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On Hermite-Hadamard type inequalities of coordinated
(p1, h1)-(p2, hy)-convex functions via Katugampola Fractional Integrals

Muhammad Raees?, Matloob Anwar?

?Department of Mathematics, School of Natural Sciences, National University of Sciences and Technology, Islamabad, Pakistan.

Abstract. The present article establishes some results on Hermite-Hadamard type inequalities of co-
ordinated (p1, )-(p2, h2)-convex functions by using Katugampola fractional integrals. The results are in
generalized form and deduced for various special cases like coordinated pg-convex functions, coordinated
(p, s)-convex functions, coordinated s-convex functions and classical case of coordinated convex functions.

1. Introduction

During the last three decades, the theory of convex functions has been extensively studied due to its vast
applications in optimization theory and biological system [1, 2]. Important inequalities are introduced for
this class of functions. In recent years many generalizations of convexity such as s-convexity, i-convexity,
m-convexity and some combinations of these concepts shows the impact to the community of investigators.
These notions modified and generalized those inequalities which were found for classical convexity (see
for example [3]-[13]). Due to geometrical interpretation of Hermite-Hadamard type inequalities, significant
importance is given to them. Dragomir [14] introduced the notion of convex functions on the coordinates
in a rectangle from the plane IR? . He considered a bi-dimensional interval A : [a,b] X [c,d] with0 <a < b <
00,0 < ¢ < d < o and defined the concept as follows: A function f : A — R, will be called convex on the
coordinates on A, if the partial mappings f, : [a,b] = R, f,(u) = f(u,y) and f, : [c,d] = R, f,(v) = f(x, ) are
convex forall y,v € [c,d] and for all x, u € [a, D] respectively. Recall that convex functions on A are satisfying
the inequality:

fAx+ A -MNMu, Ay+ 1 -A)0) <Af(x,y) + (1 - A)f(u,0) (1)

for all (x,y),(u,v) € Aand A € [0,1]. Every convex function is coordinated convex but the converse is not
true (see[14]). Dragomir [14] established Hadamard type inequalities similar to one dimensional case. Later
on many generalizations of the coordinated convex functions are made and new inequalities are established
by different authors. We refer interested readers to [15]-[20].
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Noor et al. [21] defined a new class of functions named as two dimensional(coordinated) pg-convex
functions. They generalize some inequalities for this class of functions. Yang [22] extend this notion for
a more general class termed as coordinated (p1, h1)-(p2, h2)-convex functions. This is a very large class
as it includes coordinated (p1, s1)-(p2, s2)-convex functions, coordinated pg-convex functions, coordinated
(h1, hp)-convex functions, coordinated (s, s;)-convex functions, coordinated h-convex functions, coordi-
nated s-convex functions and coordinated convex functions as special cases. Yang established inequalities
of Hermite-Hadamard type for this class of functions and connected the results to the previously known
results for classical integrals. Sarikaya [23] extended the Hadamard type inequalities by using coordinated
convex functions via Riemann-Liouville Fractional integrals. Chen [24] established Hadamard type in-
equalities for coordinated s-convex functions. Set et al. [26] considered coordinated h-convex functions and
generalized some inequalities of Hadamard type.

Motivated by these papers, we present the following work whose purpose is to establish the Hadamard
type inequalities for coordinated (p1, h1)-(p2, h2)-convex functions via Katugampola fractional integral. We
presented our results for several special cases like coordinated (p1, s1)-(p2, s2)-convex functions, coordinated
pg-convex functions, coordinated (/;, hy)-convex functions, coordinated (s3, s,)-convex functions. Results
proved in this study are continue to hold for established results for various kinds of convexities like
coordinated h-convex functions, coordinated s-convex functions and coordinated convex functions.

2. Preliminaries

In this section we give some definitions and properties of convexity and fractional integral operators.
Recall that a real valued function f defined in an interval ] is called convex function if for all x, y in | and
for any tin [0, 1],

fltx+A-y)<tf)+A-1)f(y). )

Let f: ] =[a,b] € R — R be a convex function with a < b, then the following double inequality which is
called Hermite-Hadamard'’s inequality holds:

b
b
(5055 [rom < L0, ®

Let us consider a bi-dimensional interval A : [4,b] X [c,d] in RZ such that 0 <a < b < 00,0 < ¢ < d < 0.

Theorem 2.1. [14] Suppose that f : A — R is convex on the coordinates on A. Then following inequalities hold:

(255« 3l oo ot [ (oo

c

Wfff(x y)dxdy

d
%[bljf[f(x,c)ﬁ(x,d)]dﬁ = [+ remay

flac)+ fad)+ f(b,c)+ f(bd)
< 1 .

A formal definition of coordinated convex function may be stated as follows:
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Definition 2.2. A function f : A — R will be called coordinated convex on A, if the following inequality holds:

flx+A-tusy+ 1A -s)v)<tsf(x,y)+t(1—s)f(x,0)+A-Hsf(uw,y)+1-t)(1—-s)f(u,v)
forall (x,y),(x,v),(u,y),m,v) e Aand s, t € [0,1].

In the following we present some definitions and results which are helpful in the further study. Details
can be found in [23],[27]-[34].

Definition 2.3. Let f € Ly [a,b]. The left and right Riemann- Liouville integrals of order o > 0 with a > 0 are
denoted and defined by

Joof (x) = ﬁ’fax(x—r)“_lf(f)df, x>a
and
1 b
Rf@ = [ -0 s x<t,
respectively. Where T is the Gamma function and |2, f (x) = J)_f (x) = f (x).

