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Perturbation Theory for Core and Core-EP Inverses of Tensor via
Einstein Product
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Abstract. In this paper, for given tensors A, & and B = A + &, we investigate the perturbation bounds for
the core inverse A® and core-EP inverse A® under some conditions via Einstein product.

1. Introduction

There are several papers on the core inverse and core-EP inverse [1-5, 7-9]. Recently, there are recent
monographs [10-12] on the generalized inverse.

For convenience, we first adopt some of the terminologies which will be used in this paper. For a positive
integer N, let [N] = {1,...,N}. An order N tensor A = (Aijn,...ivns<i<ty, (j=1,...,N)is a multidimensional
array with I I, - -- Iy entries. Let C*>I and R IV be the sets of the order N dimension I X -+ X Iy
tensors over the complex field C and the real field R, respectively. Each entry of A is denoted by a;,...;, .

For a tensor A = (ai1-~iNj1~-jM) c Cllx“'XINXhX'“X]M/ let B = (bi]~~-iMj1 ... ]‘N) € Clx=xJuxhix-XIN he the Conjugate
transpose of A, where b, ...,y - jy = @jy-jyir-iy- Lhe tensor Bis denoted by A*. When b,y jy, = @jywjusir—ins B
is the transpose of A, and is denoted by AT. A tensor D = (dj...iyi,.iy) € C>XIXXIv jg called a diagonal
tensor if all its entries are zero except for d;,...i, iy In case of all the diagonal entries dj, ...iyi,..iy = 1, we call D
as a unit tensor and is denoted by 7. Similarly, O denotes the zero tensor in case of all the entries are zero.

The Einstein product of tensors is defined in [13] by the operation *y via

(AN Biyinjroju = Z A ik Jon By kg e junr 1)
kiky
where A € CX-*XINxKix-xKy - @ ¢ CKox-XKuxJix-XIu and A ¢ B € Chx-XIvxTix-xJm  The associative law of
this tensor product holds. In the above formula, when 8 € CKixxKy then
(AN Biyiy..iy = Z Ay inkr. ke By e
ky...kn

where A #y B € C>**Iv, For convenience, we denote C¢>IvIx-xIv gimply by CHNXIN),
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Definition 1.1. [16] For A € C'N*KWN) the range R(A) and the null space N (A) of A are defined by
RA) = {Y e C' >IN . Y = Ay X, X € CKoKyy

N(A) = (X e CR>>KN . Auy X = 0),

where O is an appropriate order zero tensor.

Definition 1.2. [16] The inner product on CN>*Nk js defined by

(X, Y) = Z anz-"nkynmz-..nk, VX, Y € CNlX"‘XNK,

n, €[N, ] relk]
and the spectral norm || - || is defined as [17, Lemma 2.1]
1Xll2 = VAmax(X* 5y X),
where Amax(X* N X) denotes the largest eigenvalue of X* +y X.
Definition 1.3. [14] Let A € C'N*KN) The tensor X € CKNXIWN) which satisfies
1) AsNnXsNyA=A 2) XsnAxnX=KX;

@) ANX) =ANnX;, (@) XA =XnA

is called the Moore-Penrose inverse of A, abbreviated by M-P inverse, denoted by A'. If the equation (i) of the above
equations (1) — (4) holds, then X is called an (i)-inverse of A, denoted by AY.

Definition 1.4. [17] Assume that A € C'NXIN), Define

A =T and AV = AP sy A, forp 2.
It is easily seen that

{0} C - CRAPT) CRAP) C -+ - C R(A?) C R(A) C R(IT) = Cloe-xI
and

0} =NI) S NA) S NA) C--- S NA) S NA*) - c ey,

The smallest non-negative integer p such that R(AP™) = R(AP) (or N(APH) = N(AP)), denoted by Ind(A), is
called the index of A.

Definition 1.5. [17] Let A € C'NXIN)| The tensor X € C'NXIN) which satisfies
QXsnANnX=X;, G)ANX=XnA, (AN X =A

is called the Drazin inverse of A, denoted by A,. Especially, if Ind(A) = 1, X is called the group inverse of A,
denoted by A,.

