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Abstract.

The aim of this paper is to study the notion of a quarter-symmetric metric connection on an almost
contact B—metric manifold (M, ¢, &, 1, g). We obtain the relation between the Levi-Civita connection and
the quarter-symmetric metric connection on (M, ¢, &, 1, ). We investigate the curvature tensor, Ricci tensor
and scalar curvature tensor with respect to the quarter-symmetric metric connection. In case the manifold
(M, @, &, 1, g) is a Sasaki-like almost contact B—metric manifold, we get some formulas. Finally, we give some
examples of a quarter-symmetric metric connection.

1. Introduction

The investigations of a quarter-symmetric metric connection in a differentiable manifold with affine
connection take a central place in the study of the differential geometry. In 1975, it was defined and studied
by Golab[11]. The systematic study of the quarter-symmetric metric connection was continued by [2, 3].
The quarter-symmetric metric connection in Riemannian, Kaehlerian and Sasakian manifolds was studied
by [1, 4, 5, 13]. The quarter-symmetric metric connection on Riemannian manifold with an almost contact
structure and pseudo-Riemannian manifolds was studied by [12, 14].

A classification of the space of the torsion tensors on almost contact B—metric manifolds is made in [8].
According to the classification we determine the class of the torsion tensor of the quarter-symmetric metric
connection.

Sasaki-like almost contact B—metric manifolds was studied in [7]. We investigate the quarter-symmetric
metric connection on Sasaki-like almost contact B—metric manifolds.

We organize the present paper as follows: Section 2 contains the basic known results of almost contact
B—metric manifolds and Sasaki-like almost contact B—-metric manifolds. The brief results of the quarter-
symmetric metric connection on an almost contact B—metric manifold are given in Section 3. In Section 4, the
properties of the curvature tensors corresponding to the quarter-symmetric metric connection on Sasaki-
like almost contact B—metric manifolds are investigated. In the last section, we construct some examples of
almost contact B—metric manifolds equipped with the quarter-symmetric metric connection and verify our
results.
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Convention: Let (M, ¢, &, 1, g) be a (2n + 1)—dimensional almost contact B—metric manifold.

1. x,y,z,w denote smooth vector fields on M, namely x, y,z € x(M).

2. X, Y, Z, U denote smooth horizontal vector fields on M, namely,
X,Y,Z,U € x(H).

3. We will use the 2n—tuple {ey, ..., en, 441 = @e1,..., € = @e,} to denote a local orthonormal basis of
the horizontal space H.

4. For an orthonormal basis {eg = &, e1, ..., €y, €441 = @ey, ..., €2, = @e,} we denote ¢; = sign(g(e;, e;)) = +1,
wheree; =1fori=0,1,...,nand ¢; = -1fori=n+1,...,2n.

2. Almost Contact B—metric Manifolds

Let M be (2n + 1)—dimensional smooth manifold with an almost contact structure (¢, 1, £) consisting of
an endomorphism ¢ of the tangent bundle, a Reeb vector field &, its dual 1-form 7 such that the following
relations are satisfied:

PP =-ld+n®¢ nE=1 nop=0, @&=0. (1)

Then, (M, ¢, &, n) is called almost contact manifold. Moreover, if the almost contact manifold (M, ¢, &, 1) is
endowed with a pseudo-Riemannian metric g of signature (n + 1,n) compatible with the almost contact
structure in the following way

9(px, py) = —g(x, y) + n()n(y), )

then (M, ¢, &, 1, g) is called almost contact B—metric manifold.

2n—dimensional contact distribution H = kern, induced by the contact 1-form 1), can be considered as
the horizontal distribution. The restriction of ¢ to H is an almost complex structure, and the restriction of g
to H is a Norden metrigc, i.e.,

Ilu(Pla(X), @la(Y)) = —g(X,Y)

for any X, Y € x(H). Thus, (H, ¢|g) can be considered as 2n—dimensional almost complex manifold with
Norden metric.