Definition 2.4. Let f € Ly ([a,b] X [c,d]) . The Riemann- Liouville integrals ]a Less ]

ot ,] . and ]ny 4 of order
a,B > 0 witha,c > 0 are defined by

— a 1 _ p-1
a+c+f( Y = T )F(ﬁ)f f (x = (y— 1) f(t1,12)dtodty, x >a, y>c,
]j+d flxy) = m‘fﬂ f(x—’rl)“_l (Tz—y)ﬁ_lf(’ﬁ,’[z)d’[zd’[l, x>a,y<d,

b~y
]Zy’_ﬁﬂf (x,y) = m fx fc (11 —x)*7 (y - Tz)ﬁ_lf(Tl,Tz) dtdty, x<b, y>¢,

and

aﬁ RV DY | d
Sy = e )F(ﬁ)f f (11 —=0)" (t2—y)  f(11,12)drodty, x <b, y <d,
respectively. Here I is the Gamma function,

Tt f o) =T Fay) =12 foy) =10 f(xy) = fxy)

and

l X
a+d f( ]/) (a)r(ﬁ)\fa\ jy\df(’terZ)dTZdTL

Similar to Definition 2.3, Sarikaya [23] introduced the following fractional integrals:

],Hf( C+d) F(a)f(x—’cl)alf(Tl,C+d)d71,x>a

b
]{,’f(x, %1) = ﬁfx (t1 - x)a_lf(ﬁ,

+d)d’£1, x<b,
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y
]Hf(u+b, ) %‘B)f (y—Tz)ﬁ_lf(aZb,Tz)de,y>C,

()= 1 [

It is worth noting that Sarikaya gave the following remarkable results in [23].

,72) dt, y <d.

Theorem 2.5. Let f : A C R*> = R be a coordinated convex function on A := [a,b] X [c,d] in R*> with0 < a < b,
0<c<dand f € L1 (A). Then one has the inequalities:

r nr 1
(5557) = ooy s 0.0 I F 001 fad 1, f 0]

flac)+ f@ad)+ f®,c)+ f(bd)
< 1 .

Theorem 2.6. Let f : A C R* — R be a coordinated convex function on A := [a,b] X [c,d] in R*> with0 < a < b,
0<c<dand f € L1 (A). Then one has the inequalities:
a+b a+b
() ()

a+b c+d T'(a+1) c+d a c+d rg+1)
(525 < oo ) il 5| 5

(a+1)F(ﬁ+1) . )
S - [Ja+c+f(b,d)+ 1 b0+ 1 fad) 4, F o)
< i((baﬂ)[ f 0,0+ ] f(b,d)+ ] fa,0)+]¢ f @, d)]
r
+4((5+)2s [ f@d+ L f,d+]) f@c)+] f@b0)
< f,o)+f a,d)+f(b,c)+f(b,d).

4

Noor et. al. [21] introduced the notion of coordinated pg-convex functions to generalize the p-convex
functions as follows:

Definition 2.7. Let A := [a,b] X [c,d] C R? be a rectangle. A function f : A — R is said to be two dimen-
sional(coordinated) pg-convex function, if

f([tx” +(1- t)up]rl’, [ry!+(1- r)vq]%) <trf(xe, ) +t1 =1 flx,0)+ A =-Hrfu,y)+ A=A -1 f(u,v) 4
forall (x,y),(x,v),(u,y),(u,v) € Aandr,t € [0, 1].
They established the following result.

Theorem 2.8. Let f : A € R* — R be a pg-convex function on the coordinates on A, then following inequalities
hold:

aP+bPrlJ cfi+d’15 f“c)+f(ﬂd)+f(bc)+fbd)
f([ 2 ]’[ 2 ]]<(bl’—ap)(dq—cq)ffxp LT (x, y) dydx < ;

Yang [22] generalized this concept by defining a larger class of coordinated convex functions termed as
coordinated (p1, h11)-(p2, h2)-convex function as follows:
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Definition 2.9. Let by, hy : | — R be two non-negative and non-zero functions. A mapping f : A — R is said to be
(p1, h1)-(p2, h2)-convex function on the coordinates on A, if the partial mappings f, : [a,b] = R, f,(u) = f(u, y) and
frile,d]l = R, fr(v) = f(x,v) are (p1, h1)-convex with respect to u on [a, b] and (p2, hy)-convex with respect to v on
[c, d] respectively for all y € [c,d] and x € [a, b].
From the above definition, we can say that if f is coordinated (p1,h1)-(p2, h2)-convex function, then the following
inequality holds:
f([i.‘x"1 +(1- t)u”l]ﬁ, [ry”? +(1 - r)vpz]%) < hi®h() f(x, y) + (a1 = 1) f(x, v) + I (1 = Hha(r) f(u, y)
+h1(1 = Hha(1 = 7) f(u, v). (5)

Remark 2.10. If p1 = pp = 1, then the function f defined in inequality (5) will be reduced to coordinated (h1, hy)-
convex function.

Remark 2.11. If hy(t) = t° and hy(t) = t2, then the function f defined in inequality (5) will be called coordinated
(p1, 51)-(p2, S2)-convex function.

Remark 2.12. If hi(t) = 1, hy(t) = t*2 and p1 = po = 1, then the function f defined in inequality (5) will be called
coordinated (s1, s2)-convex function.

