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Abstract. We first introduce a Ricci quarter-symmetric connection and a projective Ricci quarter-symmetric
connection, and then we investigate a Riemannian manifold admitting a Ricci (projective Ricci) quarter-
symmetric connection (M, g), and prove that a Riamannian manifold with a Ricci(projection-Ricci) quarter-
symmetric connection is of a constant curvature manifold. Furthermore, we derive that an Einstein manifold
(M, g) is conformally flat under certain condition.

1. Introduction

The study of geometric analysis of manifolds associated with certain semi symmetric connection or
with Ricci operator following some semi symmetric properties has been an active field over the past five
decades. The ideas and methods of these two themes overlap and promote each other, which makes their
respective research achieve amazing results.

The geometric analysis of manifolds endowed with semi symmetric connections or endowed with
Ricci operator following some semi symmetric properties, almost from the inception, was regarded as an
extra-ordinary difficult interesting theory.

Itis well known that A. Friedman and J. A. Schouten [6], in 1924, introduced the idea of a semi-symmetric
linear connection in a differentiable manifold. H. A. Hayden [14], in 1930, introduced a metric connection
with a non-zero torsion on a Riemannian manifold. In 1970, K. Yano [26] considered a semi-symmetric
metric connection and studied some of its properties, he proved that a Riemannian manifold is of constant
curvature if and only if it admits a semi-symmetric metric connection for which the manifold is a group
manifold, where a group manifold is a differentiable manifold admitting a linear connection V such that it
satisfies the relation R = 0 and VT = 0. The semi-symmetric metric connection V satisfies the relation

V29(X,Y) = 0,T(X, Y) = n(Y)x — m(X)Y (1)
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where 7 is a 1-form. In [1, 2, 9, 11], the semi-symmetric non-metric connection was studied. A semi-
symmetric non-metric connection is exactly a geometrical model for scalar-tensor theories of gravitation
was studied in [4]. Also other types of a semi-symmetric non-metric connection were studied in [2, 5, 18].

On the one hand, the Schur’s theorem of a semi-symmetric non-metric connection is well-known in [15—
17] based only on the second Bianchi identity. In 1975, S. Golab[8] defined and studied quarter-symmetric
linear connections in differentiable manifolds. A linear connection is said to be a quarter-symmetric
connection if its torsion tensor T is of the form

T(X,Y) = n(V)YX — n(X)pY (2)

where ¢ is a (1, 1)-tensor. In [10, 17], a projective(projective-like) invariant of a quarter-symmetric metric
connections was obtained. Afterwards, some properties of several types of a quarter-symmetric metric
connection were studied ([7, 11, 20, 23-25, 27-31]). Recently, Han, Fu and Zhao [12, 13] studied similar
problems in Sub-Riemannian manifolds.

On the other hand, the geometries of manifolds associated with some types of a quarter-symmetric
non-metric connection ([3, 5, 19]), or with Ricci tensor satisfying certain condition were studied recently.
As we know, for instance, that Y. J. Suh, C. A. Mantica and U. C. De [22] derived that a pesudo-Riemannian
manifold is B-symmetric if and only if it is Ricci semi-symmetric; S. Mallick, A. Yildiz and U. C. De [21]
investigated the geometric properties of mixed quasi-Einstein manifolds.

The so-called Ricci quarter-symmetric metric connection V is defined as

V.Y = VyY + n(Y)UX — U(X, Y)P 3)

0
where V is the Levi-Civita connection, U is the Ricci operator, U(X, Y) is the Ricci tensor and 71(X) = g(X, P).
This connection satisfies the relation

Vz9(X,Y)=0,T(X Y) = n(V)UX — n(X)UY 4)
The local expressions of (3) and (4) are respectively
l"ffj = {f]} + njllff - U,']'T(k 5)
and
k k k
Vk!]ij = 0, Tij = ﬂjui - n,-uj (6)

The present paper is organized as follows. Section 2 investigates a Ricci quarter-symmetric connection
and studies the geometrical characteristics of a manifolds associated with this connection; Section 3 studies
projective Ricci quarter-symmetric connection, and we arrive at the physical properties for a Riemannian
manifold with this connection.

