1 − t)] dt. (14)

Proof. Since f is a
(
p, h

)
-convex function on [a, b], so by taking xp = tap + (1 − t) bp, yp = (1 − t) ap + tbp and

for all t ∈ [0, 1],

1

h
(

1
2

) f

[ap + bp

2

] 1
p
 ≤ f

(
[tap + (1 − t)bp]

1
p
)

+ f
(
[(1 − t)ap + tbp]

1
p
)
. (15)

Multiplying both sides of (15) by tα−1 and integrating w.r.t. t over [0, 1],

1

αh
(

1
2

) f

[ap + bp

2

] 1
p
 ≤

1∫
0

tα−1 f
(
[tap + (1 − t) bp]

1
p
)

dt +

1∫
0

tα−1 f
(
[(1 − t) ap + tbp]

1
p
)

dt. (16)

By change of variable in (16), we have

1

αh
(

1
2

) f

[ap + bp

2

] 1
p
 ≤ p

(bp − ap)α


b∫

a

xp−1

(bp − xp)α
f (x) dx +

b∫
a

xp−1

(xp − ap)α
f (x) dx

 .
Applying the Definition 2.16 of Katugampola fractional integrals, one has the first inequality of (14).

For the second inequality on the right hand side of (14), by using the
(
p, h

)
-convexity of f , we have

f (x) + f
(
y
)

= f
(
[tap + (1 − t) bp]

1
p
)

+ f
(
[(1 − t) ap + tbp]

1
p
)
≤

[
f (a) + f (b)

]
(h (t) + h (1 − t)) .

Multiplying by tα−1 on both sides and integrating over [0, 1] ,we obtained the second inequality of (14).
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Remark 3.11. If α = 1, then above result coincide to Theorem 5 of [7].

Remark 3.12. If p = 1 and h(t) = t, then we get Theorem 2 of [10].

Now we give our next main result.

Theorem 3.13. Let f : ∆ → R be a coordinated
(
p1, h1

)
-
(
p2, h2

)
-convex function and f ∈ L1(∆). Then one has the

inequalities:

1

h1

(
1
2

)
h2

(
1
2

) f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

pα1Γ (α + 1)

2h2

(
1
2

)
(bp1 − ap1 )α

 p1 Iαa+ f

b,
[

cp2 + dp2

2

] 1
p2

 +p1 Iαb− f

a,
[

cp2 + dp2

2

] 1
p2




+
pβ2Γ

(
β + 1

)
2h1

(
1
2

)
(dp2 − cp2 )β

 p2 Iβc+ f

[ap1 + bp1

2

] 1
p1

, d

 + p2 Iβd− f

[ap1 + bp1

2

] 1
p1

, c




≤
pα1 pβ2Γ (α + 1) Γ

(
β + 1

)
(bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) + p1,p2 Iα,βb−,d− f (a, c)

]
(17)

≤
βpα1 Γ (α + 1)

2 (bp1 − ap1 )α
[

p1 Iαa+ f (b, c) + p1 Iαa+ f (b, d) + p1 Iαb− f (a, c) + p1 Iαb− f (a, d)
] 1∫

0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2

+
αpβ2Γ

(
β + 1

)
2 (dp2 − cp2 )β

[
p2 Iβc+ f (a, d) + p2 Iβc+ f (b, d) + p2 Iβd− f (a, c) + p2 Iβd− f (b, c)

] 1∫
0

tα−1
1 [h1 (t1) + h1 (1 − t1)] dt1

≤ αβ
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
] 1∫

0

1∫
0

tα−1
1 tβ−1

2 [h2 (t2) + h2 (1 − t2)] [h1 (t1) + h1 (1 − t1)] dt2dt1.

Proof. Since f : ∆→ R is a
(
p1, h1

)
-
(
p2, h2

)
-convex function, so the partial mapping fx : [c, d]→ R defined by

fx (v) = f (x, v) for all x ∈ [a, b] is
(
p2, h2

)
-convex on [c, d] . Similarly fy : [a, b]→ R defined by fy (u) = f

(
u, y

)
for all y ∈ [c, d] is

(
p1, h1

)
-convex on [a, b] . Then by Proposition 3.10 and applying the

(
p2, h2

)
-convexity of

fx, we have

1

h2

(
1
2

) fx

[cp2 + dp2

2

] 1
p2

 ≤ pβ2Γ
(
β + 1

)
(dp2 − cp2 )β

[
p2 Iβc+ fx (d) +p2 Iβd− fx (c)

]
≤ β

[
fx (c) + fx (d)

] 1∫
0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2.