Yang [22] gave following two results along with many other results.

Theorem 2.13. Let f : A — R be a (p1, h1)-(pa, ha)-convex function on the coordinates on A. Then one has the
inequalities:

1 aPt + pP1 ﬁ cP2 + gp2 % pip2 ff .
’ = xP Ly f (v, y)dydx
4h1<%)hz<%)f[[ ST < gt [ e e

1
[f@c)+ flad+fbco)+ f(d)] | h(t)dt (t)dt.
o f

IA

Theorem 2.14. Let f : A — R be a (p1,h1)-(p2, h2)-convex function on the coordinates on A. Then one has the

inequalities:
1 f[[apl +bpl}!’11 [CPZ +dp2]plz]
w2 11
b 1 d 1
P1 1 2 + d”zr P2 - [am + b ]m
< — | ¥ : doy —2 LN L
4h1(%)(bm—am)ufx f(x[ 2 ] x+4h2<%)(dpz_cpz)!y f[ 2 Y|y
bod
pip2 =1 py—
< (bPr — arr) (dr2 — ci2) ffxp 1yp 1f(xr y)dydx
b b 1
< ﬁ lfxpl_lf (x/ C) dx + fx”l_lf (x, d) dx‘ fhz(t)dt
a a 0
d d 1
+%l f v f (@, y)dy + f v f (b, y)dy} f ha (t)dt
c c 0
1
< [f@o)+flad)+f®,c)+ fb,d)] | hi(t)d (H)dt.
o
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Definition 2.15. [27] XL (a,b)(c € R, 1 < p < o) is the set of those complex valued Labesgue measurable functions
1

. 1
f of [a, b] for which ”fo” < oo, where the norm is defined by “f”Xp = (ﬂt‘ff(t)(p %]p <ooforl <p<oo,ceR

and for the case p = o,

¢ = esssup [t
‘ ast<b
Katugampola introduced a new fractional integral which generalizes the Riemann-Liouvilleand Hadamard

fractional integrals into single form as follows (see for example [29-32]).

Definition 2.16. Let [a,b] C R be a finite interval. Then, the left and right-sided Katugampola fractional integrals
of order a(> 0) of f € X!(a, b) with a > 0 are defined by:

o 3 pl—a pa ta—l
0= s f el

and

b

. 1—0( ta—l
P f () = F(a)f (tP—xP)l‘“f (£)at

witha < x < band p > 0, provided the integrals exist.

Katugampla fractional integrals into two dimensional case may be given as follows:

Definition 2.17. Let f € X! (A) . The Katugampola fractional integrals 2137, Plfpzljf o PW’ZIZ”_ﬁ, ., and F’l’F’ZIZf .
of order o, f > 0 with a,c > 0 are defined by

tpl gh2—1
g £ (xy) = f f t,s)dsdt, x >a, y>c,
whorf (XY I"(a)l"(ﬁ) (P — )17 (g2 — spz)l‘ﬁf( ) Y

tpr=lgpa-l
pLp2 B = t,s)dsdt, ’ d,
a+,d— f(xy) F(a)l"(ﬁ)f f (P — 1) 1- ) (o2 _ypz)l—[gf( s)dsdt, x >a, y <

pip2 [ B f(x = f f tl’l Tgp2-1 Flts)dsdt, x< b, y>c
b—,c+ F (0() 1—' (ﬁ) (tp1 - xp1 (ypz spz)l_ﬁ ’ ’ ’ ]/ ’

and

1-a ~ b —1.p—1
Pt s
pp ey = L T2 fd (t,s)dsdt, x <b, y <d,
bfldff( ]/) F((X)F(,B) N y (tF” _ xp])l—a (sz _ yPZ)l_ﬁf y

respectively and p1,p, > 0. Here I is the Gamma function. Moreover,

PR fCoy) LD f o) L fOoy) LS f (oY) = f ()

and

L f () = f fd 7152 F () st
a Jy
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Similar to Definition 2.16, we introduce the following fractional integrals:

1 1

P2 adrln) peo 0 el P2+ dr2 |
plIa , = t, dt/ > 7
arf [x [ 2 ] ] T(@) ), (xpl_tpl)l—af 2 r=a

o+ _ P f b et Oy oA
pya _
Ib—f [x,[ 2 ] ] r(a) X (tpl s )1*0{f t/ 2 dt, x < b,

1 1-B _ 1
P14 pp1 | Yy p2—1 P14 pP1 |
pz[f+f[[a 42rb ,y]— P, s fﬂa er ] ,Sst,y>C,

CTE) Je (@ —a)'

1 1-f .
1 a Py gh2-1
,y] T »[: (s — y’”)lﬁf[

It is important to notice that if p; = p, = 1, then Katugampola fractional integrals reduces to Riemann
Liouville fractional integrals given in Definition 2.4.

art + b
2

ar + b
2

leg_f [

" ,s]ds, y<d.

3. Main Results

In this section we give the Hadamard type inequalities by using (p1, h1)-(p2, h2)-convex functions of two
variables on A = [a,b] X [c, d].

