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Abstract. In the present paper, the symmetries admitted by semiconformal curvature tensor in semiconfor-
mally symmetric spacetime have been studied and we show that a four-dimensional spacetime admitting
a proper semiconformal symmetry is semiconformally flat or of the Petrov type N. It is also shown that
a four-dimensional spacetime with divergence-free semiconformal curvature tensor admitting a proper
semiconformal symmetry is locally of the Petrov type O or has four distinct principal null directions. In
both the cases, we found that if the spacetime admits an infinitesimal semiconformal Killing vector field
then the scalar curvature of the spacetime vanishes.

1. Introduction

The existence of one or more Killing vector fields or homothetic vector fields are required for solving
Einstein’s field equations. In fact, most of the familiar solutions depend on this hypothesis and these vector
fields correspond to spacetime symmetries, commonly known as collineations. Katzin et al. ([5], [6]),
pioneers of the concept of symmetries of spacetime, defined these symmetries through the vanishing of Lie
derivatives of certain tensor with respect to a vector field and this vector may be time like, spacelike or null.
For example, Lie derivative of metric tensor gives motion and vector field corresponding to this symmetry is
called Killing vector field. The symmetries defined through semiconformal and conformal curvature tensors
preserve the casual character of the spacetime manifold. The semiconformal curvature tensor is a special
case of conformal curvature tensor and is invariant under the conharmonic transformation. Collinson and
French ([2]) obtained that a vacuum spacetime with a proper conformal symmetry is either locally flat or
of Petrov type N. Later on, Eardley et al. ([3]) investigated that asymptotically flat spacetimes with certain
geometric and energy conditions with a proper conformal symmetry are of Petrov type O. Garfinkle and
Tian ([4]) have studied that the four-dimentional Einstein spaces with proper conformal symmetry are of
Petrov type O, which characterize de Sitter and anti-de Sitter cosmological models. For dimensions n > 3,
Kerckhove ([12]) pointed out that a non-Ricci-flat Einstein manifold with proper conformal symmetry
is locally warped product whose fiber is Einstein and base has constant sectional curvature, provided
that the span of closed conformal vector fields is non—degenrate and has a constant dimension. In the two
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different cases, viz. conformal symmetric spacetime and a four dimensional spacetime with divergence-free
Weyl conformal curvature tensor, Sharma ([13], [14]) proved that such spacetimes with proper conformal
symmetry are either locally flat or of the Petrov type N. Later on, Abdussattar and Babita Dwivedi [1],
discussed the above cases for conharmonic curvature tensor. Recently, De and Suh [15] studied the Weakly
semiconformally symmetric manifolds. Motivated by the above works, we have studied the symmetric and
divergence-free semiconformal curvature tensor with proper semiconformal symmetry of the spacetime.
We have proved the following results

Theorem 1.1. If a semiconformally symmetric spacetime admits a proper semiconformal symmetry, then the scalar
curvature of the spacetime vanishes and the spacetime is either semiconformally flat or of Petrov type N.

Theorem 1.2. If & is a proper semiconformal symmetry with the divergence-free semiconformal curvature tensot,
then the scalar curvature of the spacetime vanishes and the spacetime is either semiconformally flat or of Petrov type
N.

2. Preliminaries

Let (M", g) denotes an n—dimensional Riemannian manifold with nondegenerate metric g. The conharmonic
curvature tensor is given by Z. Ahsan ([17])

1
Li, =Rl + m(éng — 8!Rpe + guaR! — gpcRD), 1)

which is invariant under conharmonic transformation introduced by Ishii([16]), where RZC - Rap, respectively
Riemann and Ricci curvature tensor. J. Kim ([7]) has introduced the notion of semiconformal curvature

tensor as
P}, =—(n-2)BC! , +[A+(n-2)BIL}, 2)

This tensor is also invariant under the same transformation discussed above, defined by ([8]).
Here CZ’C ; 1s a Weyl conformal curvature tensor defined by

1
Cpea = Rieg + +—= (5¢Rua = ORec + GoaRe = gueRy) + D2 (©l35c = Ot gua), (3)
the constants A and B are not simultaneously zero. In particular, for A = 1 and B = —-15, the semi-

conformal curvature tensor reduces to Weyl conformal curvature tensor, and also for A = 1 and B = 0, it
reduces to conharmonic curvature tensor. Further in our paper we assume that A # 0, B # 0and A+2B # 0
because for the case A + 2B = 0 the two tensors P’;C ,and C’;C , become equivalent provided B # 0.