Or

1

h2

(
1
2

) f

x,
[

cp2 + dp2

2

] 1
p2

 ≤
pβ2Γ

(
β + 1

)
(dp2 − cp2 )β

[
p2 Iβc+ f (x, d) +p2 Iβd− f (x, c)

]

≤ β
[

f (x, c) + f (x, d)
] 1∫

0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2. (18)
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Integrating inequality (18) w.r.t. x over [a, b] after multiplying by αp1xp1−1

2(bp1−ap1 )α(bp1−xp1 )1−α and αp1xp1−1

2(bp1−ap1 )α(xp1−ap1 )1−α ,

αp1

2h2

(
1
2

)
(bp1 − ap1 )α

b∫
a

xp1−1

(bp1 − xp1 )1−α f

x,
[

cp2 + dp2

2

] 1
p2

 dx

≤
αβp1p2

2 (dp2 − cp2 )β (bp1 − ap1 )α


b∫

a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(bp1 − xp1 )1−α (

dp2 − yp2
)1−β dydx +

b∫
a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(bp1 − xp1 )1−α (

yp2 − cp2
)1−β dydx


≤

αβp1

2 (bp1 − ap1 )α


b∫

a

xp1−1 f (x, c)

(bp1 − xp1 )1−α dx +

b∫
a

xp1−1 f (x, d)

(bp1 − xp1 )1−α dx


1∫

0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2, (19)

and

αp1

2h2

(
1
2

)
(bp1 − ap1 )α

b∫
a

xp1−1

(xp1 − ap1 )1−α f

x,
[

cp2 + dp2

2

] 1
p2

 dx

≤
αβp1p2

2 (dp2 − cp2 )β (bp1 − ap1 )α


b∫

a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(xp1 − ap1 )1−α (

dp2 − yp2
)1−β dydx +

b∫
a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(xp1 − ap1 )1−α (

yp2 − cp2
)1−β dydx


≤

αβp1

2 (bp1 − ap1 )α


b∫

a

xp1−1 f (x, c)

(xp1 − ap1 )1−α dx +

b∫
a

xp1−1 f (x, d)

(xp1 − ap1 )1−α dx


1∫

0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2. (20)

Now again by Proposition 3.10 and applying
(
p1, h1

)
-convexity of fy, we have

1

h1

(
1
2

) fy

[ap1 + bp1

2

] 1
p1

 ≤
pα1 Γ (α + 1)

(bp1 − ap1 )α
[

p1 Iαa+ fy (b) +p1 Iαb− fy (a)
]

≤ α
[

fy (a) + fy (b)
] 1∫

0

tα−1
1 [h1 (t1) + h1 (1 − t1)] dt1. (21)

Integrating (21) w.r.t. y over [c, d] after multiplying by βp2 yp2−1

2(dp2−cp2 )β(dp2−yp2 )1−β and βp2 yp2−1

2(dp2−cp2 )β(yp2−cp2 )1−β , we have

βp2

2h1

(
1
2

)
(dp2 − cp2 )β

d∫
c

yp2−1(
dp2 − yp2

)1−β f

[ap1 + bp1

2

] 1
p1

, y

 dy

≤
αβp1p2

2 (dp2 − cp2 )β (bp1 − ap1 )α


b∫

a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(bp1 − xp1 )1−α (

dp2 − yp2
)1−β dydx +

b∫
a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(xp1 − ap1 )1−α (

dp2 − yp2
)1−β dydx


≤

αβp2

2 (dp2 − cp2 )β


d∫

c

yp2−1 f
(
a, y

)(
dp2 − yp2

)1−β dy +

d∫
c

yp2−1 f
(
b, y

)(
dp2 − yp2

)1−β dy


1∫

0

tα−1
1 [h1 (t1) + h2 (1 − t1)] dt1. (22)