2. Geometries Of Manifolds Associated With A Ricci Quarter-symmetric Connection

Let (M, g) be a Riemannian manifold (dimM > 2), g be the Rieman-nian metric on M, and V be the
Levi-Civita connection with respect to g. Let X(M) denote the collection of all vector fields on M.

Definition 2.1. A connection V is called a Ricci quarter-symmetric connection, if it satisfies

V29(X,Y)
T(X,Y)

1 - a)rZ)UX,Y) + (B — ——)n(X)U(Y, Z) + (B - —)n(Y)LI(Z X) 7)
n(V)UX — n(X)UY

where U is the Ricci operator and U(X, Y) is the Ricci tensor, 7 is a 1-form and a, B are parameters for this connection.
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Then there exists a unique connection V in M given by
0 1 1-
V.Y = VxY + %mmux - T“n(X)uy — BU(X, Y)P 6)

where 11(X) = g(X, P).

Let (x') be the local coordinate, then g, V V,U,nt, and T have local expressions g, {, 1, F U" 7; and Tk
respectively. At the same time, the expressions (7) and (8) can be rewritten as

+
Vigii = (1-a)mUi;+ (B - —)7T Uj + (B - )ﬂ] ik )
T, = Ul - Uy
and
kK l+a e 1—a X k
l"l.]. = {ij} + 5 njlll. - Tn,-llj + ﬁui]‘T( (10)

Remark 2.2. By (8), it is obvious that there holds the following.
When o = 1 and p =1, then V is a Ricci quarter-symmetric metric connection([20])
When o = 1 and p = 0, then V satisfies

k k Kk
Vigij = —mill — 7y, Ty = Uy = Ll

This connection is a semi-symmetric non-metric connection in an Einstain manifold ([1]).
When o = 1 and B = —1, then V satisfies

Vigij = =2miljc — 27Uy, Tfj = mill} - mu?

This connection is a semi-symmetric non-metric connection satisfying the Schur’s theorem in an Einstain manifold

([15]).

From (10), the curvature tensor of V, by a direct computation, is

l+a l1+a l1-a
Rijkl = Ki]'kl - 5 Ula]k ﬁb U]k + — 5 l T, — ﬁci]-knl + —dl,kni - ‘I'[i]‘u;c
o a 1
Ujai + BbjU; 2 Climti + Beji’ = _”]d] + il (11)

where K,-]-kl is a curvature tensor of Levi-Civita connection V and the other notations are given as follows

0
ag = Vime— Lia U”n,,nk 4+ La U”n,,nl + ﬁu,kﬂpnp
0
b = Vim— e Upnpnl ,Blllpn?’nk
0
cijp = Villy (12)
_ v P p
di’k = Viué - HT(XUZ. ULT[}{ - ﬁuipukﬂl
M = Vi
Let
l+a l+a -«
Aijkl = Tufajk + ﬁb£Ujk - Tci-jﬂk + ﬁCi/‘kﬂl — Tnid;k + ‘Ri]'u;c (13)
Then we from the expression (11) get
Rix' = Ki! — Aip + A (14)

So there exists the following
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Theorem 2.3. When Ai]-kl =A jik’, then the curvature tensor will keep unchanged under the connection transformation
4

V-V

From the expression (10), the coefficient of dual connection V of the Ricci quarter-symmetric connection V
is

l1+a

k
5 Ujj?'( (15)

1-a

T = {5} + 5 U + U~

By using the expression (15), the curvature tensor of dual connection V is

%

1+« 1-«a

1+a
Rijkl = K,’jkl - Tﬂfu]'k - ﬁugb]'k + ﬁijnk - Tcijknl - 5 nidi’k + n,-]-U,l(
l1+a 1+a 1-a
+ 5 ai.llik + ﬁll;bik - ﬁc;iT(k + chiknl - Tnjd;k - ﬂﬁull{ (16)

It is well known that if a sectional curvature at a point P in a Riemannian manifold is independent of E (a
2-dimensional subspace of T,(M)), the curvature tensor is

Riji! = k(p)(0lgjx — ') (17)
In this case, if k(p) = const, then the Riemannian manifold is a constant curvature manifold.