According to Hartwig and Spindelbock decomposition [18] of tensors, every tensor A € CINXIW) of
rank r can be represented by

ﬂ=(L[*N(Z*g(]( Z*(I;L)*N(L{*, (2)
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where £ € CRN*RI) g 3 diagonal tensor of singular values of A, and the tensors K € CRN*RN) 1 ¢

CRONVXUn-RN) gatisfy
KinK+ Ly L =T
It follows from (2) that the Moore-Penrose inverse of A is given as follows:

+ _ (](**Nz_l 0 "
A ‘(“*N(L**Nz—l o) U

If Ind(A) < 1, then the group inverse of A is

K1 *N r1og-l *N r-1 *N K1 s L

ﬂgZ'T/{*N( O O

*N u-.
Lemma 1.6. [15] Let & € CIWXIWN) pe g tensor of index k. If ||Ella < 1, then I + & is nonsingular and

1
T+8 < ———.
ll( )2 ek

Lemma 1.7. [15] Let & € CIOXI®)_[f||8]|, < 1, then
T-&'=)¢&,
n=0
€1l
1-&ll2

The recent results on the core inverse of tensor can be found in [19, 20].

Definition 1.8. [19, 20] Let A € CIN*IMN) pe g given core tensor. A tensor X € C'NXIN) satisfying

XA =A, AnX?=X;, (AnX)=AnX

-8 =1l <

is called the core inverse of A and denoted by A®
Lemma 1.9. [19, 20] Let A € C!NXIN) pe given. Then A® satisfies equations (1) and (2) in Definition 1.3.
By the definition of core inverse, we have the following lemma.

Lemma 1.10. [19, 20] Let A € CINXIMN) pe of the form (2) and Ind(A) < 1. Then

. -1
ﬂ® = ([/[ N ((Z I\]O(]<) g) *N (LI*.

Another important generalized inverse is the core-EP inverse.
Definition 1.11. [8, 19] Let A € CINXIWN) gnd Ind(A) = k. A tensor X € CINXIWN) gatisfying
Xay AN = AG Ay X=X, (A X)) =AwnX
is called core-EP inverse of A and it is denoted as A°®.
Lemma 1.12. [8, 19] Let A € C'NXIN) gnd Ind(A) = k. There is a Schur form of A,

VERE .
ﬂ:fL{*N(Ol ﬁ)*N(L{,

©)

(6)

where U € C'NXIW) js g unitary tensor, T1 is a upper triangular tensor and T is a nilpotent tensor with Ind(73) = k.
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From Definition 1.11 and (6), we can obtain that

71 0 .
ﬂ@:fuw(é o)*N“ %

Definition 1.13. [15, 22] Let I3, ..., Inm, K1, ..., Ky be given integers and 3, R are the integers defined as
S=hLh---Iy, R=KK,-- Ky.

The reshaping operation
rsh : CIMXKN) |y 3<%

transforms a tensor A € CIM*KWN) into the matrix A € C¥* using the Matlab function reshape as follows:
rsh(A) = A = reshape(A, I, N), A e CMKN) 4 e ¢,

The inverse reshaping of A € C>* is the tensor A € CIM*KN) defined by
rsh_l(A) = A = reshape(4, 1, ..., Im, Ky, ..., Kn).

Also, an appropriate definition of the tensor rank, arising from the reshaping operation, was proposed
in [22].

Definition 1.14. [15, 22] Let A € CIN*XN) gpd A = reshape(A, I, R) = rsh(A) € C>™. Then the tensor rank
of A, denoted by rshrank(A), is defined by rshrank(A) = rank(A).

2. Perturbation for core inverse

In this section, we present the optimal perturbations for the core inverse of tensors via Einstein product
under two-sided and one-sided conditions.

Theorem 2.1. Let A,E € CINXIWN) pe of the form (2) and Ind(A) < 1, B = A + &. If the perturbation & satisfies
Ay AV 2y E = Exy Axy A® = Eand ||A® #y Ellp < 1, then

B = (I +A® sy E) Lay A® = A® sy (I + Exy A®) 7Y,
and
By B = Ay A°, By B =A%y A+ (T + A® 5y E) Loy A® 2y E sy (I — A® #y A).
Furthermore,

A1l

1A,
— < |IBY <
TriAr s e ~ B lk< 1z

[A® *n Ell
and

|B? +y B — A? +n All> < (KA® N Ell
lA® *n All2 T1-| AN Ell

Proof. We assume that the perturbation & is partitioned by

_ En En .
&=Unn (321 522) U

Using the fact that A« A® +y E = E +y Ay A? = &, together with

.?[*N\?[(@:(LI*N((])- g)*N(L{*
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implies &12 = 0, Ex = O, Ex = O. It is easy to see that the perturbation & has the form

E= (L{*N (%1 g) N Uu.