M. Raees, M. Anwar / Filomat 33:15 (2019), 4785–4802 4797

and

βp2

2h1

(
1
2

)
(dp2 − cp2 )β

d∫
c

yp2−1(
yp2 − cp2

)1−β f

[ap1 + bp1

2

] 1
p1

, y

 dy

≤
αβp1p2

2 (dp2 − cp2 )β (bp1 − ap1 )α


b∫

a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(bp1 − xp1 )1−α (

yp2 − cp2
)1−β dydx +

b∫
a

d∫
c

xp1−1yp2−1 f
(
x, y

)
(xp1 − ap1 )1−α (

yp2 − cp2
)1−β dydx


≤

αβp2

2 (dp2 − cp2 )β


d∫

c

yp2−1 f
(
a, y

)(
yp2 − cp2

)1−β dy +

d∫
c

yp2−1 f
(
b, y

)(
yp2 − cp2

)1−β dy


1∫

0

tα−1
1 [h1 (t1) + h2 (1 − t1)] dt1. (23)

Adding inequalities (19),(20),(22),(23) and apllying Definition 2.17, one obtained

pα1 Γ (α + 1)

2h2

(
1
2

)
(bp1 − ap1 )α

 p1 Iαa+ f

b,
[

cp2 + dp2

2

] 1
p2

 +p1 Iαb− f

a,
[

cp2 + dp2

2

] 1
p2




+
pβ2Γ

(
β + 1

)
2h1

(
1
2

)
(dp2 − cp2 )β

 p2 Iβc+ f

[ap1 + bp1

2

] 1
p1

, d

 + p2 Iβd− f

[ap1 + bp1

2

] 1
p1

, c




≤
pα1 pβ2Γ (α + 1) Γ

(
β + 1

)
(bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) + p1,p2 Iα,βb−,d− f (a, c)

]
≤

βpα1 Γ (α + 1)

2 (bp1 − ap1 )α
[

p1 Iαa+ f (b, c) + p1 Iαa+ f (b, d) + p1 Iαb− f (a, c) + p1 Iαb− f (a, d)
] 1∫

0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2

+
αpβ2Γ

(
β + 1

)
2 (dp2 − cp2 )β

[
p2 Iβc+ f (a, d) + p2 Iβc+ f (b, d) + p2 Iβd− f (a, c) + p2 Iβd− f (b, c)

] 1∫
0

tα−1
1 [h1 (t1) + h1 (1 − t1)] dt1.

Which are the second and third inequalities of (17).
For the last inequality of (17), applying Proposition 3.10 to the last part of above inequality, we have

βpα1Γ (α + 1)

2 (bp1 − ap1 )α
[

p1 Iαa+ f (b, c) + p1 Iαa+ f (b, d) + p1 Iαb− f (a, c) + p1 Iαb− f (a, d)
] 1∫

0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2

+
αpβ2Γ

(
β + 1

)
2 (dp2 − cp2 )β

[
p2 Iβc+ f (a, d) + p2 Iβc+ f (b, d) + p2 Iβd− f (a, c) + p2 Iβd− f (b, c)

] 1∫
0

tα−1
1 [h1 (t1) + h1 (1 − t1)] dt1

≤ αβ
[

f (b, c) + f (a, c) + f (b, d) + f (a, d)
] 1∫

0

tα−1
1 [h1 (t1) + h1 (1 − t1)] dt1

1∫
0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2.

For the first inequality of (17), we again use Proposition 3.10 and get

f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2

 ≤ h1

(
1
2

)
pα1 Γ (α + 1)

(bp1 − ap1 )α

 p1 Iαa+ f

b,
[

cp2 + dp2

2

] 1
p2

 + p1 Iαb− f

a,
[

cp2 + dp2

2

] 1
p2


 . (24)

Similarly,
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f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2

 ≤ h2

(
1
2

)
pβ2Γ

(
β + 1

)
(dp2 − cp2 )β

 p2 Iβc+ f

[ap1 + bp1

2

] 1
p1

, d

 + p2 Iβd− f

[ap1 + bp1

2

] 1
p1

, c


 . (25)

Adding (24) and (25), then dividing by 2h1

(
1
2

)
h2

(
1
2

)
, one has the first inequality of (17), which then

completes the proof.

Remark 3.14. If α = 1 = β, then above result gives Theorem 2.14, which was proved in [22].

Remark 3.15. If p1 = p2 = 1 and h1(t) = h2(t) = t, our result reduced to Theorem 2.6, which was proved in [23].