Theorem 3.1. Suppose that f : A — Ris a (p1, h1)-(p2, ha)-convex function on the coordinates on A and f € Li(A).
Then one has the inequalities:

1 f{[am +bm]pll [sz +dpz]l’lz]
(g L2 1702

PPl (@ + DT (B +1)
4(bm — ar)® (dr2 — )

IN

[Pvmljfﬁ f,d)y+ et f o)+ L f@ad)+ "L f, c)] (6)

IN

1 1
PU @+ £ @i+ £6,0+ £ [ [ HE 0+ (0= 0] o (1) + s 1= )]
0 0

Proof. LetxP' = t1a”" + (1 — t1) b7, y"* = (1 — t1) aP* + 1107 and uP? = trcP2 + (1 — tp) dP2, 02 = (1 — tp) 2 + trd??,
then by coordinated (p1, 11)-(p2, h2)-convexity of f, we have,

a4 | [y | B 't + Yy NOrub 4o
f[[ 2 ][ 2 ]]‘f[[ 2 }[ 2 ]]
i (3)0e (5) 1 o + £ 00+ £ (0 + £ ()], ”
%ﬂ

1 ti"‘ltg_l and integrating over ([0,1] x [0, 1]), one has

IA

Multiply by

1
a’' + b ]”1 [sz + d”z]
7

T 2

n 1 1
pz]s%ﬁ f f BT (o u) + f (n,0) + £ (y,u) + £ (y,0)] dhdt. (8)
0 0
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Note that by the change of variable, we have on the right-hand side of the inequality (8):

11
ffta 1tﬁ 1 [f (x,u) + f(x,0) + f (y,u) + f (y,0)] dhdt
0 0

pip2 xP1=lypa-l
,y)dyd
(br —am)* (drz — ) {f f (brr — xP)' ™9 (dr2 — pz)l—ﬁf (x, y) dydx

b d b d
xP1 ypz—l ff P ypz—l
+ L) dydx + ) dyd
ff (b — x) = (yP - C’”)l_ﬁf(x )y (xP1 — ar)' ™% (dp2 — ypz)l—ﬁf(x y) dydx

b d
x”l—lypz—l
T e

Now applying the Definition 2.17 of Katugampola fractional integral, the firs inequality of (6) is obtained.
For the second inequality on the right hand side of (6), we use the coordinated (p1, 11)-(p2, h2)-convexity of

f as follows:

f(x, 1)

f(x,0)

f(y,u)

and

f o)

IA

IA

IA

IA

F (e + @ =)0 [0 + (1 - a1

hi(t1) ha (t2) f(a,¢) + hy (1) ho (1 = 1) f(a,d) + 1y (1 = £1) ha (£2) £ (B, €)
+hy (1-t)ha (1 -t2) f(b,d), )

f([tmp1 (=BT [ - b) P + tzd”zli)

hi(t)ha (1 —=1t2) f(a,c) + hi(t) ha (t2) f(a,d) + i (1 = t) o (1 = 12) £ (B, €)
+hy (1 =t1) ha (t2) f (b, d), (10)

F(10 = 1)@ + 10T [0 + (1 - 1) %)

hi(1=t)ho (t2) f(a,¢) + hi (1 = t1) ha (1 = t) f(a,d) + hy (t1) B2 (£2) f (b, €)
+hy (1) ha (1 = t2) f (b, d) (1)

F(I0 = @ + 00171 - ) + )

hi(1=t)ha (1 —t2) f(a,c) + hy (1 —ty) ha (t2) f (a,d) + hy (t1) ha (1 —t2) £ (b, ©)
+hy (t1) ha (t2) f (b, d) . (12)

Adding inequalities (9), (10), (11), and (12), we come to the result:
fouw+ fxo)+fyu)+f(yo) < [f@aco)+f@ad+fbo)+ fbd]{h(t)h () +h () h (1 -1t)

+hi(1=t)hy(t2) + i (1 —t) ho (1 = t2)}. (13)

Multiplying (13) by o t 1tﬁ and integrating over ([0, 1] X [0, 1]), one has the second inequality of (6) by
apllying Defintion 2. 17 wh1ch then completes the proof. [

Remark 3.2. If @ =1 = f, then above result become Theorem 2.13 which was proved in [22].

Remark 3.3. Ifhi(t) =t = hy(t) and o = B = 1, then above result coincide to Theorem 2.8 which was proved in [21].
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Remark 3.4. Ifp1 = p2 = 1, then inequality (6) reduced to:

1 f(a+b c+d)
4h1<l)h2(l) 27 2
F(OK+1)F(‘B+1) “ﬁ ap ap
< T0—ar o [W+ Od)+ P fo,0+ L fad+ L7 f@o)]
<

11
? [f@, o)+ fad) + fbc)+ f(bd)] fft“ 1tﬁ ' (1) + 1 (1 = £1)] [2 (t2) + ho (1 — £)] Aty dts.
00

This result generalizes Theorem 2.1 of [26]. It coincide with Theorem 2.1 of [26], if hy(f) = ha(t) = h(?).
Furthermore, if @ = § = 1, it reduced to Theorem 7 of [16].

Remark 3.5. If hi(t) = hy(t) = t and p1 = p2 = 1, then our result coincide with Theorem 2.5.