Furthermore, we obtain

B=ﬂ+8=‘LI*N(Z*N7(<)+8“ Z*(A)’L U

In view of Lemma 1.6, since ||A® =y &> < 1, then 1 + A® xy & is invertible and

1
T+A s E) Mo € —————.
I e T wraTh

Moreover,

_1*
I+ﬂ®*N8=ﬂ*N(I+(Z*Ng) v én ?)*N(u*,

and
T+E K)o EN) T = (Ean K)oy (v K +En) 7 = (Can K +En) oy Zan K,

this implies that (Z +y K + &11)7! exists.
Then the core inverse of 8 exists and has the following expression,

% -1
B® = Uy ((Z N (KO+ En) g) w U

=T + Ay E) L ay A°.
By using (4) of Lemma 1.7, direct computation shows that
(I + A2y E) Lay A® = A® sy (I + E 2y A®) 7L
Next, the perturbation bounds of core inverse are estimated. It is easy to verify that
B sy B - Ay A

O T+ETsNnK)LanyEi) oy K ey LK1 .
='U*N(O (L + (XN K) " *N 11)0N NL NL)*NW

=Uxy (g ([ + (X K)oy 551]71 —I)sn K ey L) U
— U (O (7 + Can K)oy En) ™o [ = (2 + (2o K)oy En)law K1 oy L) Ty
= N 10) 1o) N

—U (0 —[(Z + @y K)oy Enn] oy (Zxny K) 7Ly Enp +v K1 xy £) au
= >(-N O O *N

=T +A®+y E) L 2y A 2y E xy (A A® — A® 2y A)
=(I + A 2y E) ! ay A® 2y Exy (I — A® 2y A).
Taking forms of both sides, we obtain

1824y B= A sy Ally < (L + A #y E) " 2INA® #y El2l|T = A® 5y Al
I(Z +A® +n E)HLIA® +x ElNA® #x Al
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That is
187 sy B - A" *y Al __IIA? *n Ell2
A *N All2 T 1Ay &l
The proof is complete. [

Next, we provide a perturbation bound for the core inverse under one-sided condition.

Theorem 2.2. Let A,E € CNXIN) pe of the form (2) and Ind(A) < 1, B = A + &. If the perturbation & satisfies
Ay AY +y E = Eand ||A® +y E|l2 < 1, then

B = (T + Ay E) 4y A® = A 2y (T + E*y AY) Y,

and
By B? = Ay A®, B®*N8=ﬂ®*1\]ﬂ+(1+ﬂ®*1\]8)_1 *Nﬂ®*N8*N(I—ﬂ®*Nﬂ).
Furthermore,

A2 A2
Tl 8l = 1P T A e,
and
1By B - A% sy Al __IA? *n Ell2
A *n All2 T 1l ATy &l
Proof. We assume that the perturbation & is partitioned by

_ Eu & .
&=Un (821 822) U

Using the fact that A xy A® +y & = &, it together with

.?[*N.?[(@:TI*N((])- g)*N(L{*

implies &1 = 0, Ex» = O. It is easy to see that the perturbation & has the form

&1 & .
S:W*N(él 52)*N7,1.

Furthermore, we obtain

B:ﬂ+8:ﬂ*N(Z*N(}(§+8H Z*NngS“)*N(L{*.

Since ||A® #n E|l2 < 1 and A *y A® is an orthogonal projection, we obtain
|A® #n & #n A sy A®||2 < [A® #n E|L A xn A%l = A #n Ell2 < 1.

Then I + A® +y & #y A #y A® is invertible, so [I + (X #y K)! #x E11]7" exists. Then the core inverse of B
exists and has the following expression.