The semiconformal curvature tensor satisfies the following properties.

Phpcd = =Ppinca = —Prbac = Peanv, (4)
and

Phpea + Penva + Ppcna = 0. (5)

In view of equations (1) and (3), equation (2) takes the following form

1 BR
P, =A[RL + E(élthd — 8" Ry + goaR! — g RN - ?(529& — 8" g1a), (6)
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after contraction over h and d we get

Py = —(A ZZB )R (7)

This is also invariant under conharmonic transformation.

Using the equations (3) and (6), we get

1
PZCd = ACch - 5[51171113!75 - 6?Pbd] (8)

We shall be using the following definitions in our investigations

Definition 2.1. A four-dimensional spacetime is said to admit a conformal motion along a vector field & if

Ecav = 2YGab, ©)
where ¢ = 3%,

Definition 2.2. A four-dimensional spacetime is called conformal collineation (Conf C), if there exist a vector field &
such that

EEFIZd = 5167111};11 + 62110;5 - nggbmlyb;m (10)
where = 3&7.
Recently, M. Ali et al. ([10]) introduced a new symmetry as

£:P), =0, (11)

and called it a semiconformal curvature collineation. For more literature on symmetries see Katzin et al.

(5D

3. Main Results

Here we shall prove one proposition and the theorems stated in section 1. We then also obtain the
results, which are arranged as lemma and corollary in this section.

Proposition 3.1. If the divergence of semiconformal curvature vanishes and the scalar curvature is covariantly
constant, then the semiconformal curvature satisfies the Bianchi’s second identity.

Proof. Taking covariant derivative of equation (6) with respect to [, we get
h h Lo h h h BRy h
Pbcd;l = A[Rbcd;l + E((SCRbd;l - 6dec;l + gbdRC/.l - gbcRd;l)] - T(édghc - 6cgbd)' (12)

Permutting cyclically twice for the indices (c, d, I) equation (12) leads to

1 BR. ,
p Zdl;c = A[RZdl;c + E(észl;{J — O Ryaye + {]blRZ;C - gbdRZC)] - T’C(é?gbd — & gu). (13)
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and

1 BRy
Pirea = AlR}jey + 5 (6 Reca = 5cRova + gucRiy = guRE)] = == (601 = 5/ uc)- (14)

Adding the equations (12), (13), (14) and using the Bianchi’s second identity satisfied by Riemann curvature
tensor, we get

A
Py + Py + Py = E[ég(Rbd;l — Rya) + 0 (Rotse = Rit) + 0 (Roca — Rbd;c)]
A
+ S[ouRl ~ RL) + guc(RL = RE) + gu(R), ~ RL)]
B
+ 5[62(%1R;c = gecRy) + 8X(gaRy — guR.2)

+ 67(gbcR;d - gbdR;c)]- (15)

Now contracting over h and /, equation (12) reduces to

1 B
P’;m;h = A[chd;h + E(Rbd;c — Rpcya + gpaRc — ybcR;d) - g(gbcR;d - gbdR;c)- (16)

It is known that the Bianchi second identity after contraction is
Rch;h = (Rbc;d - Rbd;c)~ (17)
Now from equations (16) and (17), we have

PZC‘”’ - %‘(Rbad - Rbd}c) - (3A Z = )(gbcR;d - gbdR;C) (18)

But given that the divergence of semiconformal curvature tensor vanishes, equation (15) reduces to the
following form by using equation (18)

