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Abstract. The main principle of this paper is to show that, a warped product pointwise semi-slant
submanifold of type M" = N}' X; Ni? in a complex space form M2 (c) admitting shrinking or steady
gradient Ricci soliton, whose potential function is a well-define warped function, is an Einstein warped
product pointwise semi-slant submanifold under extrinsic restrictions on the second fundamental form
inequality attaining the equality in [4]. Moreover, under some geometric assumption, the connected and
compactness with nonempty boundary are treated. In this case, we propose a necessary and sufficient
condition in terms of Dirichlet energy function which show that a connected, compact warped product
pointwise semi-slant submanifold of complex space forms must be a Riemannian product. As more
applications, for the first one, we prove that M" is a trivial compact warped product, when the warping
function exist the solution of PDE such as Euler-Lagrange equation. In the second one, by imposing boundary
conditions, we derive a necessary and sufficient condition in terms of Ricci curvature, and prove that, a
compact warped product pointwise semi-slant submanifold M" of a complex space form, is either a CR-
warped product or just a usual Riemannian product manifold. We also discuss some obstructions to these
constructions in more details.

1. Introduction and motivations results

At present, the clue of the warped product manifolds plays very important roles not only in differential
geometry but also in general relativity theory in physics. For example, Robertson-Walker space-times,
asymptotically flat spacetime, Schwarzschild spacetime, and Reissner-Nordstrom spacetime are warped
product manifolds [31].

The idea of warped product manifolds with negative curvatures was introduced by Bishop and O’Neill
[6]. Assume that (N]', 71) and (N}?, g2) are two Riemannian manifolds and f : Ni" — (0, ) is a positive
differentiable function on N7'. Consider the product manifold N* x N,> with canonical projections y; :
NI' x N> — N via yi(x1,x2) = x; (i = 1,2) for every p = (x1,x2) € NJ' X N;>. The warped product
M" = N}' X¢ N3 is the product manifold Ni* x N3* equipped with the Riemannian structure g such that

9(X, X) = ;1 (r1.(X), y1.(X) + L 01(p)72(y2.(X), 2.(X)) (1.1)
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for any tangent vector X € X(T,M), p € M. Then we have g = g1 + f*g>. In this case, the function f is called
a warping function on M". The following lemma is a direct consequence of the warped product manifolds:

Lemma 1.1. ([6]) Let M" = N;“ X ¢ Ny? be a warped product manifold. For X,Y € ¥(TN1) and Z, W € X(TN>), we
have

(i) VxY € ¥(TNy),
(ll) VzX = sz = (Xll’lf)z,
(iii) VzW =V, W - g(Z, W)VIn f,

where V and V' denote Levi-Civita connections on M and Ny, respectively. Furthermore, VIn f is the gradient of
In f, which is defined as:

g(VIn £, X) = X(In f). (1.2)
The following remarks are consequences of Lemma 1.1:

Remark 1.1. A warped product manifold M" = NY' X NJ? is said to be trivial or simply if the warping function f
is constant function along N1*.

Rer;?rkll.z. ]\/?1: M" = N}' Xy NJ? is a warped product manifold, then N1 is totally geodesic on M" and Ny? is totally
umbilical on M".

In the last few decades, the theory of warped product submanifolds has been a magnificent field in almost
Hermitian manifolds and almost contact metric manifolds. Specifically, Chen [10] introduced the notion
of CR-warped product submanifolds in Kaehler manifolds. Many articles have been written on warped
product submanifolds in the different type of structures (see [18] and references therein). Recently, Sahin
[41] studied the warped product pointwise semi-slant submanifolds in a Kaehler manifold and obtained
the following inequality:

112 = 2my( esc? 0 + cot? 0)[IV In £, (1.3)

whose equality holds if N7 is totally geodesic and Ny is totally umbilical in a Kaehler manifold M*".
According to Nash’s theorem [36], we know that in a sufficiently high co-dimension, every Riemannian
manifold is isometrically immersed in a suitable Euclidean space. In particular, every warped product
N}'x¢N}? can be immersed as a Riemannian submanifold in some Euclidean space. Based on these concepts,
many geometers have obtained geometric obstructions for CR-warped product in different ambient space
forms (for instance [5, 13, 22]). Motivated by previous studies, a sharp relationship between the warping
function and the squared norm of the second fundamental form for a non-trivial warped product pointwise
semi-slant submanifold M" = N7' X Nj? isometrically immersed in a complex space form M*"(c) with
constant holomorphic sectional curvature c satisfies the optimal inequality [4] was established as in the
form

P > 2n2(||Vln AP+ % — Aln f)). (1.4)

The equality holds in (1.4) if and only if N7 is totally geodesic, N is totally umbilical and M" is minimal

into M2"(c). Some applications were also derived on compact Riemannian submanifold considering the
equality case without boundaries. These types of results give a lot of influence to the analysis of physics,
in terms of the second fundamental form (see [12, 14]). Therefore, we need to find some classification
of such inequality when satisfying equality and Riemannian manifold is compact. Some classifications
of different types of inequalities which attain equalities in various ambient space forms can be found in
[2,5,13,15,17, 19, 42].