The structure group of the almost contact B—metric manifolds is O(n, C) X 1, that is, O(n, C) X 1 consists
of (2n + 1) X (2n + 1) matrices of the following type

A B Onxl
-B A Opa|, AA'-BB'=1I, AB' +BA'=0,,
len len 1

where A, B € GL(n, R) and I, and 0, are the unit matrix and zero matrix, respectively.
The fundamental tensor F of type (0, 3) on (M, ¢, &, 1, g) is determined by

F(x,y,2) = g(Vx9)y, 2),

where V is the Levi-Civita connection of g. Moreover, the tensor F has the following properties:

F(x,y,z) = F(x,z,y) = F(x, py, pz) + n(y)F(x, &, z) + n(2)F(x, y, &), 3)
(Vin)y = 9(Vi&, y) = F(x, py, &).

2.1. Sasaki-like Almost Contact B—metric Manifolds
An almost contact B—metric manifold (M, g, &, 1, g) is called a Sasaki-like almost contact B—metric manifold
if the tensor F satisfies the following conditions:

F(X,Y,2) = F(&,Y,2) = F(,,2) = 0,
F(X,Y,€) = —9(X, V).

If (M, ¢, &, 1, 9) is a Sasaki-like almost contact B-metric manifold, then the following conditions are given
in [7]:
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a. The covariant derivative V¢ satisfies the equality

(Vxp)y = —g(x, Y)E — n(y)x + 2n(x)n(y)<E. 4)

b. The manifold M is normal, i.e., N = 0, the fundamental 1-form 7 is closed, i.e., dn = 0 and the integral
curves of £ are geodesics, i.e., V& = 0.
c. The covariant derivative V1 satisfies the equality

(Vxn)Y = —g(X, @Y).

d. The 1-forms 0 and 6" satisfy the equalities 6 = —2n njand 6* = 0.
VeX = -pX - [X,E]
f. Vi€ = —gx.

®

3. A Quarter-symmetric Metric Connection on Almost Contact B—Metric Manifolds
If T is the torsion tensor of a linear connection D given by
T(x,y) = Dy = Dyx =[x, ], (5)
then the corresponding tensor of type (0, 3) is determined by
T(x,y,2) = 9(T(x, y), 2). (6)
It is well-known that any metric connection D is completely determined by its torsion tensor with
29(Dyy - Vyy,2) =T(x, y,2) = T(y,z,x) + T(z, x, y). (7)

Definition 3.1. A linear connection V on an almost contact B—metric manifold is called a quarter-symmetric
connection if its torsion tensor T of the connection V satisfies the condition

T(x, y) = n(y)px — n(x)py. 8)

If moreover, the connection v satisfies the condition

(Vig)(y,2) = 0, 9)

forallx,y,z € x(M), then Vis called a quarter-symmetric metric connection, otherwise it is called a quarter-symmetric
non-metric connection.

Let us define a connection V,, y by the following equation:

20(Viy,2) = x9(y,2) + yg(z ) — 2g(x, y) + 9([x, y], 2)
—9([y, z], ) + 9([z, x], y) + 9(n(y)px — N(xX)py, 2) (10)
+9((y)pz — N2y, x) + gn(xX)pz — n(2)ex, y),

where x, y,z € x(M). This connection V satisfies the following conditions:

ix(y +2) = gx]/i' gle

Y(x+y)z =_YXZ + VyZ, (11)
Viy = fVsy,

Vi(fy) = fVay + x(f)y,
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forall x,y,z € x(M) and f € C*(M). Therefore, the connection V determines a linear connection on M, g).
According to (10), we have the following relation:

9(Vy,2) = 9(Vyx,2) = g([x, y1,2) + 9(1(y)x — 1Py, 2). (12)
Then, we get
T(x,y) = Vay — Vyx — [x, y] = n(y)gx — n(x)@y. (13)

Moreover, it can be easily verified that Vis compatible with the metricgon M, i.e,,
Vg=0. (14)

V determines metric connection on M, 0,&1,9).