Ph

b T P, +Pl . = (A+B)[6"gmuR; — guRy) + 0'(guR,c — gucRy)

bdie T Fbica
+ 0M(gscRia — guaRyc)]- (19)

Moreover, if the scalar curvature tensor is covariantly constant, then equation (19) leads to

h h oo
Pyegy + Pogre + Phiyy = 0, (20)

which implies that the semiconformal curvature tensor satisfies the Bianchi’s second identity. [

Sharma investigated the proper conformal symmetries of conformal symmetric spacetimes using the
following equation (c.f., [11])

Chpeas = 0, (21)

It has been proved that the conformal symmetric spacetimes, admitting an infinitesimal symmetry are
conformally flat or of Petrov type N. Also, it is known that Petrov type N gravitational fields represent the
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plane gravitational waves with parallel rays, provided the Einstein tensor is invariant under the infinitesimal
conformal symmetry. Thus, the symmetry of semiconformal symmetric spacetime may be defined as

Phpeqy = 0. (22)
where Pjq is semiconformal curvature tensor. We shall now prove our first main theorem as follows:

Proof of Theorem 1.1 The commutation formula for the semiconformal curvature tensor (in an analogous
manner as given by Yano [9]).

Eé(P ch;z) (EEP hcd) = (E F?m)P bmcd (EéF%)P ];wd (E Fm)P Zmd
(£ )P

bem*

(23)
Making use of equations (10), (11) and (22), equation (23) may take the form

(S + S0tps = gunt? )Pty = (8" + 5} = Gt )Py
= (O] + O = gie )Pl = (O + O = G )Pl = 0. (24)

Contracting equation (24) over h and [, we get

4y, Pbcd Yom (PZ"cd + szc + P?éib) + Py = 4Py = 0. (25)

But from equation (6) it is seen that

Plyeqy = 0. (26)
In view of equation (26), equation (25) leads to
41/) Pbcd + IP;chd - q};dphc =0. (27)
Contracting this equation over b and ¢ and using equation (7), we get
7(A+2B
A48 0 (28)

Since £ is a proper semiconformal vector field, ¢,; # 0 and due to our suppositions (i.e., A # 0, B # 0 and
A+ 2B # 0. ) equation (28) leads to R = 0. Consequenly equation (7) will give

Py =0 (29)

and from equation (8), the semiconformal and conformal curvature tensor become identical for A = 1.
Equation (27), now takes the form

44, Pl = 0. (30)
Using equation (30) in equation (24) and then multiplying by ¢/, we get

IPZI# Pbcd (31)

From the equation (31), either ¢;y! = 0 or PZC ; = 0, i.e., the four-dimensional spacetime is semiconformally
flat. Further as we have a four-dimensional spacetime admits proper semiconformal vector field &, l#f #0,
therefore, if 11, = 0 then 1! must be null. Thus from equation (30) the spacetime is of the Petrov type N
and the four repeated principal null directions of the semiconformal curvature tensor are given by .

This completes the proof. [
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For the proof of Theorem 1.2, the following lemma is required

Lemma 3.2. The necessay and sufficient condition for the semiconformal curvature collineation is that £:(R) = —2yR,
where P = 3&°,

Proof. Equation (6) may be expressed as

Ph

de:(30A+64B)6h R (33A+64B)6h

Now taking the Lie derivative on both sides of this equation with respect to &, equation (32) leads to

30A + 64B
£y = (T)(S?[Rfé (gba) + grate(R)]

_ (33A + 648

204 )5Z[R£§(gbc) + gucLe(R)]. )

which on using equations (9) and (11) leads to

30A + 64B 33A + 64B
( 204 )(SIJ[ZW"‘”2 + Juate(R)] - (—204 )52[2¢ghc + gnks(R)] = 0, (34)
which implies that
£:(R) = —2yYR. (35)