Therefore, we only consider a non-trivial warped product pointwise semi-slant submanifold of the type
M" = N7' X¢ Ny’ isometrically immersed into a complex space form because other types of warped products
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are trivial in Kaehler manifold. We also consider connected, compact Riemannian submanifolds whose
boundaries are non-empty and provided some new necessary and sufficient conditions for warped product
pointwise semi-slant submanifolds, which can be reduced to Riemannian product manifolds. Assume that
@ is a differential function on M". The gradient Vf of f is given as

n

gV, X) = X, and Vo = Z ei(p)ei, (1.5)
i=1

and the Laplacian Ag of ¢ is defined as.

Ap = Z (Veep = eep)) = Z 9(Vogrady, ). (1.6)
Using the Laplacian, the Hessian Hess(¢) of ¢ is defined as.

Ag = —Trace(Hess(p)) = — Zn‘ Hess(p)(ei, €i), (1.7)

Hesse(g)(X,Y) = Hess(p)(X, 1)+ Hess(g) /X, ) (18)

where Hessc(¢) is the complex Hessian of ¢. We observed that the definition triviality for a warped product
implies M" to be a simply Riemannian product manifold. If we use the warping function In f in (1.8), we
obtain the following theorem

Theorem 1.1. Let ¢ : M" = NI' X¢ Ng? — M?2"(c) be an isometric immersion from a warped product pointwise

semi-slant manifold M" = N1* X Ny into a complex space form M2n(c), If the following is satisfies

dy
c
P > 2n2(1n1 + ; Hessc(lnf)(e,-,ei)), (1.9)

where Hessc(In f) is the complex Hessian of the warping function In f which satisfies Eq. (1.8), then M" is a trivial
warped product pointwise semi-slant submanifold of a complex space form M>"(c).

If the basic inequality (1.4) attaining equality case, we prove the following theorem.

Theorem 1.2. Let ¢ : M" = NI' X¢ N> —> M?2"(c) be an isometric immersion from a warped product pointwise
semi-slant NT' X ¢ N* into a complex space form M?2"(c) such that the following equality is satisfied for the warped
product submanifold M":

ny - Np

nin,Cc
ZZIIhH (i, e)l* = nzZHessC (In f)(e; ;) + ——= (1.10)

i=1 j=1

Then, one of the following statements is satisfied for M":
(i) The non-trivial warped product pointwise semi-slant manifold N7 X ¢ Ny is trivial, or simply M" is a Rieman-
nian product manifold.
(ii) The pointwise slant function is given by 6 = cot™ ( \/11_2) for the warped product pointwise semi-slant
submanifold NI' x ¢ Ny? in a complex space form M*"(c).

In [20], Calin and Chang presented the geometric approach to Riemannian manifolds and found appli-
cations to partial differential equations which include the Lagrangian formalism on Riemannian manifolds;
the energy-momentum tensor and conservation laws; the Hamiltonian formalism; Hamilton-Jacobi theory;
harmonic functions and geodesics; and fundamental solutions for heat operators with potential. For a
compact submanifold of a Riemannian manifold with a boundary, we have the following theorem:
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Theorem 1.3. [20] Let M" be a connected and compact Riemannian manifold and f be a positive differentiable
function defined on M" such that Ap = 0 on M and ¢ = 0 on the boundary dM of M. Then ¢ vanishes identically.