Corollary 3.6. Suppose that f : A — R is (p1, 51)-(p2, $2)-convex function on the coordinates on A and f € L1(A).
Then one has the inequalities:

1

Vz]

S1+sp—2 apl + bpl
2 f[[ .
[P f )+ 7oL f b0+ ML f@d)+ "L, f(a,0)]

1
no|cP2 + dr2

2

7

PPAT @+ DT (B +1)
4(bpr — ap)* (dr2 — cP2)P

ap
T [f(a,c)+f(a,d)+f(b,c)+f(b,d)]{

1 N B(B,s2+1) N B(a,s1 + 1)
(a +s1)(B +52) (a +s1) (B +52)

IN

B(B,s2 + 1)B(a, 51 + 1)},

1
where B(x,y) = [ 7°71(1 - 1)¥"1dx, for all x, y > 0 is the Beta function.
0

Proof. If one chooses hy(t) = 1, hy(t) = 2 for sy, s, € (0, 1], then calculation of integrals involved in inequality
(6) leads to the required result. [J

Corollary 3.7. Suppose that f : A — R is an (s1, s2)-convex function on the coordinates on A and f € Li(A). Then
one has the inequalities:

ssm—2[aTb c+d
2|

Ta+1)T'(B+1)

< 4(b—a) (d— )ﬁ [ a+,c+ (b,d) + I f(b/ c)+ IZfo({l,d) + IZfd_f(a/C)]
ap 1 B(B,s2+1)  B(a,s +1)
- 4 [f(a’C)+f(a,d)+f(b’C)+f(b,d)]{(a+51)(ﬁ+52)+ (@ +51) " (B +52)

+B(B,52 + 1)B(a, 51 + 1)},

where B(x, y) is the Beta function as defined in Corollary 3.6. Above result extends Theorem 10 of [24].
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Corollary 3.8. Suppose that f : A — R is a (p1,s)-(p2, s)-convex function on the coordinates on A and f € Li(A).
Then one has the inequalities:

51 @+ [+
oo 1

ﬂmFM+nr$+D[mmﬂﬁ
4(bpr — ap)* (dr2 — cr2)P e

Z‘B [f(ac)+ f(ad)+ f(®,c) +f(b,d)]{

fFlo,dy+ Pl f b0+ PR Fad)+ "LP f (0]

1 B3,s+1) B(a,s+1)
@+5B+s) | (a+ts) | (Brs)

Corollary 3.9. Suppose that f : A — R is (p, s)-convex function on the coordinates on A and f € Li(A). Then one
has the inequalities:

ool 5 )

PP @+ 1)T(B+1) . .
4(bp—ap)“(dp_cp)ﬁ [pp a+,c+ (,d) + PPI 'B f(b c) + pplb c+f(g d) + f(a C)]

< %ﬁ [f(a,c)+ f(ad)+ f(,c) +f(b,d)]{

B(5,s +1)B(a,s + 1)} .

1 B(B,s+1) B(a,s+1)
@+5B+s) | (a+ts) | (B+s)

This result also gives a generalization of Theorem 10 of [24].
To prove the next result, we need the following motivation.

B(5,s +1)B(a,s + 1)} .

Proposition 3.10. Let f : I = [a,b] C (0,00) — R be a (p, h)-convex function and f € Ly[a,b]. Then following
double inequality holds:

1 1
1 a + b “I‘(a+1) a o
H94[2 ]] = F+ﬂw#1f@kaf@+ﬂwJ¥1h@+mvwwt09

Proof. Since f is a (p, h)-convex function on [a, b], so by taking x¥ = ta” + (1 —t) VP, y? = (1 —t)a’ + tb and
forall t € [0,1],

Tl [

Multiplying both sides of (15) by t*~! and integrating w.r.t. t over [0,1],

1 1 1
”p;bp]p]sft“—lf([tau(l—t)bﬂ]i)dt+ft“—1f([(1—t)ahtbﬂ]i)dt. (16)
0 0

1
ab + b |”
2

]s Flta? + @ = 001 ) + £ (LA - D + 1)) (15)

ol [

By change of variable in (16), we have
1

1 b b
af + b | p APl -1
ah(%)f 2 ] ]S (b7 — av)" f(bp _xp)af(x)d“ffmf(x)dx‘-

Applying the Definition 2.16 of Katugampola fractional integrals, one has the first inequality of (14).
For the second inequality on the right hand side of (14), by using the (p, h)-convexity of f, we have

F@+F) = f(lt" +A-0PP )+ F ([ =D + 7)) < [f @) + O] (1 (D) + (1 - 1)).
Multiplying by t*~! on both sides and integrating over [0, 1], we obtained the second inequality of (14). [
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Remark 3.11. If a = 1, then above result coincide to Theorem 5 of [7].
Remark 3.12. Ifp = 1 and h(t) = t, then we get Theorem 2 of [10].
Now we give our next main result.

Theorem 3.13. Let f : A — R be a coordinated (p1, h1)-(p2, ha)-convex function and f € L1(A). Then one has the

inequalities:
1 &
i (31 (3)
“l"(a+1) [sz+dpz]plz |:Cp2 +dp2}plz
< ne flo|——| ("I _fla|——
2hy (3) (b9 = arr)" [ " [ 2 -/ 2

F(ﬁ‘i‘l) » 1B afl + b % » P+ b ﬁ
+2h1( )(dpz_cpz)ﬁ[pl” [[ 2 ] ’d]"'pld_f([ 5 ] ,c]l

1
1

art + b
2

P2 + dp:
2

7

PR @+ DI+ o a a
= (;Plz— ar)® (dr —cPZ)ﬁ [m pz[“f” (b,d) + pl,pzlaﬁ fbo)+ - pzlb C+f (a,d) + pl/pzlb—ﬁ,d—f (@, C)] (17)
1
ar
< %[pl fb,0)+ VL f(b,d) + P f(a,0) + VI f (a,d)] f 7 [ (82) + o (1 = )] db
0
r
+j’:ﬂ(—f’pﬁ [PIf ) + I f (b )+ P21 f 0,0+ VL5 (0,0)] f B i (0) + I (1= 1) dt
1 1
< af [f(a,C)+f(a,d)+f(b,C)+f(b,d)]fft“ YT [ (t2) + o (1= )] [ (1) + ha (1 = 1) dtaddty.
0 0

