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Some Inequalities for General Zeroth—Order Randi¢ Index
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Abstract. Let G = (V,E), V = {v1,v,,...,0,}, be a simple connected graph with n vertices, m edges and
vertex degree sequence A =d; >dp, > --- > d, = 6 > 0, d; = d(v;). General zeroth-order Randi¢ index of G
is defined as ‘R.(G) = L., 4%, where a is an arbitrary real number. In this paper we establish relationships
between R,(G) and R,-1(G) and obtain new bounds for R,(G). Also, we determine relationship between
R.(G), 0Rﬁ(G) and ORZ(,,_,;(G), where a and p are arbitrary real numbers. By the appropriate choice of
parameters @ and 8, a number of old/new inequalities for different vertex—degree—based topological indices
are obtained.

1. Introduction

Let G = (V,E), V = {v1,0,...,0,}, be a simple connected graph with n vertices, m edges and a sequence
of vertex degrees A =dy > d, > --- 2 d,, = 0, d; = d(v;). If vertices v; and v; are adjacent, we write 7 ~ j.

The topological indices form an important class of molecular structure descriptors used for quantifying
information on molecules. Thousands of topological indices have been introduced in order to describe
physical and chemical properties of molecules. Various mathematical properties of topological indices
have been investigated, as well. As topological indices have been defined for quantifying information of
graphs, this area could be classified into the so-called quantitative graph theory [8].

There is no doubt that the Randi¢ index is the most studied, most often applied, and most popular
topological index among all [21]. It was introduced by Milan Randi¢ in 1975 [29] under the name branching
index as a suitable measure of the extent of branching of the carbon—atom skeleton of saturated hydrocarbons.
It is defined as

1
R(G) = Z N

i~
After the Randi¢ index was introduced, based on its definition various Randi¢-type invariants have
been proposed and studied.
Bollobés and Erdés [3] generalized this index by replacing —1/2 with any real number a:

Ro(G) = ) (didy)",

i~
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and called it general Randi¢ index.
The sum of the a-th powers of the degrees of a (molecular) graph G

n
R,(G) = Z 42,
i=1
is known as general zeroth—order Randi¢ index [14]. It is also met under names general first Zagreb index [18]

and variable first Zagreb index [23] (see also [1, 2]).

Here we are interested in the following special cases of R,(G):

o Modified first Zagreb index, "M;(G) = R_»(G), introduced in [27];

e Inverse degree or modified total adjacency index, ID(G) =°R_4, [10, 27];

e Zeroth—order connectivity index or zeroth—order Randi¢ index, ‘R(G) = R_1,2(G) , [17];
e First Zagreb index, M1(G) ="Ry(G), [12];

e Forgotten topological index, F(G) ="R5(G), [12].

In this paper we determine relations between R,(G) and R,-1(G) and obtain new bounds for R,(G).
Also, we establish relations between R, (G), 0ng(G) and ORp_a,ﬁ(G), where a and f are arbitrary real numbers.
As special cases, for some specific values of parameters a and f§, we obtain a number of old/new inequalities
for different vertex—degree-based topological indices of graphs.

2. Preliminaries

In this section we recall some discrete inequalities for real number sequences that will be used later in
the paper.

Letp = (p1), i = 1,2,...,n, be a nonnegative real number sequence and a = (9;), i = 1,2,...,n, positive
real number sequence. Then for any real 7, such that » > 1 or r < 0, holds (Jensen’s inequality) [25]

n =1 n r
[Z Pi] Z pi; = [Z Piﬂi] : 1)
1 i=1 i=1

i=

If 0 < r < 1, then the sense of (1) reverses. Equality holds if and only if 2y = a, = --- = a,, or for some k,
1<k<n-1,suchthatp; =py=---=pr=0and pys1 = pra2 + -+ pnand axy1 = Agyp = - = .

Let x = (x;),1 = 1,2,...,n, be a nonnegative real number sequence and a = (g;),i = 1,2,...,n, positive
real number sequence. In [28] it was proven that for any r > 0 holds

Equality is reached if and only if r =0 or 3t = 22 = --- = 2.
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3. Main results

In the following theorem we establish relations between ‘R, (G) and R,-1(G).