We assume that M" is a compact Riemannian manifold and f is a positive differentiable function on M".
Then, the kinetic energy function on M" is defined as [20]:

E@) = 5 fM IVelPay, @.11)

where dV denotes the volume element of M". Due to the impact of pointwise slant function 0 : M" — Rin
a warped product pointwise semi-slant submanifold M" = N}' X¢ N?, and taking into account of Theorem
1.3 and the kinetic energy formula (1.11), we have the following theorem:

Theorem 1.4. Assume that ¢ : M" = N}' Xg N> — M2"(c) is an isometric immersion from a connected and

compact warped product pointwise semi-slant manifold M" = Ny' X Ny into a complex space form M?2"(c). Then
N7 X¢ N is simply a Riemannian product of Ni* and Ny if and only if the kinetic energy of the warping function
satisfies:

E(Inf) = ﬁ tan? 6{ fM (nzzlc - Z 2 | ej‘)||2)dV - 8my L (c:sc2 0 cot 9(%)E(lnf))dv},

i=1 j=1
(1.12)

where 0 < E(In f) < co and dV is the volume element of M".

Moreover, the Hamiltonian in a local orthonormal frame {ey, e, - - - , e,} of T,M", p € M is defined by
1% 1v 1
_ X N2 -2 (2 - L 2
H(df,p) = 5 ]Z_l dfley)” =5 ]E_l ei(f)” = FIVAF. (1.13)

Considering the Hamiltonian of the warping function and the Theorem 1.3, we have the following theorem:

Theorem 1.5. An isometric immersion ¢ : M" = Ny' xg N2 —> M2"(c) of a non-trivial connected, compact

warped product pointwise semi-slant submanifold NI* X Ny* into a complex space form M27(c) is trivial if and only

if it satisfies, for a local orthonormal frame {e1,e2,- -+ , ey} of T,M", p € M,

H(d(lnf)/P) = 4%2 tan? 9( nzZ1C - Z Z ||hy(ei,€j)||2). (1.14)

i=1 j=1

Now, we give a motivation for our work which is related to the classification of the Ricci curvature. Many
results on the Ricci curvature and gradient Ricci curvature have been obtained during the last decades (see
[23,25, 32, 35, 37] for more details). Furthermore, Ricci solitons are natural extensions of Einstein manifolds
and they appear as self-similar solutions of the Ricci flow % = —2R;;. Ricci solitons are also important in
understanding singularities of the Ricci flow. Since the notion of a Ricci soliton was introduced by Hamilton
[32], the gradient expanding, steady or shrinking Ricci soliton have been studied by many geometers (see
[8,9,21, 26]) in different geometric aspects. A Riemannian metric g on a Riemannian manifold M" is called
a Ricci soliton if a smooth vector field X exists, such that the Ricci curvature satisfies the following condition

Ric + %Lxg = Ag, (1.15)

for any constant A, where .L is the Lie derivative. A Ricci soliton is called expanding, steady and shrinking
if A <0, A =0, and A > 0, respectively. If we choose X = V¢ for a smooth function ¢ defined on M", then
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M" is called a gradient Ricci soliton with respect to ¢ as a potential function. In this case, the fundamental
equation can be written as:

Ric+V2p = Ag, (1.16)
where V2 denotes the Hessian of ¢.

Remark 1.3. If the potential function ¢ is a constant function in (1.16), then gradient Ricci soliton (M", A, V) is
called an Einstein manifold.

Taking into account the relation between Laplacian A and gradient V? such that A = V2, (1.16) can be
modified as

Ric + Hess(p) = Ag. (1.17)

It is also called the fundamental equation of Ricci tensor or gradient soliton in terms of the Hessian tensor.
For more classifications, we refer to ([8, 21, 23, 26, 28-30, 32, 33, 35, 45] and references therein). In particular,
if the vector field X is the gradient of (In f), i.e., X = V(In f) in (1.15), we present a very interesting result
where the gradient Ricci soliton decomposed with warped product submanifolds in complex space form
as follows:

Theorem 1.6. Let ¢ : M" = NI' X¢ Ng? — M2"(c) be an isometric immersion from a warped product pointwise

semi-slant submanifold N7' Xy N}* into a complex space form M2m(c) admitting shrinking gradient Ricci soliton
such that the warping function being a soliton function. If we assume that © # arc cot \/ny, then a warped product
pointwise semi-slant submanifold N7! X ¢ N? is an Einstein warped product pointwise semi-slant submanifold if and
only if the following equation is satisfied:

n. N

Y Y Ihnatei el +2mRT = (A + 2 )mnz, (1.18)

i=1 j=1
for a positive constant A € R and R” is scalar curvature of N7

Another goal of our inequality (1.4) is to provide potential applications to the gradient Ricci curvature for
a compact Riemannian manifold. Taking into account the Green Theorem (see [44] for more detail), we
obtain the following theorem:

Theorem 1.7. Assume that ¢ : M" = Nj' Xg N> — M2"(c) is an isometric immersion of a compact warped
product pointwise semi-slant submanifold N7' X ¢ N}* into a complex space form M2m(c), If the following equality is
satisfied for the warped product submanifold M"

n. N

3 e el = ”ﬁzc + 11 f Ric(V1n f,-)dV, (1.19)
M

i=1 j=1

then, at least one of the following statements is true for M":

(i) Awarped product pointwise semi-slant submanifold N1' X N> of a complex space form M2"(c)isa CR-warped
product submanifold.