Corollary 3.16. Let f be an (h1, h2)-convex function on the coordinates on ∆ and f ∈ L1(∆), then one has following
inequalities:

1

h1

(
1
2

)
h2

(
1
2

) f
(

a + b
2
,

c + d
2

)

≤
Γ (α + 1)

2h2

(
1
2

)
(b − a)α

[
Iαa+ f

(
b,

c + d
2

)
+ Iαb− f

(
a,

c + d
2

)]
+

Γ
(
β + 1

)
2h1

(
1
2

)
(d − c)β

[
Iβc+ f

(
a + b

2
, d

)
+ Iβd− f

(
a + b

2
, c

)]

≤
Γ (α + 1) Γ

(
β + 1

)
(b − a)α (d − c)β

[
Iα,βa+,c+ f (b, d) + Iα,βa+,d− f (b, c) + Iα,βb−,c+ f (a, d) + Iα,βb−,d− f (a, c)

]
≤

βΓ (α + 1)
2 (b − a)α

[
Iαa+ f (b, c) + Iαa+ f (b, d) + Iαb− f (a, c) + Iαb− f (a, d)

] 1∫
0

tβ−1
2 [h2 (t2) + h2 (1 − t2)] dt2

+
αΓ

(
β + 1

)
2 (d − c)β

[
Iβc+ f (a, d) + Iβc+ f (b, d) + Iβd− f (a, c) + Iβd− f (b, c)

] 1∫
0

tα−1
1 [h1 (t1) + h1 (1 − t1)] dt1

≤ αβ
[

f (a, c) + f (a, c) + f (a, c) + f (a, c)
] 1∫

0

1∫
0

tα−1
1 tβ−1

2 [h2 (t2) + h2 (1 − t2)] [h1 (t1) + h1 (1 − t1)] dt2dt1.

Remark 3.17. Corollary 3.16 gives the classical version of Hadamard type inequalities for coordinated (h1, h2)-convex
functions, if α = β = 1.

Corollary 3.18. Let f :∆ → R be a (p1, s1)-(p2, s2)-convex function on the coordinates on ∆ and f ∈ L1(∆). Then
one has the inequalities:

2s1+s2 f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

2s2−1pα1 Γ (α + 1)

(bp1 − ap1 )α

 p1 Iαa+ f

b,
[

cp2 + dp2

2

] 1
p2

 +p1 Iαb− f

a,
[

cp2 + dp2

2

] 1
p2




+
2s1−1pβ2Γ

(
β + 1

)
(dp2 − cp2 )β

 p2 Iβc+ f

[ap1 + bp1

2

] 1
p1

, d

 + p2 Iβd− f

[ap1 + bp1

2

] 1
p1

, c




≤
pα1 pβ2Γ (α + 1) Γ

(
β + 1

)
(bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) + p1,p2 Iα,βb−,d− f (a, c)

]
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≤
βpα1Γ (α + 1)

2 (bp1 − ap1 )α
[

p1 Iαa+ f (b, c) + p1 Iαa+ f (b, d) + p1 Iαb− f (a, c) + p1 Iαb− f (a, d)
] { 1
β + s2

+ B(β, s2 + 1)
}

+
αpβ2Γ

(
β + 1

)
2 (dp2 − cp2 )β

[
p2 Iβc+ f (a, d) + p2 Iβc+ f (b, d) + p2 Iβd− f (a, c) + p2 Iβd− f (b, c)

] { 1
α + s1

+ B(α, s1 + 1)
}

≤ αβ
[

f (a, c) + f (a, c) + f (a, c) + f (a, c)
] { 1

(α + s1)(β + s2)
+

B(α, s1 + 1)
β + s2

+
B(β, s2 + 1)
α + s1

+B(α, s1 + 1)B(β, s2 + 1)
}
.

Remark 3.19. If α = 1 = β, then Corollary 3.18 reduces to a new result for (p1, s1)-(p2, s2)-convex functions on the
coordinates on ∆ via classical integrals as follows:

2s1+s2 f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

2s2 p1

(bp1 − ap1 )

b∫
a

xp1−1 f

x,
[

cp2 + dp2

2

] 1
p2

 dx +
2s1 p2

(dp2 − cp2 )

d∫
c

yp2−1 f

[ap1 + bp1

2

] 1
p1

, y

 dy

≤
4p1p2

(bp1 − ap1 ) (dp2 − cp2 )

b∫
a

d∫
c

xp1−1yp2−1 f (x, y)dydx

≤
2p1

(bp1 − ap1 ) (s2 + 1)

b∫
a

xp1−1 [
f (x, c) + f (x, d)

]
dx +

2p2

(dp2 − cp2 ) (s1 + 1)

d∫
c

yp2−1 [
f (a, y) + f (b, y)

]
dy

≤ 4
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
]

(s1 + 1)(s2 + 1)
.

