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Multiplication Operators on Some Morrey Spaces
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Abstract. The paper aims to discuss some results characterizing various multiplication operators such as
compact, invertible and Fredhlom on Morrey and discrete Morrey spaces respectively. Some other relevant
results necessary to establish the main results have also been investigated in the sequel.

1. Introduction

Morrey spaces were first introduced by C.B. Morrey in relation to the study of the solution of certain
elliptic partial differential equations (see [1]). Many operators that are initially studied on Lebesgue spaces

L? (]R”’) have discrete analogues on ¥ (Zd) (for instance, see [6], [7], [9], [13], [14], [15], [16]). Some of

these operators have also been studied on continuous Morrey spaces MZ (]Rd) (for example, see [3], [4], [5],
[8], [10], [11], [12]). One can refer to [17] for various spaces related to Morrey spaces, and [18], [19] for
some relevant results on various multiplication operators. Discrete analogues of Morrey spaces and their
generalizations have been studied in [2].

Letm € Z,N € w = NU{0}, and write S,y = {m—N, ..., m, ..., m+ N}. Then|S,, x| = 2N +1, the cardinality
of Syn. For1 < p < g < oo, the discrete Morrey space t’g = €Z(Z) is defined to be the set of all sequences
X = (xx)kez taking values in R or C such that

1

1_1
77 Z x| < 0.

kESn,/N

lIxlly = sup [Swun
1 meZ,New

The discrete Morrey space é’g = fs (Z) is a Banach space under the above norm. We note that whenp =g,
we have 55 = {¥, the space of p-summable sequences with integer indices.

A multiplication operator is an operator Ty defined on some vector space of functions and whose value
at a function g is given by multiplication by a fixed function f. That is,
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Trg(x) = f() g (x),

for all g in the domain of Ty, and all x in the domain of g.

Let u : X — C be a function such that u.f € KZ for every f € KZ. Then we can define a multiplication
transformation M, : £, — £, by

M,f=ufNfel).
If M,, is continuous, we call it a multiplication operator induced by u.

For 1 < p < g < oo, the Morrey space Mf; = MZ (IRd) is the set of all p-locally integrable functions f on
R such that

i = sup Bt | [ f@rdy <o

acR? >0
(a,r)

Here, B (a, r) denotes the open ball in R? centered at a and radius r > 0, and |B (g, r) | denotes its Lebesgue
measure. The Morrey space MZ (]Rd) is a Banach space under the above norm. Note that when p = g, one

can recover the Lebesgue space L7 (]Rd) as the special case of the Morrey space Mf; (]R”’ )

Let 0 : X — C be a function such that 0.f € Mf; for every f € M’; . Then we can define a multiplication
transformation Mg : M’,; — MZ by

Mof = 6.f,Yf € M.
If My is continuous, we call it a multiplication operator induced by 0.

A bounded linear operator T : A — A (where A is a Banach space) is called compact if T (B;) has
compact closure, where B; denotes the closed unit ball of A.

A bounded linear operator T : A — A is called Fredhlom if A has closed range, dim(kerA) and co-
dim(ranA) are finite.

The sequence ¢” is defined as e” (k) = §,,, the Kronecker delta. By B (A), we denote the Banach algebra

of bounded linear operators from A into itself.

2. Main Results

Theorem 2.1. Let § : Z — C be a mapping. Then Mg : KZ — {’Z is a bounded operator if and only if 0 is a
bounded function.

Proof. Let 0 be a bounded function. Then there exists M > 0 such that
|0,] < M, Vn € Z.

Letx = (Xp)kez € KZ. Then,
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meZ,New k€SN

M@N +1)7 x|
M |Ixll,

N

where M/ = M(2N + 1)7 .

IMgx|| < M/||x||, Vx € 55.

Therefore, Mg is a bounded operator.

1_1
sup  [SuNl7 7.
m=q,€Z,New

an /
= ey Then [l || = 1.

IMget' || = 1Mocl

lle |

1.1
sup  [SuNIT P64l

m=qn€Z New

1_1
sup  |Sun|T P
m=qne€Z,New

04,1 > n,

which contradicts the boundedness of Mg.
Hence, 6 must be a bounded function. [

Example 2.2. Let us define 6 : Z — C by

0 (n) =e",Vn e Z.

Then for every x € &, we have

P
1_1 :
IMex|l = sup [|Synl" *’[ ¥ |€’k|”lxk|”]

meZ,New keSun

1_1 »
= sup |[Sunl7 “( by kal”]

meZ,New k€SN

5053

Conversely, we assume that My is a bounded operator. We are required to proof that 0 is a bounded
mapping. Suppose if possible 0 is not a bounded mapping, then for every n € Z, there exists some g, € Z
such that |0,,| > n.
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Therefore, Mg is a bounded operator.
Theorem 2.3. Mg is an isometry if and only if |0,| = 1, for all n € Z.
Proof. For the necessary part we assume that Mg is an isometry. Then for every x € ¢/, we have
lIMox]| = [lxll.