(ii) A warped product pointwise semi-slant submanifold N7' X Ny* of a complex space form M27(c) is simply a
Riemannian product of N7 and Ny.

Moreover, we will provide some new results related with the above theorems.
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2. Preliminaries

Let (]\7[, J,9) be a 2m-dimensional Hermitian manifold with an almost complex structure | and a Rie-
mannian metric g, which satisfy J?> = —I and g(JU, JV) = g(U, V), for vector fields U, V € %(T]VI), where TM
denotes the tangent bundle on M. Let V be the covariant differential operator on M2" with respect to g.
If the almost complex structure | satisfies (Fvvu])V =0, forany UV € %(TM), then an almost Hermitian
manifold (1\71, J, 9) is called a Kaehler manifold according to Yano and Kon [43].

Assume that M" be isometrically immersed into an almost Hermitian manifold M?2" with the induced
metric g. If V and V+ are the induced Riemannian connections on the tangent bundle TM and the normal
bundle T+M of M", respectively, then the Gauss and Weingarten formulas are given by

VuV = VyV + (U, V), 2.1)
VuN = —AyU + V4N, (2.2)

for each U,V € X(TM) and N € ¥(T*-M), where h and Ay are the second fundamental form and the shape
operator (corresponding to the normal vector field N), respectively. We have g(h(U, V), N) = g(AnU, V), for
each U,V € X(TM). Now, for any U € ¥(TM) and N € ¥(T*-M), we have

() JU=TU+FU, (i) JN =N+ fN, 2.3)

where TU(tN) and FU(fN) are the tangential and normal components of JU(JN), respectively. If T is
identically zero, then the submanifold M" is called a totally real submanifold. The Gauss equation for a
submanifold M" is following as:

R(X,Y,Z,W) = R(X,Y,Z,W) + g((X, Z), h(Y,W)) = g(h(X, W), h(Y, Z)), (2.4)

forany X, Y, Z, W € X(T'M), where R and R are the curvature tensors on M?" and M?", respectively. Assuming
that M?"(c) is a complex space form of constant holomorphic sectional curvature c. Then the curvature
tensor R of M?"(c) can be expressed as

RX,V)Z = i(g(x, 2)Y - (Y, 2)X + g(X, JD)]Y ~ g(¥, J2)X + 2¢(X, ]Y)]Z)- (25)

The mean curvature vector H for an orthonormal frame {ej, ey, - - - ,} of tangent space TM on M" is defined

by
H= 1tmce(h) _1 Zn:h(e e,-) (2.6)
n n —~ 1% 7
where n = dimM. In addition, we set
;= g(h(ei e),e) and 2 = )" gliei e)), hei ). 27)

ij=1

If ] preserves any tangent space of M", that is, [(T.M) € T, M, for each x € M", then M" is called a holomorphic
submanifold. Similarly, M is called a totally real submanifold if | maps any tangent space of M" into normal
space, that is, J(T:M) € T+M, for each x € M". Now, we give the following definition:

Definition 2.1. [10] A Riemannian submanifold M" of a Kaehler manifold M2 is said to be a CR-submanifold if a
pair of orthogonal distributions D' and D* exists such that

(i) TM = DT @ D+,
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(ii) the distribution DT is holomorphic, that is, [(D') € DT, and
(iii) the distribution D* is totally real, that is, JD*+ C (T+M).

If d; and d, are the dimensions of a holomorphic distribution DT and a totally real distribution D* of

a CR-submanifold of an almost Hermitian manifold M?", then M" is holomorphic if d, = 0, and totally real
if d; = 0. It is called a proper CR-submanifold if neither d; = 0 nor d, = 0. Moreover, if p is a holomorphic
subspace under | of a normal bundle T*M, then, for a CR-submanifold, the normal bundle T+M can be
decomposed as

T*M=]D* & u.