Theorem 3.2. If (M, ¢, &, 1, 9) is an almost contact B—metric manifold, then there exists a unique linear connection
V satisfying the conditions (13) and (14).

Now we give a relation between the Levi-Civita connection V and the quarter-symmetric metric con-
nection Von (M, ¢, &, 1, g). Let
Vx]/ = Vx]/ + Ulx, ]/)/

where U(x, y) is a tensor of type (1,2). It can be seen that

U, ) = 3T, y) + 565,) + 5(0,9],

where
9(S(x, y), 2) = 9(T(z, %), y).
From (13) we get
U(x, y) = n(y)px = g(px, y)&. (15)

Hence, a quarter-symmetric metric connection Von (M, @,&,1,9) is given by

Vyy = Vay + 1(m)px — glgx, y)&. (16)

Conversely, it is easy to show that a linear connection V on (M, ,&,1,9) defined by (16) determines a
quarter-symmetric metric connection.

If T is the torsion tensor of a quarter-symmetric metric connection V, then the corresponding tensor of
type (0, 3) is given by

T(x, y,2) = n(y)g(px, 2) — n(x)g(py, 2). (17)
In particular, we have
T(ex, py,z) =0, and (18)

T(x,y,&) = 0. (19)

The classification of the space of the torsion tensors with respect to almost contact B—metric structure
is made in [8]. The class of the torsion tensor corresponding to the quarter-symmetric metric connection is
determined in the following.

Proposition 3.3. The torsion T of the quarter-symmetric metric connection V on (M, @,&,1,9) belongs to T1o.
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Proof. Let 7 be a the vector space of all tensors T of type (0,3) over T,(M) having skew-symmetry by the
first two arguments, i.e.,

T = {T(x/ v, Z) € RlT(xr Y, Z) = _T(]// X, Z)/ XY ze TPM}
Firstly, we have the operator p; : 7 — 7 by

pi(D)(x,y,2) = =T(9*x, %y, 9*2) = —g(T(p*x, *y), 9*2).
We have the following orthogonal decomposition of 7~ by the image and the kernel of p;:
Wi =im(p1) ={T € T |p1(T) =T}, Wa=ker(p) ={T €T | p:(T) = 0}.
From (18) we obtain py(T) = 0, namely, T € ker(p1) = W;. Now consider the operator p, : W;- — W;" defined
by
p2(D(x,y,2) = NET@*%, 9%y, &) = n@g(T(P*x, ¢*y), £). (20)
Since p; o p» = p», we have the following decomposition of Wll:
Wz = im(py) = (T € Wy | po(T) = T}, Wy = ker(p2) = {T € Wy | po(T) = 0}

According to (19) we get p»(T) = 0, that is, T € ker(po) = W5 . We consider the operator p; : Wy — Wy
defined by
p3(D)(x, y,2) = NOTE, *y, 972) + nWT(9*x, &, ¢°2).

By using the equalities given in (2), (6) and (13), the above equality is written in the form

N T(E, @y, 9*2) + (T (P*x, &, p?2)

n()g(T(E, 9*y), 9*2) + n()g(T(*x, &), 9*2)

n()g(@y, 9*2) + n(y)g(-px, p*z)

-n(x)g(y, z) + n(y)g(x, pz) (21)
=N g(py, z) + n(y)g(ex, z)

g(=n@)py + n(y)ex, z)

g(T(x, y)r Z) = T(X, Y, Z)-

Ps(T)(x/ Y, Z)

Then, p3(T) = T, that is, T € im(ps) = W3. The following operators L3y and L3 ; are involutive isometries on
W3:

LB,O(T)(x/ ]// Z) = n(x)T(é/ (Py/ (PZ) - U(J/)T(éz (PX, (PZ)/ (22)
Ls1(T)(x, y,2) = n(0)T(E, 9%z, 9*y) — n(y)T(E, 9z, p*x).