Corollary 3.20. Let f :∆→ R be a (p1, s)-(p2, s)-convex function on the coordinates on ∆ and f ∈ L1(∆). Then one
has the inequalities:

4s f

[ap1 + bp1

2

] 1
p1

,

[
cp2 + dp2

2

] 1
p2


≤

2s−1pα1Γ (α + 1)

(bp1 − ap1 )α

 p1 Iαa+ f

b,
[

cp2 + dp2

2

] 1
p2

 +p1 Iαb− f

a,
[

cp2 + dp2

2

] 1
p2




+
2s−1pβ2Γ

(
β + 1

)
(dp2 − cp2 )β

 p2 Iβc+ f

[ap1 + bp1

2

] 1
p1

, d

 + p2 Iβd− f

[ap1 + bp1

2

] 1
p1

, c




≤
pα1 pβ2Γ (α + 1) Γ

(
β + 1

)
(bp1 − ap1 )α (dp2 − cp2 )β

[
p1,p2 Iα,βa+,c+ f (b, d) + p1,p2 Iα,βa+,d− f (b, c) + p1,p2 Iα,βb−,c+ f (a, d) + p1,p2 Iα,βb−,d− f (a, c)

]
≤

βpα1 Γ (α + 1)

2 (bp1 − ap1 )α
[

p1 Iαa+ f (b, c) + p1 Iαa+ f (b, d) + p1 Iαb− f (a, c) + p1 Iαb− f (a, d)
] { 1
β + s

+ B(β, s + 1)
}

+
αpβ2Γ

(
β + 1

)
2 (dp2 − cp2 )β

[
p2 Iβc+ f (a, d) + p2 Iβc+ f (b, d) + p2 Iβd− f (a, c) + p2 Iβd− f (b, c)

] { 1
α + s

+ B(α, s + 1)
}

≤ αβ
[

f (a, c) + f (a, c) + f (a, c) + f (a, c)
] { 1

(α + s)(β + s)
+

B(α, s + 1)
β + s

+
B(β, s + 1)
α + s

+ B(α, s + 1)B(β, s + 1)
}
.
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Remark 3.21. If one use α = 1 = β, then inequalities in Corollary 3.20 will present the classical version of Hadamard
type inequalities for coordinated (p1, s)-(p2, s)-convex functions.

Corollary 3.22. Let f :∆→ R be a (p, s)-convex function on the coordinates on ∆ and f ∈ L1(∆). Then one has the
inequalities:

4s f

[ap + bp

2

] 1
p

,

[
cp + dp

2

] 1
p


≤
2s−1pαΓ (α + 1)

(bp − ap)α

 pIαa+ f

b,
[

cp + dp

2

] 1
p
 +p Iαb− f

a,
[

cp + dp

2

] 1
p



+
2s−1pβΓ

(
β + 1

)
(dp − cp)β

 pIβc+ f

[ap + bp

2

] 1
p

, d

 + pIβd− f

[ap + bp

2

] 1
p

, c




≤
pα+βΓ (α + 1) Γ

(
β + 1

)
(bp − ap)α (dp − cp)β

[
p,pIα,βa+,c+ f (b, d) + p,pIα,βa+,d− f (b, c) + p,pIα,βb−,c+ f (a, d) + p,pIα,βb−,d− f (a, c)

]
≤

βpαΓ (α + 1)
2 (bp − ap)α

[
pIαa+ f (b, c) + pIαa+ f (b, d) + pIαb− f (a, c) + pIαb− f (a, d)

] { 1
β + s

+ B(β, s + 1)
}

+
αpβΓ

(
β + 1

)
2 (dp − cp)β

[
pIβc+ f (a, d) + pIβc+ f (b, d) + pIβd− f (a, c) + pIβd− f (b, c)

] { 1
α + s

+ B(α, s + 1)
}

≤ αβ
[

f (a, c) + f (a, c) + f (a, c) + f (a, c)
] { 1

(α + s)(β + s)
+

B(α, s + 1)
β + s

+
B(β, s + 1)
α + s

+ B(α, s + 1)B(β, s + 1)
}
.