Theorem 3.1. Let G be a simple connected graph with n > 3 vertices and m edges. Then for any real o, such that
a<0ora>1,holds

0 @2m —n)* 0 2m +n)* 0 }
Ra(G) = max { (1’[ _ ID(G))a_l + a—l(G)/ (1/[ + ID(G))a_l Ra—l(G) . (3)

If0<a<1,then

RN a
%AQSmm{J@LﬂLT+%_mn—iﬁﬁﬂLT—%H@ﬁ. @
(n — ID(G))* (n +ID(G))*
Equalities hold if and only if either « = 0, or a = 1, or G is reqular, or when diyy = diyo = --- = d,, = 1 and
di=dy=---=dp>1, wherel <k<n-1.
Proof. For any real @ we have that
Ra(G) = Ra-1(G) = Y (d; = 1)l (5)
i=1
and
n
Ra(G) + Raa(G) = ) (di + 1™, (6)
i=1
Forr=a,pi=1- dli, a;=d;,i=1,2,...,n, the inequality (1) becomes
n 1 a-1 n n 1 o
L a-1 —_—\ga
S0-3)] La-ver=[0-5).
i=1 i=1 i=1
that is
Z (d 1) a 1 (2111 1’1) — (7)
( - ID(G))*
On the other hand, forr=a, p; =1+ dli, a;=d;,i=1,2,...,n, the inequality (1) transforms into
n 1 a
a—1 .
[Z( )J Z(d +1)d; >[Z(1+d_i)d1J ,
i=1 i=1
that is
Z d; +1)d (ZLn)l (8)
(n +ID(G))*
Now, from (5) and (7), that is (6) and (8), we get
Ro(G) 2 Ros(G) + — 2=t ©)

(n — ID(G))*™!
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and

0 @m+n)*
Ra(G) = (n 4 ID(G))a_l Rafl(G) (10)

The inequalities (3) and (4) are obtained from (9) and (10).
Equalities in (7) and (8) hold if and only if either &« = 0, or @ = 1, or dy = d» = --- = d,,, which implies
that equalities in (3) and (4) hold if and only if either « =0, or @ = 1, or G is regular. [

Based on (9) and (10) we have the following corollary of Theorem 3.1.

Corollary 3.2. Let G be a simple connected graph with n > 3 vertices and m edges. Then for any real o, such that
a<0ora>1,holds

ORa(G)Zl( (2m—n)0‘_1+ (2m+n)a_1).
(n — ID(G))" (n + ID(G))"

2
If 0 < @ < 1, the sense of the above inequality reverses. Equality holds if and only if either « = 0,0ra =1, 0r Gisa
reqular graph.

Corollary 3.3. Let G be a simple connected graph with n > 3 vertices and m edges. Then

(m —n)? (m + n)?
Ml(G) >  max {TD(C’) +2m, m - Zm} ,

w© = 3 G

FG) > ax{% +M1(G),%—Ml(c)},
1o = %((f_mlg(’g;z+(ﬁ"§;(’g;z)

WH(G) > %((’l(z‘nf[_’(;?3+(”(;m”i(glf).

Equalities hold if and only if G is regular.

Corollary 3.4. Let G be a simple connected graph with n > 3 vertices and m edges. Then for any real a > 1 holds

a—1
Ro(G) = Rt (C) + 21t — n)(%’") . (11)

Equality holds if and only if « = 1 or G is regular graph.

Proof. According to arithmetic-harmonic mean inequality for real numbers (see e.g. [26]), we have that

i.e.

nz
ID(G) > o (12)

From the above inequality follows
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(o) = (2

Now from the above and inequality (9) we arrive at (11). O

therefore for any real @ > 1 holds

Corollary 3.5. Let G be a simple connected graph with n vertices and m edges. Then

F(G) = Mi(G) + W (13)
and
Mi(G) > #. (14)

Equalities hold if and only if G is reqular.

Remark 3.6. Since
am*(2m —n) _ 8m®

M;(G) + 2 2

the inequality (13) is stronger than inequality

3
F(G) > Sﬂ,
n

proven in [16].
The inequality (14) was proven in [9] (see also [5, 15, 16, 30]).

Theorem 3.7. Let G be a simple connected graph with n > 3 vertices and m edges. Then for any real a, such that
a<lora>2, holds

M -2 a-1 2 a-1
0Ry(G) > max { % + Ro1(G), % - ORH(G)}. (15)
m-—n m+n
If1 <a <2, then
_ a-1 a-1
R,(G) < min {% +0R,1(G), % - ORa_1<G>} . (16)
m-n m+n
Equalities hold if and only if either « = 1, or « = 2, or G is reqular, or when di,1 = dgyp = --- =d,, = 1 and
q Y 8
di=dy=---=dy>1, wherel <k<n-1.