From (17) we get L3 o(T) = =T, namely, T € Wyand L3;(T) = T, namely, T € W3; where
W3 ={T € W3 | L3o(T) = =T}, W31 ={T€ W5 |L3:(T) =T}.
The torsion forms t and t* of T are defined by

Hx) = g'T(x, e, ¢)),
t'(x) = g'T(x, e;, pej),

with respect to the basis {&, ey, .. ., €24}, respectively. By using the torsion tensor T in (17) the torsion forms ¢
and #* can be easily calculated as t = 0, t* # 0. Hence, T € W31, = 719 where

Wi12=1{T € W31 |t =0,t" # 0}.
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Note that for almost contact B—metric manifold (M, ¢, &, 11, g) with respect to the basis {&, ey, ..., e} we
have the following relation:

Vey = Vey, V& = V& + . (23)
Let (M, ¢, &, 1, g) be an almost contact B—metric manifold. The curvature tensor of type (1, 3) is defined by
R(x,y)z =V, Vyz =V, Viz = V[, 2.

If R(x, y, z, w) = g(R(x, y)z, w), then the Ricci tensor Ric, the scalar curvature Scal and * scalar curvature Scal*
are, respectively, defined by

2n

Ric(x,y) = Z eiR(ei, x,y,e),
i=0
2n

Scal = Z &iRic(e;, e;), (24)
i=0
2n

Scal* = Z giRic(e;, pe;).

i=0

For more details see [6, 7].

It is well-known that the manifold (M, ¢, &, 1, g) is called Einstein if the Ricci tensor Ric is proportional
to the metric tensor g, i.e. Ric = Ag, A € R. Moreover, the manifold M is called an n—complex-Einstein
manifold if the Ricci tensor Ric satisfies the condition

Ric=Ag+ug+vnen, (25)

where A, 1, v € Rand g(x, y) = g(x, y) + n(x)n(y). If u = 0, we call M an n—Einstein manifold.
The relation between curvature tensors with respect to the Levi-Civita connection and the quarter-
symmetric metric connection on almost contact B—metric manifold (M, ¢, &, 1, g) is given by

R, yz = R@y)z+n@)Vey) - Vylex) - ¢lx, y])
-g9(z, py + Vyé)(px + g9(z, px + Vi &)@y (26)
—g9(Vi(py) — Vy(px) — ¢lx, yl, 2)E — g(py, 2)ViE + g(px,2)V,E,

where Vi (¢y) — V,(px) — plx, y] = (Vxp)y — (Vyp)x.
When the structures are V—parallel, i.e. Vo = V& = Vi = Vg = 0, the almost contact B—metric manifold
belongs to the class #y. If the almost contact B—metric manifold is in the special class ¥y, then the relation

between the curvature tensors R and R is given by

R,z = R y)z-9Eenex + gz ex)py. (27)

4. A Quarter-symmetric Metric Connection on Sasaki-like Almost Contact B—Metric Manifolds

There is considerable interest in natural connections having some additional geometric or algebraic
properties about their torsion[9]. In this section we show that the quarter-symmetric metric connection

V on Sasaki-like almost contact B—metric manifolds is a natural connection and investigate curvature
properties on these manifolds.

Theorem 4.1. The quarter-symmetric metric connection V on Sasaki-like almost contact B—metric manifolds is a
natural connection, i.e. Vo = VE =Vn=Vg =0.
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Proof. By using (4) we obtain the following:

Viloy) — p(Vxy)

Va(py) = 9(px, pYIE = (Vi) = n(y)gp*x (28)
(Vx@)y + g(x, y)E = n()n(y)E + n(y)x — n()n(y)é

0.

(Vip)y

The equality VE = FVVT] = —VVg = 0 follow immediately from (14), (28) and second part of (3).
|

The following Proposition given in [7] gives some properties of Sasaki-like almost contact B—metric
manifolds with Levi-Civita connection.