This implies that

1

: '
1_1 1_1
NN v[z |9k|P|xk|P] = sup (Sl v{z w] :

meZ,New kESm N meZ,New k€SN

Thus,
|6, =1, foralln € Z.
The sufficient part is trivial. [

Theorem 2.4. Let Mg € B (fs). Then Mg is a compact operator if and only if 6,, — 0 as n — oo.

Proof. Suppose that My is a compact operator. We need to proof that 6, — 0 as n — oo. If not, then there
exists € > 0 such that the set N. = {k € Z : |0| > €} is an infinite set. Let g1, g2, ... , u, ... be in Ne.

Let e’ = ”ﬂ—:” Then {eq"/ : gn € N¢} is an infinite bounded set in é’s.

Now,
IMoe™' — Moe™'|| = [|6e™ — Be|
> elle™’ —etn'||.

Thus, the set {Mge® : g, € N} cannot have a convergent subsequence. This contradicts the compactness
of Mg. Hence, 6, — 0 as n — oo.

Conversely, suppose that 6, — 0 as n — oo. Then for every € > 0, Ne = {n € Z : |0,| > €} is a finite set.
Then ¢ (N.) is a finite dimensional space for every € > 0. So, Molt" (N,) is a compact operator. For each
q q
n € Z, define 6,, : Z — Cby

6, (m) = O (m),Ym e N1
"= 0,m ¢ N

Clearly, Mg, is a compact operator as the space é’g (N ;) is a finite dimensional space for each n € Z.

Now,
1

P

| (Mg, —Mpg)xll = sup [Synl7 7 ( Y. 100 (k) xi — O (k) xx [P
meZ,New keSmn

ESTENN .,

= sup |sm,N|3-é[z |en<k>xk—e<k>xk|ﬂ]+ sup  1Sunli 7| X 16, (k) xc — 6 (k) xil?

WZENl ,New kESm/N mENCI ,New kESm,N
7 1
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1
.

This means that || (Mg, — Mp) x| < %lell. Therefore, ||[Mp, — Mpl| < % and Mp is a limit of compact
operators and hence My is a compact operator. []

Theorem 2.5. Let Mg € B (ZZ ) Then Mg has closed range if and only if O is bounded away from zero on Z\ ker = S.

Proof. Let O be bounded away from zero on S. Then there exists € > 0, such that |6x] > eVk € S. We are
required to prove that range of My is closed. Let y be a limit point of ranMy. Then there exists a sequence

{y™} in ranMy such that y™ — y, where y™ = Mgx™, for some x) = {xi")} in £. Clearly, the sequence
{Mpx™} is a Cauchy sequence.

Now,

1
1.1 r
IMox™ = Mox™|| = sup [Sunli™? [ T 106 — Opx™
meZ,New keSun
1
P

meZ,New keS,keSN

1_1
= sup [Sunl" ( ) |9k|f’|x,i">—x;m>|r’]

1_1
>e sup [Sunl' 7| L -
meZ,New kES,kESm,N

1
1_1 ~ ~ |
=e sup [Sunl’ ( Y- |P]

meZ,New k€SN

= el — x,
where

ny _ x](("), ifkeS
koo, ifkeS.

Therefore, {x™} is a Cauchy sequence in KZ. But €Z is a Banach space. So, there exists x € KZ such that
x"” — xasn — co. In view of continuity of Mg, Mpx™" — Myx. But Mgx™ = Mgx™" — y. Therefore,
Mpx = y. Hence, y € ranMp. This implies Mg has closed range.

Conversely, suppose that My has closed range. Then Mj is bounded away from zero on (ker Mg)* =
€ (Z \ ker 0). That is, there exists € > 0 such that

[[Mox|| = €llx||, Yx € {’5 (Z\ ker 0). (1)
Let B={ke€ Z \ker0 :|0 < 5}. If B # ¢, then for ry € B, we have
IMge™[| = sup  [Sun|7" 70

m=ryeZ,New

1_1
e 1_1
5 sup |Sunl7Y
m=roeZ,New

<
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So,
[IMge™|| < €lle™||, which contradicts (1).

Thus, B = ¢ and this proves the theorem. [

Theorem 2.6. Let O : Z — C be a mapping. Then Mg : KZ — 55 is invertible if and only if there exist k > 0 and
K > 0 such that k < 0, < K, foralln € Z.

Proof. We first assume that the condition i.e, there exist k > 0 and K > 0 such thatk < 0, < K, foralln € Z
holds. Definea : Z — Cbya, = an. Then by Theorem 2.1, My and M,, are both bounded linear operators.
Also, MgM, = M,Mg = I. Hence, M,, is the inverse of Mg.