Corollary 3.23. Let f :∆→ R be an (s1, s2)-convex function on the coordinates on ∆ and f ∈ L1(∆). Then one has
the inequalities:

2s1+s2 f
(

a + b
2
,

c + d
2

)
≤

2s2−1Γ (α + 1)
(b − a)α

[
Iαa+ f

(
b,

c + d
2

)
+ Iαb− f

(
a,

c + d
2

)]
+

2s1−1Γ
(
β + 1

)
(d − c)β

[
Iβc+ f

(
a + b

2
, d

)
+ Iβd− f

(
a + b

2
, c

)]
≤

Γ (α + 1) Γ
(
β + 1

)
(b − a)α (d − c)β

[
Iα,βa+,c+ f (b, d) + Iα,βa+,d− f (b, c) + Iα,βb−,c+ f (a, d) + Iα,βb−,d− f (a, c)

]
≤

βΓ (α + 1)
2 (b − a)α

[
Iαa+ f (b, c) + Iαa+ f (b, d) + Iαb− f (a, c) + Iαb− f (a, d)

] { 1
β + s2

+ B(β, s2 + 1)
}

+
αΓ

(
β + 1

)
2 (d − c)β

[
Iβc+ f (a, d) + Iβc+ f (b, d) + Iβd− f (a, c) + Iβd− f (b, c)

] { 1
α + s1

+ B(α, s1 + 1)
}

≤ αβ
[

f (a, c) + f (a, c) + f (a, c) + f (a, c)
] { 1

(α + s1)(β + s2)
+

B(α, s1 + 1)
β + s2

+
B(β, s2 + 1)
α + s1

+B(α, s1 + 1)B(β, s2 + 1)
}
.

Remark 3.24. If α = 1 = β, then the inequalities in Corollary 3.23 extends Theorem 2.1 of [20]. It will coincide to
the Theorem 2.1 of [20] if s1 = s2 = s.

Corollary 3.25. Let f :∆ → R be an s-convex function on the coordinates on ∆ and f ∈ L1(∆). Then one has the
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inequalities:

4s f
(

a + b
2
,

c + d
2

)
≤

2s−1Γ (α + 1)
(b − a)α

[
Iαa+ f

(
b,

c + d
2

)
+ Iαb− f

(
a,

c + d
2

)]
+

2s−1Γ
(
β + 1

)
(d − c)β

[
Iβc+ f

(
a + b

2
, d

)
+ Iβd− f

(
a + b

2
, c

)]
≤

Γ (α + 1) Γ
(
β + 1

)
(b − a)α (d − c)β

[
Iα,βa+,c+ f (b, d) + Iα,βa+,d− f (b, c) + Iα,βb−,c+ f (a, d) + Iα,βb−,d− f (a, c)

]
≤

βΓ (α + 1)
2 (b − a)α

[
Iαa+ f (b, c) + Iαa+ f (b, d) + Iαb− f (a, c) + Iαb− f (a, d)

] { 1
β + s

+ B(β, s + 1)
}

+
αΓ

(
β + 1

)
2 (d − c)β

[
Iβc+ f (a, d) + Iβc+ f (b, d) + Iβd− f (a, c) + Iβd− f (b, c)

] { 1
α + s

+ B(α, s + 1)
}

≤ αβ
[

f (a, c) + f (a, c) + f (a, c) + f (a, c)
] { 1

(α + s)(β + s)
+

B(α, s + 1)
β + s

+
B(β, s + 1)
α + s

+ B(α, s + 1)B(β, s + 1)
}
.

Remark 3.26. Inequalities in Corollary 3.25, will be reduced to special case of classical integrals if α = 1 = β. In
that case it will coincide to Theorem 2.1 of [20].

Conclusion 3.27. In this paper two inequalities of Hadamard type are presented for the Katugampola fractional
integrals keeping coordinated (p1, h1)-(p2, h2)-convexity into account. The special cases are discussed to see the
compatibility with the prviously known results. It is found that the results are highly compatible and they can be
extend for other types of convexities.
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