N -1
B® — (L{ *N ((Z N 7((;‘ 811) g) N (LI*
T+ XK Loy Enl sy @y K) Y O .
=W*N([ + (Zxn K) Noll] N (Z#n K) O*N(L[

= (I + A® x5 E sy Axy A®) L ay A®
=A% sy (I + Exy AY)!
=T + A® xy E)Lay A®,
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and
B® N B
—U xy I EnK+En) ey (ExnL+En) o U
o o
U « (I T+ EnK) ey E) Loy Cany K) Loy (Zay L+ 812)) o U
- N 0 O N
—y (I [Z+ (Zxn K) ey Enl oy [(Ean K) ey Sz + K xy -l:]) au
= N O O *N .

Now we can estimate

B ay B - Ay A

wy (0 [+ Zsn K)oy Enl  on [(Ean K)oy Ern + K hay LI - K1 sy -ﬁ) au
= *N O 0 *N
O ([T+ETsNnK)LanyEult=T) sy K1+ .
Z(L[*N(O (L +ExNnK) *N (1)1] ) *N NL)*N(L{
* -1 * -1 * * -1 *
Uy (g (L + (XN K) " #N 81110 N (ZawK) N 812) o U
U « (0 [T+ E K)oy Enl ! an (Z oy K)oy Enp #n K2y .E) o U
- N O O N
* -1 * -1 * * -1 *
U oy (g [L + (XN K) *n 8112) N (Z Ny K) 7 =y 812) o U
—U ([f +(Ean K)oy Enl Loy (Zany K)oy En 0) (0 —K 1y L) U
—HN 0 oJ\o 0 N

+U *y (g [T+ (Z oK)y 8112)_1 oy (Z oy K7ty 312) w U

=(I + A #y Exy A sy AP) oy A® 1y E oty A sy A 1y (A sy A® — A® 2y A)
+(T + Ay Exy Axy A®) Ly A® 2y Exy (I — Axy A®)
=(I + A® sy Exy Axy A®) iy APy Exy (I — Ay A)
=A? sy Exy (L + A® sy E) ' sy (I — A® 2y A)
=T + A® #y E) iy A® 1y Exy (I — A® 4y A).
Taking norms of both sides, we obtain
IB? sy B = A° 1y Al < [T +A° +y &) [LINA® #y EllIT ~ A° y A,

ie.,

1B° sy B - A% *y Al __IIA? *n Ell2
A® N All2 T 1| AN Ell

This completes the proof of the theorem. [

In a similar way, we obtain another one-sided perturbation formula.

Theorem 2.3. Let A,E € CINXIWN) pe of the form (2) and Ind(A) < 1, B = A + &. If the perturbation & satisfies
A sy Axny E =Eand ||A® +n Elp < 1, then

B =T+ A+ E) Ly A® = A® wy (I + Exy A®) L.
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and

B*N8®=ﬂ*Nﬂ®,B®*NB=ﬂ®*Nﬂ+(I+.7{®*N8)_1 *Nﬂ@)*NS*N(I—ﬂ@*Nﬂ).

3. Perturbation for core-EP inverse

In this section, we investigate the optimal perturbations for the core-EP inverse of tensors via Einstein
product under one-sided conditions which extends the matrix case [9].

Theorem 3.1. Let A, & € C'™NXIMN) pe of the form(6) and Ind(A) = k, B = A + & € CINXIN_[f the perturbation
& satisfies A xn A® #y & = Eand ||A® +y E|l2 < 1, then

B = (I + A% *N 8)_1 *N A® = A® *N (I + E =y ﬂ®)_1, (8)
and
By B = Axy A®, BPsyB=A® sy A+ T + A xy E) ' 1y A® 1y Exy (I — A® 2y A).
Furthermore,
ﬂ@ ﬂ@
l i II2 <182, < I i II2
1+ ||A® *y Ell2 1 - ||A® #y &2
and

IB® +n B — A® x5 All < lA® =N Ell
lA® *n All2 T1-| A 8l

Proof. We assume that the perturbation & is partitioned by

_aqy. (611 En) o
S_WN(SM 822) NG

Since & satisfies A »y A® #y & = &, together with

ﬂ*Nﬂe):(LI*N(é g)*qul*

leads to &1 = O, &y = O. tis straightforward to see that the perturbation & has the form

En & .
8=(U*N((31 (52)*1\711,

and the tensor B keeps the Schur form

T1+En T2+ En

o g, U

B=ﬂ+8=ﬂ"w(

Since ||A® #y Ell2 < 1, and A =y A?® is an orthogonal projection, we obtain
A® #n &ty A sy A®|l2 < ||A® #y Ellll A+ A®l2 = |A® #n Ell2 < 1.