This completes the proof. [

Further Sharma in [13] has shown that the four-dimensional spacetime will be either conformally flat or
of type N, if a vector field ¢ is associated to the conformal symmetry of a spacetime with divergence-free
Weyl conformal curvature tensor and proper conformal symmetry. We extend the similar idea for the
semiconformal case and the result is obtained (Theorem 1.2). We have

Proof of Theorem 1.2. Taking Lie derivative on both sides of equation (19)

Ec(Phgy + Phge + Phi) = (A +B)OH(Ecgna)Ry — (Ecgu)Ria} + 6} g0a(EcR);
— gu(ER) ) + O (Ecgu)Re — (Ecgoc)Ry)
+ Ol{gu(EeR) e — goe(EcR),} + O{(Ecgpe)Rya

= (Eeqra)Re} + Mg (EeR)a — Gra(EeR);c}] (36)
Using equation (9) and Lemma 3.2, equation (36) leads to
£5(Pch;l + PZdl;c + PZlc;d) = _2(A + B)R[éil(gbdlp,l - 9bl¢;d) + 6Z(gbl¢}C - gbcll);l)
+ 0M(Gecd — Geathc)] (37)

similar to equation (23), we have two more equations

(££F’§m)P Z?;ll - (£§FZZ)P ’:ndz - (ESFZZI)P ﬁmz
(£T2) Pl (38)

<"l

£§(P Zdl;c) - (£€P Zdl);c

and
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h i _ h h h i
£5(pblc;d) - (£5Phlc);d - (£5de)PZ;c - (£51—‘Zlb)Pmlc - (£5F§)Pbmc - (£§r;lnc)Phlm' (39)
Adding equations (23), (38), (39) and making use of equations (10), (11) and (37), we get
2(A + B)RIS (goas — goithsa) + 01(guric — Goc) + 01 (Goctia — Goaic)]
O Y + Ot = Gu!)Ppeg = (6P + O =GP, g
(5?1!’;"1 + 5211#;6 - gcmll’?)PZZzz - ((Ycﬂl;b;b + 621171’;6 - gcb‘P?H)PILm
©tm + Ontit = GamIPy = O Yo + 0} ia = Gt )Py (40)

Now, contracting this equation over & and ! and using equation (26), we get

+ +

4(A + B)R(gbdlp;c - gbclp;d) = 31P,mPZ1Cd + gcblp;mpmd - gdblp’;ﬂpmc- (41)

Multiplying this equation by 4” and using equation (7), we obtain R = 0, since ¢; # 0 and (A + B) # 0 (For
A + B = 0 we are not getting any fruitful result). Hence equation (7) gives P, = 0. Using these facts in
equation (41), we get equation (30) and consequently equation (40) leads to

" Ppyeq + P3P, = 0. (42)
Multiplying this equation by i/ to the above equation, we get equation (31). Thus theorem is established. [

Corollary 3.3. If a four-dimensional spacetime has a divergence free semiconformal curvature tensor and vector field
& is associated to a proper semiconformal symmetry of the spacetime, then the spacetime must have the divergence-free
Riemann curvature tensor.

Proof. Making use the fact that R = 0 in equation (16) and using the divergence-free condition for semicon-
formal curvature tensor, we get

Rpe;a = Rpae = 0. (43)

In view of equation (43), equation (17) may takes the form

Rh

bedn = 0- (44)

This completes the proof. [J

4. Discussion

Finding the exact solutions of Einstein field equations is the prime motive in gravitational physics. These
equations are highly non-linear PDEs, so some simplifying assumptions has to be made (compatible with
dynamics of chosen distribution of matter) on the geometry of spacetime. These are geometrical/physical
symmetries of spacetime manifold and also known as collineations. In this paper, we have obtained re-
sults on semi-conformal curvature collineation and the types of gravitational field. With the condition of
divergence-free spacetime, we find an ease to explore an already established literature of spacetime symme-
try. Our results can be used to find the solutions of field equations, to discuss the curvature flow and soliton.
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