Proposition 4.2. On a Sasaki-like almost contact B—metric manifold (M, ¢, &, 1, g) the following formulas hold:

R(x, y)& = n(y)x — n(x)y.
[X,&] € H.

VeX = —pX - [X,&] € H.
R(&, X)E = -X.

. Ric(y, &) = 2nn(y).

f. Ric(&,&) = 2n.

® Ao S8

If (M, @, &, 1, g) is a Sasaki-like almost contact B—metric manifold, then we have the following relation:

R, pz = R y)z—ny)n@x + 1@y +nygx, 2)& - n()g(y, 2)& (29)
+9(py, 2)px = 9(px, 2)py.

Set z = & into (29) and use (1) to obtain

R(x,y)E = R, 9)E = ny)x + 10y (0
Set x = £ and y — x into (30) to get
R(E,0)€ = R(E0)E = n@)E +x.
Moreover, for any X € x(H) the above equality implies by Proposition (4.2)(d)
R(E X)E = 0.
By virtue of the identity in the Proposition (4.2)(f) we have

Ric(&, &) = Rie(&, &) - 2n = 0. (31)

5. Examples

In this section we construct a number of examples of almost contact B—metric manifolds with the
quarter-symmetric metric connection.



S. Bulut / Filomat 33:16 (2019), 5181-5190 5188

5.1. Example 1

Consider the real connected 3-dimensional Lie group L with the left invariant vector fields {£ = ¢y, e1, e2}.
Let the non-zero commutators of the corresponding Lie algebra be

[Ee1]l = aer, [& 6] =—ae,
where a € R. Let an almost contact B—metric structure be defined by

gleo, e0) = gler,e1) = —glez, e2) = 1,

ol =es, @) =—er, 9 =0, 1E=1. (32)

It can be easily shown that L is an almost contact B—metric manifold. The non-zero components of the
Levi-Civita connection V and the quarter-symmetric metric connection V is respectively given by

Vel =—aey, Ve&=ae, Ve =V,e1 =-ag, (33)

Voé=(1-a)r, Vel =(a-1De,

Vor=(-a), Voer = (1- )k 9

The non-zero components of the curvature tensors R and R corresponding to the connections V and V are
given by

_ 2 _ 2 _ 2
Roio = —a“e;, Ry = —aer,  Roi1 = a¢,

Rop = —a%¢, Rin =a%e;, Rin=a’e, (39)
Eow = (a = a%er, ;ﬁozo = (a-a%er, ;ﬁon = (&% - a)¢, (36)
Rop =(a=a’)f,  Rin=(a-17%0, Rin=(a-1)e.

Moreover, the non-zero-components of Ricci tensors Ric and Ric can be easily calculated as
Ricgy = 2%, Ricyy = Ricyy =0,
\1C0o 11 = Ricp 37)

Ricgy = 2(a® —a), Riciy =a—1, Ricpy =1—a.
By using above components of R and R the scalar curvatures Scal, Scal and Scal can be easily calculated as
Scal =2a%,  Scal =2a% -2,  Scal = 0.
The Ricci tensor Ric satisfies the condition
Ric = Ric = (a — 1)g + 2a® - 3a + )n®1.

Then, the manifold M is an n—Einstein manifold.
In particular, in case of @ = 1 we get R = 0. Namely, L has a flat quarter-symmetric metric connection.