Proof. Since f : A = Ris a (p1, h1)-(p2, h2)-convex function, so the partial mapping f; : [c,d] — R defined by
fx (@) = f (x,v) for all x € [a, b] is (p2, h2)-convex on [c,d] . Similarly f, : [a,b] — R defined by f, (u) = f (u,y)
for all y € [c,d] is (p1, h1)-convex on [a,b]. Then by Proposition 3.10 and applying the (p,, h2)-convexity of
fx, we have

1 1
1 ([eran )| _AEEY . 1
h2<%)fx[[ 5 ] ] e U O] VGRS RC) Of B e (t2) + (1= )] dta.

Or

1 cP2 4 dpr2 % p (‘8 5 i
hy (%)f[x/[ 2 ] ] < (;Pz )P [p Lo f G d) +72 I _f (x, C)]

1

BLf (x,c)+ f(x,d)] ftgl [l (t2) + ho (1 — t)] dts. (18)

0

IA
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apyxh11 and apy 17!
—aP1)* (b1 —xP1)1 7 2(bP1 —aP1)* (xP1 —aP1)' =7

Integrating inequality (18) w.r.t. x over [a, b] after multiplying by 2@

1
P2
]dx
p1—1,p2-1 b4 p1—1,p2-1
appip ff Py f (2 y) ; dydx+ff x 3/ fxy) i
2 (dr2 — cP2) p ¥ (P — ar)® b — xm)l‘“ (dr: — yr2) $ (bPr — xl’l T (yr2 = ci2) F

b
app l f W) f (’“’“ﬂ ] f F 7 0 (1) + 1o (1 — 1)) dbs, (19)

2 (b — apr)® (P — x)1™ =1 b — xpr1)l @

b

api f X
— 1%
2h, (%) B — ) J (b — xp)'

P2 + g
2

IA

IA

and

b

1
p1-1 P2 p2 |2
ap f x g x,[c +d ]” i
2h, (%) o —am)* J (- am) 2
b d
pi=1yp2-1 p1=1,,p2-1
appip ff Py f (0 y) dyd“ff Xy f (0 y) dydx
2 (dr: — c2) p ¥ o —ar)t (21 — aPl)l_“ (dr — sz 1_/3 (xPr — aPl)l_a (yPZ - sz)l—ﬁ

b b
f AT +f&(xld)a ‘ftﬁ UIha (1) + o (1 = £)] dbs. (20)

IN

app
2 (bpr — gbr )

(xPr — aprr)' e (xP1 — am

Now again by Proposition 3.10 and applying (p1, 11 )-convexity of f,, we have

Y IR AN .
) = By esee s

A

1
< affy@+ f, )] f £371 [ (1) + ha (1= 1)]dy. 1)
0

Bpayr>! and Bpayr>!
2d2—c ) (@2 —yr2) ' 2dr2—c2 ) (yr2—c2)

d 1
Bp2 f y! [aP1 + b ]m
,yld
2hy (%) @ —cr)f J (dr> - ypz)l‘ﬁf 2 y1ey

b d
p1=1yp2-1 p1=1,,p2-1
appip2 ff Py () : dydx+ff PR f (xy) dyix
2 — o) (b7 - )" (b = )= (@ = )P (= ar)! =7 (drz — )P

d
appa ¥ f(a,y) ¥y f (b y)
2(d — oy U @y +f (dre — yr2)

Integrating (21) w.r.t. y over [c, d] after multiplying by 7, we have

1
dy}ff‘f_l (71 (t1) + hy (1 = t1)] dty. (22)
0
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and

d 1
Bp2 f yP1 [am + b ]m
,yld
2hy (%) @ —cnyf J (y - sz)l‘ﬁf 2 yiey

pr1=1yp2-1 pr1—=14,p2-1
appip: ff Myl f (2, y) _ d“ff x y fxy) dyix
2 (dr2 — cP2) p ¥ o —ar)t (bPr — xP1) 1- “(yPr =) P (xPr — apl (yPr — ) -+

e | F e fren ] ]
2(dr2 — cr2)P {f (ypz_cpz)l—ﬁd +f(ypz o) ‘ft [ (t1) +h2 (1 = t)]dt. (23)

Adding inequalities (19),(20),(22),(23) and apllying Definition 2.17, one obtained

1 1

“T(a+1 P2 p2 |72 P2 P2 P2

Pl ) ne, b,[—c +d ]p + Iy f a,[c +d ]p
2hy (3) (o7 —an)* 2 2

r(p+1 pog g poypp i
L LB+ [% [[a +b ] ,d]+”21s_f[[a +b } C]l
2y (1) (@ — oy’ 2 2

IN

B
pip T (a+ DT (B+1) N N N N
= (;Plz— apl)“ (sz - cPZ)fg [pl pz[ﬂfﬁf (b’ d) + pl,pz[afd—f (b’ C) + pl,pzlbfuf (’1’ d) + pl/pzlbfd—f (a, C)]
T
< ppiT (a

2 =) _am)) [P18f (B,0)+ "I, £ (b,d) + PIEf(a,0) + PIE f(a, d)]ftﬁ Uha (1) + by (1 — 1)) dty

1

[, f (@,d) + I, f (b, d) + "T)_f (a,c) + ”Zlg_f(b,c)]ft‘f‘l [ (t) + B (1= )] dty.