Theorem 2.4. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic
Ricci quarter-symmetric connection V with TZZ. # 0. If there holds

1+a
2
then (M, g, V) is of a constant curvature manifold.

+p=0, (18)

Proof. Substituting the expression (17) into the second Bianchi identity of the curvature tensor of the Ricci
quarter-symmetric connection, that is, there holds the following

ViRij! + ViR + ViRya' = TR juil’ + T;’;Rhmkl + T;;R,-mk’
then we have
Vik(p)©igjx — 8\gi) + Vik(p) Ok — 6,9 7x) + V ik(p)(©},gix — i)
+ k(p)(aﬁvhgjk — OVigix + N ign — 8, Vigjx + 6,V gk — 5§v]-ghk)
= k()| (il = U0 gk = 8L, 776) + (UL = L), Gk = Ol )
U = U Ok = O gik)]
Using the expression (9), then we obtain
Vik(p)(0igjk — 839i) + Vik(p)(©gm — 6,g7%) + V k(p)(S, g — 59
+ (3%“ = Bk(p)| (01U — 6,U) + 70i(6 Uik = 5}, ULje) + 726, Ui — 0|
= k(p)(é?n,-llhk = Sty U e — milly gje + nhU§gik + 8, U — 8br iU — Ul g + Tz,'ll,ig]-k
+ 6ﬁ-n;1ujk - 6,117‘(71,1,-;{ — Ty Uﬁ.gik + njufghk)
Contracting the indices i and I, then we have
(1= 2 @xVikp) - gV k) + 2 ~ PPl — iU
=(n- 3)k(P)[7ThUjk — iU + (Ui, — U ) g — (Uimj — u;'ni)ghk]
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Multiplying both sides of this expression by g/ and contracting the indices j and k, then we arrive at

1+a,, :
o (Ui = Uir,)k(p)] = 0.

(n = 2)[(n = )Vik(p) - B +
From this equation above we obtain

k .

2 )n—l hit

Vik(p) = (B +

Consequently, from T{ﬂ. # 0, we know that k(p) = const if and only if B + 3% = 0. This ends the proof of
Theorem 2.4. O

23
The Ricci quarter-symmetric connection V satisfying the Schur’s theorem is denoted by V. The connection

a
V can be regarded as a special type of the Ricci quarter-symmetric connection V.
By Theorem 2.4 and using (18), the expression (9) shows

{ V]]sg,‘]‘ = (1 - a)nkui]- - (1 + a)T(ink - (1 + a)njU,-k (19)

— 7 0Tk — .17k
Tl.]. = m;U; n,U].

Similarly, the formula (10) for % shows

1-« 1+«

e k 1+a
k k k k
I =ij} = miUf = =l + ——Ujm (20)
o
and the formula (15) for V shows
@ Ky 1+a 1-a 1+a
k. _ k k k
j= {l,j} - U+ =l — —— Uy (1)

By the expressions (20) and (21), it is obvious that there holds the following Theorem.

[4
Theorem 2.5. The Levi-Civita connection V on a connected Riemannian manifold (M, g) (dim M > 2) is the mean

a o
connection of the Ricci quarter-symmetric connection V and its dual connection V.
o
If @ = 1, then the Ricci quarter-symmetric connection V satisfies the relation
o a
ngi]' = anUij, Tk,']' = ﬂjUf - Tliu;f,
a
and the coefficient of V
23
k
ko [V _ gk
T P {ij} n,Uj

This connection is considered as a geometrical model for scalar-tensor theories of gravitation in an Einstain
manifold ([4]).

o
Theorem 2.6. Suppose that o = —1, and the Riemannian manifold (M, g, V)(dim M > 2) is of a constant curvature

a 0
manifold associated with a Ricci quarter-symmetric connection V, then the Riemannian manifold (M, g, V) is of a
constant curvature manifold.
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Proof. From the expression (18), if @ = —1, then = 0. In this case from the expressions (11) and (16), the
curvature tensors of V and 6 are below
o
Rijkl = Ki]'kl - U,l{(nij — nji) + T(id;k - Rjdgk
o
Ri]'kl = Kijkl + U,l((mj - nji) - 7'[,‘d + R]dl
respectively. From the two expressions above, we have
o