5.2. Example 2

In [10] a real connected Lie group L as a manifold from the class 5 is introduced. Now we consider this
example. In this case, L is a 3—dimensional real connected Lie group and its associated Lie algebra with a
global basis {& = ep, e1, 2} of the left invariant vector fields on L is defined by

[él el] = ae, [5/ 32] = aey, [61162] = 0/

where A € R. Letan almost B—metric contact structure be defined by (32). Then, (L, ¢, &, 17, ) is a 3—dimensional
almost contact B—metric manifold.
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By using the Kozsul formula, we get the non-zero covariant derivatives of e; with respect to the Levi-
Civita connection V and the quarter-symmetric metric connection V as follows:

Veer ==V =aé, Vo & =—aey, V,&=—ae, (38)
@1@1 = :AVdgzeg =a¢, AV}E = —qae; + e, 6625 = —ae; —ey, (39)
Ve 2 = Vee1 =&
The non-zero components of the curvature tensor R and Rare respectively given by
Row = Rizp = ae1, Ropo = Riz1 = a’ez, Roz = —Romn = %€, (40)
Eow = gzel —aey, Egzo = a2€3+ aeq, ElZl = (@ + 1)ey, (41)

Roo1 = Roiz = —a&, Ronn = —Rop = —a?&, Rim = (% + 1)ey.

The non-zero components of the Ricci tensors Ric and Ric with respect to the connections V and V can be
easily calculated as follows:

. _ . _ . _ 2
Ricyy = Ric1q1 = —Ricy, = —2a7,

- - ~ ~ 42
Ricyg = —2a?%, Ricyy = —Ricy; =2a% +1, Ricyp = —a. (42)

The scalar curvatures Scal and Scal with respect to Vand V are computed by Scal = —6a% and Scal = —6a%-2,
respectively. Scal and Scal are negative for all @ € R. While * scalar curvature Scal* with respect to V is zero, *
scalar curvature Scal* with respect to V is —2a. The Ricci tensor Ric with respect to the Levi-Civita connection
V satisfies the condition

Ric = —2a%g.
Then, the Lie group L is an Einstein manifold. The Ricci tensor Ric with respect to the quarter-symmetric
metric connection V satisfies the condition

Ric = (-20% - 1)g +ag + (1 - a)n ®1,.

Then, the Lie group L with respect to the quarter-symmetric metric connection Vis an 1 complex-Einstein
manifold.

5.3. Example 3
Let us consider the Lie group G of dimension 5 with a basis of left-invariant vector fields {& =
eo, €1, €2, 3,4} defined by the commutators

[E,e1] = Aex + pey +e3, [€,e2] = —Aer — pes + e,

[E,e3] = —e1 — pex + Aey, [, ea] = per —ex — Aes,

where A, u € R [7]. Define an invariant almost contact B—metric structure on G by

gle1,e1) = glez, e2) = —gles, e3) = —gles, es) = g(&,&) =1,
pler) =e, @le2)=es, @les)=—e1, @les) = —ea, (43)
pE)=0, n()=1

By using the Koszul formula the non-zero connection 1-forms of the Levi-Civita connection V are calculated
in [7] as follows:

Vgel = Aep + ues, Vgez =—-Ae; — ues,

VgEg = —uer + Aey, Vg€4 = uer — /\63,

Velé = —é€s3, Vezé = —Cy, V%‘S =e1, Veﬁf =€y,
V31€3 = V32€4 = Vg3€1 = Vg4€2 = —5.

(44)
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It can be easily checked that the constructed manifold (G, ¢, &, 17, g) is a Sasaki-like almost contact B—metric
manifold. A quarter-symmetric metric connection V on (G, ¢, &, 1, g) is given by (20). The non-zero connec-
tion 1-forms of the quarter-symmetric metric connection V can be calculated as follows:

6‘561 Aey + uea, 6562 =-Aep — ues,

45
V5€3 ( )

—uer + Aey, Vg€4 = uer — /\83.

Then, we get E(ei, ej)ex = 0 for i, j,k = 0,...4. That is, R = 0. Hence, the manifold (G, ¢, &, 1, g) has a flat
quarter-symmetric metric connection. In partlcular, if we take A = 0 and p = 0, then it can be verified that
all covariant derivatives Vgl ¢j are zero, thatis, V = 0. The curvature tensor R with respect to the Levi-Civita

connection V is not zero but, R=0.
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