Proof. Forr=a—-1,pi=d;—1,a;=d;,i=1,2,...,n, the inequality (1) transforms into

n a2 4 n a-1
[Z (e - 1)] PCER L [Z (e - 1)d1-] :
i=1 i=1 i=1

i.e.

Y 1y, (Mi(G) —2m)"
di-Dadet > ————— 17
Y-z = 7)

On the other hand, forr=a—-1,p;=d; +1,a; =d;,i =1,2,...,n, the inequality (1) becomes

n a—2 n n a—1
[Z(d,-+1)] Z(di+1)d?—1z[2(d,»+1)d,-] )

i=1 i=1 i=1
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i.e.

(M1(G) +2m)*!

)a—Z (18)

Y @+ 1de >
i=1

2m+n
Combining (5) and (17), respectively (6) and (18), we obtain

(M1(G) - 2m)*™"

0 aG _0 o G
Ra(G) = Ra-1(G) + 2m )2

(19)

and

(M1(G) +2m)* ™"

Ru(G) = —

-~ Rp-1(G). 20
2m ) 1(G) (20)
The inequalities (15) and (16) are directly obtained from to (19) and (20).

Equalities in (17) and (18) hold if and only if eithera« = 1, or a =2, or dy = d» = --- = d,,. This implies
that equalities in (15) and (16) hold if and only if either « = 1, or a = 2, or G is a regular graph. [

Corollary 3.8. Let G be a simple connected graph with n > 3 vertices and m edges. Then for any real o, such that
a <lora>2, holds

Ry(G) > 1 ((Ml(G) —2m)*! .\ (M1(G) + 2m)* ! )

2\ @Qm-n)? m +n)*2

If1 < a < 2, then the sense of the above inequality reverses. Equality holds if and only if either o =1, 0ora =2, 0r G
is reqular.

Corollary 3.9. Let G be a simple connected graph with n > 3 vertices and m edges. Then

(M;(G) - 2m)° (M3 (G) +2m)*
F(G) > max{ o = + M;(G), P M;(G)
and . ;
ID(G) > max {(2’”—_”)2 +V(G), R ’”Ml(G)} .
(M1(G) —2m) (M1(G) + 2m)
Equalities hold if and only if G is reqular, or when dyyy = dyyp = -+ =dy = land dy = dy = --- = dy > 1, where
1<k<n-1

Corollary 3.10. Let G be a simple connected graph with n > 3 vertices and m edges. Then

)2 (- Cnen, _emen’ )

" 2\(Mi(G) - 2m)*  (Mi(G) +2m)°
- ( )* ( )t
1 2m —n 2m +n
m G — .
Mi©) = ((M1<G) “om) | Mi(©) +2m>3)

Equalities hold if and only if G is a regular graph.
The proof of the next result is fully analogous to that of Theorems 3.1 and 3.7, and hence omitted.

Theorem 3.11. Let G be a simple connected graph with m > 2 edges. Then for any real o, such that « <2 or a > 3,
holds
(F(G) - Mi(G))*

(Mi1(G) — 2m)*~>

(FG) + M (G)* >
(M1(G) +2m)* ™

R.(G) > max{ +R,_1(G), 0Ra_l(G)} .
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If2 <a <3, then

F(G) — My(G))*? F(G) + M;(G))* >
ORa(G)Smin{( ( ) 1( ))_3 +0Ra_1(G),( ( )+ 1( ))_3 _ORa—l(G)}~
(Mi(G) - 2m)* (Mi(G) +2m)*
Equalities hold if and only if either « = 2, or a = 3, or G is reqular, or when dyyy = digyo = -+ = d,, = 1 and
di=dy=---=dy>1, wherel <k<n-1.

Corollary 3.12. Let G be a simple connected graph with m > 2 edges. Then for any real o such that @ <2 or o > 3
holds

1
Ro(G) = 5

((F(G) - Mi(G)** | (F(G) + M1<G>>“‘2)
(Mi(G) —2m)*™>  (My(G) +2m)*> )

If 2 < a < 3, then the sense of the above inequality reverses. Equality holds if and only if « =2 ora =3 0r Gisa
regular graph.