1 .
E(Rijkl +Rii) (22)

By using the constant curvature assumption in Theorem 2.6, we have

I
Kije =

«a o
Rix' = Rij = k(®gx — 8igi), (k = const).
Hence from the expression (22), we have
Kii' = k(6 — 8i)

0
This means consequently that the Riemannian manifold (M, g, V) is of a constant curvature manifold. This
completes the proof of Theorem 2.6. [

a
Theorem 2.7. If an Einstain manifold (M, g)(dimM > 3) associated with a Ricci quarter-symmetric connection V

0
is a constant curvature manifold, then (M, g, V) is of a conformal flat manifold.

24
Proof. From the expression (11), the curvature tensor of V is

al 1+0c

1+a 1-«a
Riﬂ( = K,’jkl + Ul Aje — Ul ikt 5 béu]‘k + —dl~k7'[,' - ﬂi]‘U;<
1+a 1+a 1
+ 5 Cij k_ 2 b; ik + chz‘knl_ —ﬂ]dl +T(], ]I( (23)
o
And from the expression (16), the curvature tensor of V is
a ! 1 +a 1 +a 1 +a +a
R,]k = Ki/‘kl - bl ]k bl 5 b]kul Tbmllé + U,’(n,-]-
1 +a 1+a 1-
C’] k— Tcijknl dlthl dlle] Ll,l(nﬁ (24)
Adding the expressions (23) and (24), we obtam
o ! a )
Rz]k + Rl]k - 2Kz]k + u Vzk - u iV jk + Utk)/] ]k‘}/i (25)
where yj = 1%(aik — by). Using the assumption in the Theorem 2.5, that is, there holds
k
Uij = - 9ij (26)

where k is a scalar curvature of the the Levi-Civita connection. Using this expression, from the expressions
(23) and (24), we have

a*l al

Rz;k + Rl]k = 2K1]k + (6 Vik — 6 iVikt gzky] gikVi ) (27)
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Contracting the indices i and | w.r.t. (27), we get

o a k k
Rjc + Rje = 2K — E(” - 2)Yjk — E!]jk]/f (28)

Multiplying both sides of (28) by g and contracting the indices j and k, then we arrive at

a
R+R=2k-2(n-2)y.
From this expression above we have

1

Y= T 1)k[zk _ R+ R)|

Using the expression from (28) we obtain

n a* a g]k a” a
= ———(2Kj — (Rg + Rj) - ———[2K — (R+R
Vik (n—2)k{ k= (Rjx + Rjx) Z(n—l)[ R+ )]}
Substituting this expression into (25) and putting
a l a ! 1 ! a y o al al R I I
Cijix = Rigx - m(éiRjk — ;R + gjRi = gikR; ) - m(@!}jk —0,ik)
o ! ol 1 e v v “R l l
Cik = Rk - m(éiRjk — ;R + gjRi — gikR; ) - m(éi%‘k = 0,9i)
c b ! 1 5! 5l ! ! k sl s
ik = K — m( Kik — jKik + 9, Ki' — giK; ) - m( iJjk — jgik)
then by a direct computation, we obtain
al ot ! o !
Cijx +Cijp =2Cijk . (29)

1 <l
o o o
By using the constant curvature assumption of the connection V, we have Cijk = C,v]vk = 0. Hence we arrive

at
o !

Cijk =0.

This means consequently that the Einstain manifold is conformally flat. This confirms that Theorem 2.7 is
tenable. [J

3. Geometries Of Manifolds Associated With A Projective Ricci Quarter-symmetric Connection

P 4
Definition 3.1. A connection V is called a projective Ricci quarter-symmetric connection family, if V is projective
equivalent to a Ricci quarter-symmetric connection V.