Then I + A® +y E+y A=y A® is invertible, so (I + T, ! +y E11) 7" exists.
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Then the core-EP inverse of B exists, and it has the form as follows

-1
B@ — 7/[ - ((‘7.1 +(;Sll) g) N q/[af

-1 -1 -1
=7/[*N((I+7'1 *Ngll) *N7-1 g)*Nler

=+ A® wy E sy Ay ﬂ@)_l sy AP
= A® sy (I + Exy A®)7!
= (I +A® +y &) Lay A®,

and B® «y B possesses the following representation

_1*
B@*NB:(LI*N((I) (T1+&n) ON<73+812))*N,L,*.

Further,

_1*
ﬂ@x_Nﬂ:ﬂ*N(g (le ON(]—‘Z)*NW*.

Now we can estimate

B$*N8—ﬂ$*Nﬂ

-1 _q-1 -1
=U »y (g (77 +&n) 771 *N(;E +(T1+E1)" *=n b2 o U
— -1y * -1, -1, -1y -1,
ﬂ,w(g (T +En)" s En v T, Nfrzg(nf/q N EN) o T N&Z)*wa
U (O —T+T o E) N T o B T e T+ (L + T o En) ™ o T *v Sz
= 0 o

=— (I + A+ Exy Axy AS) iy A® 2y Exy A sy A® 2y (A® 5y A - 1)
H(I + A 2y Exy Ay AY) T 1y Ay Axy A® 2y Exy (I — A xy A)
=(I + A® xy Exy Ay A®) gy A® 2y E#y (A xy A® — A® 2y A)
+(I + A 5y Exy Ay A°) " ay A® 1y Exy (I = A ry A®)

=(T + A® +y &)Ly A® 1y Exy (I — A® x5 A).

The proof is complete. [

In the same way, we obtain the similar perturbation formula.

5215

o

Theorem 3.2. Let A, & € C'™NXIMN) pe of the form(6) and Ind(A) = k, B = A + & € CNXIN_[f the perturbation

& satisfies A® xy Axn E = Eand ||A® +y Ell, < 1, then
Bﬂa = (I + ﬂ@ *N 8)_1 *N ﬂ@ = ﬂ@ *N (I + 8*1\] ﬂ@’)_l,

B*NB®=.7{*N.7I®.

Now we consider another perturbation formula with the weaker condition (7 — Ay A®) sy Exy Axn A® =

o.



H. Du et al. / Filomat 33:16 (2019), 5207-5217 5216

Theorem 3.3. Let A, & € C'™NXIMN) pe of the form(6) and Ind(A) = k, B = A + & € CNXIN_ [f the perturbation
& satisfies (I — A xy A®) +y E #y A *y A® = O and rank(AX) = rank(B*) with ||A® +y Ell, < 1, then

B =T+ APy E) oy A® = AP sy (I + Exy AV,
B*N.(B@ =ﬂ*Nﬂ®.
Proof. We assume that the perturbation & is partitioned by

_ En En .
&=Un (821 822) w U

Since & satisfies (I — A #y A®) #y E xy A +y A® = O, together with

ﬂ*Nﬂ@ZW*N((I) g)*Nﬂ*

implies &1 = O, and then B has the following expression

T1+6n T2+En

B:ﬂ+8:ﬂm( 0 7}+822)*N(L[*'

Now, from || A® «y &||; < 1 and rank(AX) = rank(B), we can obtain that 77 + &1 is invertible and rank[(73 +
En)l = 0, (T2 + En)k = O. Moreover,

En)™t .
B®=W*N((ﬂ+011) g)*N(LI-

Similar to the proof of Theorem 3.1, we obtain

B = (T + APy E) Loy A® = AP sy (T + E xy AV,
and

By B® = Axy A°.

The proof is complete. [
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