In the next theorems we determine relations between invariants R,(G), 0R}g(G) and Othx_ﬁ(G), where o
and g are arbitrary real numbers.

Theorem 3.13. Let G be a simple connected graph with n > 3 vertices. Then for any real numbers o and B hold

Ra(G) < A+ 5% + ((Rancp(G) — A2 — 525-F) (Rg(G) — AP — 68), (21)

with equality ifand only if o = ford, =dz = -+~ =d,1.

Proof. The inequality (2) can be considered as

n—=1 2
n—-1 [Z dla]
d2a—ﬁ > i=2 ,
t n-1
i=2 d

i.e.

2
0 2a-f _ s2a—p (OR“(G) —AT- 6a)
Roa-p(G) — A**F — 5°*7F > RC) - =0 (22)

wherefrom (21) is obtained.
Equality in (22), and hence in (21), is attained if and only if e = fordr =dz =--- =d,-1. O

By similar arguments as in case of Theorem 3.13, the following results can be proven.

Theorem 3.14. Let G be a simple connected graph with n > 2 vertices. Then for any real numbers o and p hold

Ro(G) < A + (Raa-p(G) — A2F) (Ry(G) - AF)
Equality holds if and only if a = Bordy, =dz = --- =d,,.
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Theorem 3.15. Let G be a simple connected graph with n vertices. Then for any real numbers o and f hold

Ra(G) < \/Raa-4(G) Ry(G).

Equality holds if and only if « = B or G is a regular graph.

5256

By the appropriate choices of parameters a and f3, from Theorems 3.13, 3.14 and 3.15 a number of
old/new inequalities for different vertex-degree-based topological indices of graphs can be obtained. In

the next corollary we list some of them.

Corollary 3.16. Let G be a simple connected graph with n vertices and m edges. Then

R (G) < V2m Ry 1(G),
Ra(G) < VID(G) Rou+1(G),

R (G)R_o(G) =n?,
0R1/2 (G) < 2mn P
ID(G) < \n"M;y(G),

1 1 (n-22
D >4
A A Ty
2 (2m = A)?
Mi(G) > A4,
2 — A — 6)>
Mi(G) > A4 o2 4 T iy
n-—2
M (G)?
F(G) > =,
A2 S2\2
F(G) > A3 4oty MO Z A7 =0T

2m—A =9

(23)
(24)
(25)
(26)
(27)
(28)

(29)

The inequality (23) was proven in [19], the inequality (24) in [20], (25) in [7], (26) in [22], (27) in [6], (28) in

[11]. The inequality (23) was proven in [13] for the case o = 2.
In the next theorem we obtain a relation between ‘R, (G) and ‘R, (G).

Theorem 3.17. Let G be a simple connected graph with n > 3 vertices. Then for any real number « holds
n
1R (G) — Ry (G)? > 5 (@A - 0%
Equality is attained if and only if d} = d} = --- = d* | = 832,
Proof. According to the Lagrange’s identity (see e.g. [26]), we have that

1R, (G) — R (G)Z—nde (Zd“] = Y (e -y

1<i<j<n

— (AQ _ sa)2 a _ qa
=A% -+ Y (4 dj)
1<i<j<n
(@,))#(1,n)

> (A - 5% + Z_‘: (2 o)+ (a2 - ).
i=2

(30)

(81)
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Now, settingn =2,r =2,p1 =p2 =1,a1 =df —d?, ap = d? —dj; in (1) we get

iy

n—

n—1
2 2 1 2
=P+ Y (- (@ - ) ) > @0 - Y (- ) (32)
i=2 i=2
The inequality (30) immediately follows from (31) and (32).

Equality in (31) isattained ifand only ifd} = d = --- = d}_,. Equality in (32) holdsif and only if 4} = %il%d",
foreveryi=2,...,n — 1, therefore equality in (30) is attained if and only if d} = d§ = --- = d* = 84 [
Corollary 3.18. Let G be a simple connected graph with n > 3 vertices. Then

2
Mi(G) > 4% + % (A-0)?, (33)

"M1(G) =

2\ A
The inequality (33) was proven in [24] (see also [22] and [4]). This inequality is stronger than (14).

ID(G)? 1 (1 1)2'
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