4
In a Riemannian manifold, a projective Ricci quarter-symmetric connection V satisfies the relation

Vag(XY) = —20(Z)g(X,Y) = p(X)g(Y, Z) - v(V)g(X, Z) + (1 - )r(Z)U(X, Y)
+ (B—EH)nX)UY, Z) + (B - BHn(MU(X, Z) (30)
T&xY) = rMUX-rCOUY
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4
And the coefficient of V is

Uk — — nll - U (31)

Pk
k k k
I = {i],} + 0 + ;0; +

The local expression of the relation (30) is

p
Vigii = —2Uxgij — Yigik — ¥jgix + (1 — a)me U
+ (B—BHmlUy + (B — B2)mUy (32)
P
T, = mUf-mUy

4
From expression (31), the curvature tensor of V, by a direct computation, is

pl 1 +a 1+a § 1+a
Rijk = K,-]-kl - Ul ]k ﬂC U]k + Tlidék + Teﬁij - ﬁei]-knl + 6;{171),‘]‘ - UIZ(TEZ‘]‘
1 +a 1 l+a_ L 1+a
1P 1 l 1 l
+ O a]k + 5 U]-bik + ﬁc].llik d T ﬂT(k
+ ﬁe]-ikn - (Sigbji + U]l{T(]'i (33)

0
where Ki/kl is the curvature tensor of the Levi-Civita connection V, and the other notations are given as
follows

P ¥ 1 1-a
ag = Vﬂl)k — i — By + 52U + UGyt
p
1 1

by = Vlnk - ﬂllpn,,nk + 3¢ u”n,,n, TPk — 1+a7‘( e
P
Ck = mG + B m,n? — LU, Py — BUjp P

p 0

I _ g _ Layfd e, _ R
dy = Vil - B - U, Un

P
eijc = Villj
0

Vi = Vi

For convenience, we set

1- A
aT(,‘d1~ a

P
I L N I _ .
5 My~ 5 Tk + Beixt — O ij + Uy i

1+a 7 g

zjk 61a]k + — 5 Ui.bjk + ﬁcf-u]'k -

Then we get
Rij' = Kii' = Bije' + Bji,
So there exists the following
Theorem 3.2. When Bijkl =B ﬁkl, then the curvature tensor will keep unchanged under the connection transformation
o P
V-V
. . . . p* . . . . .
From the expression (31), the coefficient of dual connection V of the projective Ricci quarter-symmetric
p

connection V is

1
* ankui]- + ﬁuf.‘n]- (34)

N k 1 -
k k k k
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%

By using the expression (34), the curvature tensor of dual connection V is

w1 P P 4
p 1+a p l1-«a l+avp
— Y S 1l O B (e . | P | !
Rig = K —a,9j > ll]kbi B U; 5 nzd]'k 5 €ijkTt +ﬁeijnk
p 1-— p 1-— p 1
[ ! Al alb ol a tar
6k¢1/ + Ulelj + giku]' + Tulkb] + ﬁCikU]- + Tn]djk + TE‘ﬁkT[
FI] ! )
- ‘Be].ink + 6k¢ﬁ - Ukﬂ]’i (35)

Theorem 3.3. Suppose that (M, g) (dimM > 3) is a connected Riemannian manifold associated with an isotropic

4
projective Ricci quarter-symmetric connection V. If there holds

11
9= —= (5 +B)Thy (36)

4
then (M, g, V) is a constant curvature manifold(It is the so-called Schur’s theorem of the projective Ricci quarter-

symmetric connection).

Proof. Substituting the expression (15) into the second Bianchi identity of the curvature tensor of the
projective Ricci quarter-symmetric connection, that is, there holds

L ! L 1 L ) pm g 1 pm g ! pm ! 1
ViRiji' + ViRju + ViRpi = TpiRjmk + T Rumic + Ty Rit