0

apyT (B+1)
+—
2 (dr2 — cr2)f

Which are the second and third inequalities of (17).
For the last inequality of (17), applying Proposition 3.10 to the last part of above inequality, we have

1
%[“ 6,0+ "I (bd)+ VI f(@,0) + P f (a,d) f 67 o (12) + o (1 - )] dy
0

1
aphT (B +1) .
2(;,72 - [ L, f @ d)+ I, f (b, d) + 7T)_f (a,0) + PZIg_f(b,c)]ftl Uy () + by (1= t)]dt

1

1
< aﬁ[f(b,c)+f(a,c)+f(b,d)+f(a,d)]ft"‘ hy (t1) + 1 (1= 1) ]dtlft [h2 (£2) + ho (1 — )] dts.
0

0

For the first inequality of (17), we again use Proposition 3.10 and get

P14 pPr é h 1 par(a+1) P2 4 dgp2 |r2 P2 4 gp2 é
f[|a - ]s((zb,)al_—[ +f[ L] ]+’”I§I_f[a,[%] ]}.(24)

ar)
Similarly,

1
n cP2 4+ gr2

2

7
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p1 P1 ﬁ P2 P2 é hy (1 ﬁr( +1) P1 1 %
f a’ + b JE +d P 2(2)7]2 p rf f b s
2 2 (dr2 — cp2)f 2 a

Adding (24) and (25), then dividing by 2 (%)hz (%), one has the first inequality of (17), which then
completes the proof. O

. (25)

Remark 3.14. If @ = 1 = f, then above result gives Theorem 2.14, which was proved in [22].
Remark 3.15. Ifp1 = pp = 1 and hy(t) = ha(t) = t, our result reduced to Theorem 2.6, which was proved in [23].

Corollary 3.16. Let f be an (hy, hy)-convex function on the coordinates on A and f € L1(A), then one has following
inequalities:

1 a+b c+d)

mamall e

)
 T(a+1) c+d\ c+d rpe+1) [ a+b g [(a+Db ]
2 (3)0-ar [f( ) I"f(a’ 2 )]+2h1()(d—c)’3 ”f( ) I”f( 2 ’C)

TF'a+1)I'(B+1)
(b-a)@d-cf

BT (a + 1)
2 (b (1/

IN

IN

[E.fo.d+1f fo,0+ L fad+1" f@o)

IN

[ 18 f B,0) + I8 f (b, d) + I3 f (a,0) + I{_f (a, d)]ftﬁ‘ [h2 (£2) + ha (1 — 1)1 di

al"(ﬁ+ 1)

e [1 L fa,d)+ 10, f (b,d) + Is_f(a,c)+15_f(b,c)]ft‘f1 [ (1) + 1y (1= 1)]dhy
0

IN

11

ap[f(a,c)+ f(a,c)+ f(a,c) +f(ﬂ,C)]fff T e () + hy (1= 0)] [ (1) + 1y (1 = ty)] bty
00

Remark 3.17. Corollary 3.16 gives the classical version of Hadamard type inequalities for coordinated (hy, hy)-convex

functions, ifa = g = 1.

Corollary 3.18. Let f :A — R be a (p1,51)-(p2, 52)-convex function on the coordinates on A and f € Li(A). Then
one has the inequalities:

1
P1

1
ak' + b P2 + dp2 |72
S1+S2
) f[[ o e J
-1 = 7
) Zsz(bpﬁ(a;l)[mmf{ [Cvz;dvz]zz)w : f[a, o +dr vﬂ
P1 — gP1 B

251 1 F +1 P1 1 m 2 P I
(d,,—(f)ﬁ)[””i ([%]“,d]wzg_f[[“ o ]CH
2 — P2

p1p2F(a +1DT(E+1) [
(b7 —an )" (@2 — o2

pept fb,d)+ PELE fb,0+ PPLE fad) + PR f(a0)]
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ppiT (@ +1)
To2(m - am)“
aphT (B +
+—
2(dr2 — CPz)ﬁ

aﬁ[f(a,c)+f(a,c)+f(a,c)+f(a,c)]{

1
ﬁ+52

[”21 F@d)+ PLfGd) + P @)+ P f0,0){

[”‘I+f(b )+ P, f (b,d) + PIE_f (a,0) + ’“Ig_f(a,d)]{ +B([3,52+1)}

+ B(a,s51+1
a+ 5 (a51 )}

1 N B(a,s1 + 1) N B(B,s2+1)
(Q+Sl)(ﬁ+32) ﬁ+52 a+ 51

IN

+B(a,s51 + 1)B(B, 52 + 1)}.