Next, we assume that Mg is invertible. Then ranMg = Ks. So, ranMgp is closed. This implies there exists
€ > 0 such that |0,,| > €, Vn € Z\ ker 6, by Theorem 2.5. Now, if 6,,, = 0, for some mg € Z, then e™ € kerMy,
which contradicts the fact that My is one-one. Thus, ker0 is the empty set. Hence, |0,| > €, Vn € Z. Since
Mp is bounded, so there exists K > 0 such that |0,| < K, Vn € Z, using Theorem 2.1. Hence, € < |0,] < K,
YneZ. O

Theorem 2.7. Let Mg : fs — é’Z be a bounded operator. Then Mg is Fredholm operator if and only if
(a) ker O is a finite subset of Z.

(b) 10, = €,Yn € Z \ ker 6.

Proof. Suppose Mg is Fredholm operator. Then Mg has closed range. Therefore, condition (b) is satisfied
from Theorem 2.5.

Next, if ker 0 is an infinite subset of Z, then e" € ker My, for all n € ker 6. But ¢"s are linearly inde-
pendent. This means that ker My is an infinite dimensional, which is absurd as Mg is a Fredholm operator.
Hence ker 6 must be a finite subset of Z.

Conversely, we assume that the conditions (a), (b) are fulfilled. Condition (a) states that dim(ker Mp)
and co-dim(ran My) are finite. Also, from condition (b), we have ranMp is closed by using Theorem 2.5.
Hence, My is a Fredholm operator. [

Theorem 2.8. Let u : R? — C be a p-locally integrable function. Then M, : Ms — MZ is a bounded operator if
u is a bounded function.

Proof. Suppose u is a bounded p-locally integrable function. Then for every f € Mf; (le), we have

1

IM,fllpg = sup |B(a,r>|3—;[ S |(uf>(y)|ﬁdy]
B

aeR9,r>0 (a,r)

==

= sup |B<a,r>|%-é( [ Iu(y)f(y)lpdy]
aeR4,r>0 B(a,r)

< llulle sup |B(a,r)|3‘i{ ) |f(y)|*“dy]
B(

acR? >0 a,r)

= ol fllyp-



H. Dutta, S. Das / Filomat 33:16 (2019), 5051-5059 5057

Thus,

M fllpg < lllellfll g,

which means that M, is a bounded operator. [

Theorem 2.9. Let M, be a compact operator, for each € > 0, define A. (u) = {x eRY : u(x)| > e} ,and Ms (Ae (u)) =
{ fxaw:fe€ Mg (]Rd)}. Then MZ (Ac (w)) is a closed invariant subspace of Mg (]Rd) under M,. Moreover,
MHIMZ (Ac (1)) is a compact operator.

Proof. Leth,s e MZ (Ac (w)) and @, B € R. Then

h=fXxaw ands = gxa .,
for some f, g € Mg (IR"’).

Now,
al+ps = a(fxaw)+ B(9xaw)

= (af + Bg) Xa.w € M (Ae ().
So,
M’,; (Ae (u)) is a subspace of M’q’ (]R"’).
Next, for all h € M} (Ac (1)), we have

Mh=uh=u (fXAe(u)) = (Mf) XAc(u)s
where uf € Mf; (Rd)-

Therefore, M,h € MZ (Ac ().
Thus, Mf; (Ae (1)) is an invariant subspace of MZ (]Rd) under M,,.
Next, we claim that MZ (Ac (u)) is a closed set.

Let y be a function belonging to the closure of MZ (Ae (1)), then there exists a sequence {y,} in Ms (Ac (1))
such that y, — y in M} (]Rd). Note that

Y= Yxaw t YXaw-

Next, we want to show that yx4c.) = 0.

For a given €; > 0, there exists 1y € Z such that
lyxacall = 1Y = Yy + Yno) XAzl

=1 (Y = Yne) Xactu) + YnoXacw)|l
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= (}/ - yno)XAg(u)”

s ||]/ - y‘fl[]”

<€,

asy, — V.

Proposition 2.10. M, is one-one on M (supp (u)), where supp (1) = {x € R? : u (x) # 0}.

Thus, yx ey = 0, which means that y = yxa.) € M’; (Ae ().

This completes the proof. [

Proof. LetY = M (supp (1))

= {fxsuppw : f € My (RY)}.

Assume that M, (f7) = 0, for some f~ = fxsuppw € Y-

Then,

M, (szupp(u)) =0

So,

ufxsupp) =0

(u f Xsupp(u)) (x) =0,Vx € supp (1)
fx) Xsupp) (x) =0,Vx € supp (1)
( f Xsupp(u)) (x)=0,Vx e R*
fxsuppw = 0.

Thus,

f~=0.

Hence, M,, is injective. [
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