then we get
p p p
Vik(p)(©igjx — 8\gi) + Vik(p) Ok — 6,9 7%) + V ik(p)(},gix — Oi8n)
i 14 1§ g 15 i
+ k(p)(éivhgjk — 6jvhgik + 6]'V1'ghk — 6hV1~gjk + 5hngik — 61'nghk)
= k()| (Ul = U} gk = B3 ) + (UL = L)), Tk = Ol)
+(7'chu;” - njll,’f)(éﬁgmk - 521!]&)]
Using the expression (32), then we obtain
4 p p
Vik(p)(S}gx — 559&) + Vz’k(P)(é;ghk = 8,9%) + Vik(p)(©},gix — 6'9)
— k(p){vn(Slg — 8\g) + Vil6lgue — 8,g56) + (5, g — Ol gu)
3-a
(- BYK(p) [ (BT — SULe) + 72,8 Uk = 5}, ULje) + 71,(5}, Ul — 51U
= k(p)(é;niuhk - 657‘[},u]'k - ﬂiUZgjk + T(hull-g]‘k + 5;17'[]'111‘]( - 6;1711»11]- - njuﬁghk + nilléghk
+ 657‘(}111]';( - (557'(]'uhk - nhu;g,-k + n]'uizgik)
Contracting the indices i and /, then we have
4 4 3-u
(= D[ (@eVik(p) = 9ueV k() = k) (¥ngjx ~ P19~ (5 = Bl = m;Ud))|
= k(P)[(n = 3) (U — i) + (Ui, — U i) g — (Uim; — U;ﬂz‘){]hk]

Multiplying both sides of this expression by g/, then we arrive at

(1= DY) = k1 = D = C5% = prll] - U] = k() U~ Ui
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From this expression, we have

P
Vik(p) = k(p) [0 -

1+a ;
(— +pT;] =0.

n—1
Consequently, we know that k(p) = const(p € M) if and only if
1 1+a ;
Pn = — (o + T}

This ends the proof of Theorem 3.3. [

Theorem 3.4. An Einstein manifold (M, g)(dimM > 3) associated with a projective Ricci quarter-symmetric con-
4

nection V possessing a constant curvature is of a conformal flat manifold.

Proof. By using Einstein manifold assumption in Theorem 32, we have

k
Ui = — ik
From this fact, we obtain e;; = 0. Adding the expressions (33) and (35), we obtain
P p*

Rix' + Rig' = 2K; + 5§Pik —Sipp + !]ikpé' - gixp} (37)
where pj = a; + %(“T“bik + Beix). Contracting the indices i and [ of (37), we get

Rpjk + Zé]jk = 2Kk = (1= 2)pjk = gjxp}- (38)
Multiplying both sides of (38) by g/¥, then we arrive at

, 1 poopr
;= 01— 1)[2k - (R+R)].
and . } R
pie = (2K~ (R + Ry) — s 2k - (R + Ry

Substituting p! and pj into (37) and putting

p ! p ! 1 470 1P p! p! R ; 1
Cijk = Rigx — m(QR;’k = O;Rix + gjxRi = gikR; ) - m(éigjk = 0,9i)
pe ! R R p! pe! R . ;
Cix = R - m(éiR]‘k — O;Rix + gjxRi = gikR; ) - m(é,ﬂjk — 0,9ix)
C?,kl = Kl - L(&K-k — 8Ky + g iK' — g; K,l) _ ;(5! = 8hgi)
1] 1] n—2\i jo JREM ikthj (n _ 1)(n _ 2) igjk ]glk
then by a direct computation, we obtain
P ! p* ! o !
Cijk +Cijp =2Cijk . (39)

By using the constant curvature assumption in Theorem 32, we have

I

p pe !

Cix = Cijx =0.
This implies that
o !
Cijk =0. (40)

This means consequently that the Einstein manifold is of conformal flat. [
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4. Examples
Example 4.1. (ACMM.: almost contact metric manifold)

Assume that (M, ¢, &, n) is a (2n + 1)-dimensional almost contact manifold endowed with an almost contact
strucuture (¢, &, 17), where ¢ is a (1, 1)-tensor field, ¢ is a vector field and 7 is a 1-form such that

P> =-T+n®&nE) =1.

If an almost contact manifold equipped with a Riemannian metric g such that

9(@X, @Y) = g(X, Y) = n(X)n(Y).

for all X, Y € X(M), then (¢, &, 1, 9) is called an almost contact metric structure and (M, ¢, &, 1, 9) is called
an almost contact metric manifold. We now define a linear connection on such manifold

VXY =VxY + T](Y)X,
where V is the levi-Civita connection with respect to the Riemannian metric g, then we obtain
T(X,Y) = n(V)X = n(X)Y, n(X) = 9(X, &).

which shows that V is a semi-symmetric non-metric connection. This connection is exactly a special case
from Remark 21
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