Remark 3.19. If « = 1 = B, then Corollary 3.18 reduces to a new result for (p1, s1)-(p2, S2)-convex functions on the
coordinates on A via classical integrals as follows:

S1+52 a’t + b ﬁ cP?2 + dpr: i
e

252771 - cP2 4 dpr2 |2 Zslp - abt + pPr |
(bF’l—ai’l) fxp (’[ ] ] (dpz sz)f ’ ] [[ ] /y]dy

4p1p2
(b7 _apl (sz _sz) ffxpl . 1f(x y)dydx

d

2p1 2
T et D f @7 0 + fdldr + s |y [fa ) + £, ) dy

c

[f(a )+ f (a,d) +f(b o)+ f(b,d)]
(s1+D(s2+1) ’

IA

Corollary 3.20. Let f :A — R be a (p1,s)-(p2, s)-convex function on the coordinates on A and f € Li(A). Then one
has the inequalities:

a4 | [y dr |
S
ol =52 [

25T (a + 1 P2 4 g
(br;’71 (p ) ) [p113+ [b/ cnrd
1 — a 1

IA

1 v v 1
p2]+ﬂl Ig_f[a, crz -;d 2]!’2]}
21T (B + 1)

L L1
i [ [a? b7 ] i [[a b7 ]
(dpz _ sz)ﬁ IC+ [|: 2 ,d + Id—f 2 /C

PRI (@+ DT (B+1) [
(bm —an)® (d - o)

21 lea B

a+,c+

IA

fo,d+ rt fo,0+ PPRP fad) + ML f(a,0)]

< PCED g f 60+ PEF G+ PF @O+ P f )] Fes BB D
= 2(19171 ar) S b=t b B+
+;‘—f;pr2(im : [ I, f a,d) + P, f (b,d) + 7°I,_f (a,0) + 7T (@, C)]{— + B, S+1)}
B 7
< aﬁ[f(g,c)+f(a,c)+f(u,c)+f(a,c)]{(a+s)1(ﬁ+s) B(og:1>+ ([ii: )+B(a,s+l)B(ﬁ,s+1)}.
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Remark 3.21. Ifoneuse o = 1 = B, then inequalities in Corollary 3.20 will present the classical version of Hadamard
type inequalities for coordinated (p1, s)-(p2, 5)-convex functions.

Corollary 3.22. Let f :A — R be a (p, s)-convex function on the coordinates on A and f € Li(A). Then one has the
inequalities:

ozt 252

21T (a + 1) N P rd
2l o2
27T (B+1) |, 5 [[a” + 0P ; 5 PERTAL
* (dr — cv)f [plw [ > ] A+ P f 5 ,C
P (@ +1)T (B +1) . N
< ey @ _ﬁcp)ﬁ [PP i C+f (b,d) + Pplufd f(bc)+ PPI ﬁc+f (a,d) + p/plb—ﬁ,d—f @, c)]
< ﬁzp(‘;l;(owl) [p S fb0)+ PI2f(b,d) + PIZ f(a,c) + PIE f(a, d)]{ B(ﬁ,s+1)}
apfT (B +1) 1
LD [ p @+ P f )+ P00+ 0 60 { o + s )
B(B, 1
< of [f(a’c)+f(“'c)+f(“rc)+f(a,C)]{(a+s)1(IB+S) B(Ogi: D, (i i: ) +B(a,s+l)B(ﬁ,s+1)}.

Corollary 3.23. Let f :A — R be an (s1, sp)-convex function on the coordinates on A and f € L1(A). Then one has
the inequalities:

s f(my ¥)

< z&;r_(j);r 1) u+f( c+d) I?f(a’c;d) +251(1r_(i); 1)[C+f(a+b ) Ig_f(a;b’c)]

< r<;a_+a;)fd([i+>;)[ e Od+ LT fO.0+ LT f@d)+ L7, f@,0]

< s 00 s 60+ 1100+ 1 f6n]{ B )
+%[If+f(a,d  Pfod+ I fao+ I f, c]{aisl +Bas1+ 1)

< aﬁ[f(a,c)+f(a,c)+f(a,c)+f(a,c)]{(a+sl)1(ﬁ+sz) e

+B(a,s1 + 1)B(B, 52 + 1)}.

Remark 3.24. If o = 1 = B, then the inequalities in Corollary 3.23 extends Theorem 2.1 of [20]. It will coincide to
the Theorem 2.1 of [20] if 51 = 55 = 5.

Corollary 3.25. Let f :A — R be an s-convex function on the coordinates on A and f € L1(A). Then one has the
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inequalities:

IA

IN

IA

IA

s [a+b c+d
(5 5)

21T (a + 1) c+d\ c+d\] 27'TB+1)[g [a+b g f(a+Db
S Cl S R Oy B i L S BRI S o |

TFa+1)I'(B+1)

[l fOd+ P fo,0+ LP f@d+ [P, fao)

b-a)@d-of
%[ ¢ fb,0)+ [ f(b,d) + I¢ f(a,0)+ Iﬁ_f(a,d)]{ﬁ%s +B(ﬁ/5+1)}

";F(C(l“ )[ Fof@d+ P f,d+ I fao+ Iﬁ_f(b,c)]{ﬁ%(w”)}
aﬁ[f(a,c)+f(a,c)+f(a,c)+f(a,C)]{(a+S)1(ﬁ+S) B(C;’:l) + B(i’: Y +B(a,s+1)B(ﬁ,s+1)}.

Remark 3.26. Inequalities in Corollary 3.25, will be reduced to special case of classical integrals if « =1 = f. In

that

case it will coincide to Theorem 2.1 of [20].

Conclusion 3.27. In this paper two inequalities of Hadamard type are presented for the Katugampola fractional
integrals keeping coordinated (p1,h1)-(p2, ha)-convexity into account. The special cases are discussed to see the
compatibility with the prviously known results. It is found that the results are highly compatible and they can be
extend for other types of convexities.
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