A pointwise slant submanifold has been studied in almost Hermitian manifolds by Chen-Gray [16]. They
defined as follows:

Definition 2.2. [16] Assume that the set T*M consists of all non-zero tangent vectors on a submanifold M" of an

almost Hermitian manifold M?". Then, for any non-zero vector X € X(T, M), x € M", the angle 6(X) between
JX and tangent space T M is called the Wirtinger angle of X. The Wirtinger angle become a real-valued function
as 0 : T"M — R, called the Wirtinger function ( slant function). In this case, the submanifold M" of almost

Hermitian manifolds M2™ s called a pointwise slant submanifold.

Definition 2.3. A point x in a pointwise slant submanifold is called a totally real point if the pointwise slant function
O satisfies cos 0 = 0, at x. In the same way, a point x is called a complex point if the pointwise slant function satisfies
sin® = 0 at x.

Definition 2.4. If every point on M" of almost Hermitian manifold M2" is g totally real point, then the pointwise
slant submanifold M" is called a totally real submanifold. Similarly, if every point on M" is a complex point, then M"
is said to be a complex submanifold.

The following characterization theorem was derived by Chen-Gray in [16]:

Theorem 2.1. Let M" be a submanifold of an almost Hermitian manifold M2, Then M" is a pointwise slant
submanifold if and only if there exists a constant A € [0, 1] such that

T? = —AL (2.8)
Furthermore, 0 is a real-valued function defined on the tangent bundle TM, and satisfies A = cos® O.

Note that, for a pointwise slant submanifold M" of an almost Hermitian manifold ]\712”’, Theorem 2.1 gives
the follwoing relations:
g(TU, TV) = cos® Bg(U, V), (2.9)
g(FU,FV) = sin® 0g(U, V). (2.10)

for any U,V € X(TM).

The idea of pointwise semi-slant submanifolds as a natural generalization of CR-submanifolds of an
almost Hermitian manifold in terms of a semi-slant function was defined and studied by Sahin [41] as
follows:

Definition 2.5. [41] A Riemannian submanifold M" of a Kaehler manifold M?" s said to be a pointwise semi-slant
submanifold if there exist two orthogonal distributions DT and DO such that

(i) TM = D" o D,
(i) the distribution DT is a complex (holomorphic) distribution, that is, [(DT) € DT, and



A. Ali et al. / Filomat 33:16 (2019), 52735290 5280
(iii) the distribution DP is a pointwise slant distribution with a vointwise slant function 6 : M" — R.
p p

For some examples of pointwise semi-slant submanifold in a Kaehler manifold and related problems,
we refer to [7, 38, 41].
Let us denote p and g as dimensions of the complex distribution D and the pointwise slant distribution

DY of a pointwise semi-slant submanifold in a Kaehler manifold M2, respectively. Then the following
remarks hold.

Remark 2.1. M" is invariant if g = 0 and pointwise slant if p = 0.

Remark 2.2. If the slant function 6 : M" — R is globally constant on M" and 0 = 7, then M" is called a
CR-submanifold.

Remark 2.3. If the slant function 6 : M" — (0, 5), then M" is called a proper pointwise semi-slant submanifold.

Remark 2.4. If u is an invariant subspace under | of the normal bundle T*M, then the normal bundle T-M can be
decomposed as T*M = FDO &  in the case of a pointwise semi-slant submanifold.

3. Non-trivial warped product pointwise semi-slant submanifolds N;l X Ng2 into a complex space form

It is well known that if two factors of a warped product submanifold are holomorphic and pointwise
slant submanifolds, then it is called a warped product pointwise semi-slant submanifold of almost Hermi-
tian manifolds. There are two types of warped product pointwise semi-slant submanifolds of a Kaehler
manifold:

(i) Ng* x Ny!, and (i) N7' x¢ N
For the first case, we recall the following theorem:

Theorem 3.1. [41] There is a no proper warped product pointwise semi-slant submanifold M" = Ny*> X¢ Ny' in a
Kaefdzler manifold M2" such that Ny is a proper pointwise slant submanifold and N7 is a holomorphic submanifold
of M2,

Before proceeding to the second case, we recall that the following result:

Lemma 3.1. [41] Let M" = N7' X¢ N> be a warped product pointwise semi-slant submanifold of a Kaehler manifold
M?2™, where N7' and Ny are holomorphic and pointwise slant submanifolds of M2, respectively. Then

gW(X,Z),FTW) = - (JXIn f)g(Z, TW) — (X1In f) cos? 0g9(Z, W), (3.1)
g(h(Z,]X), FW) =(X1n f)g(Z, W) — (JX1In f)g(Z, TW), (3.2)
9(h(X,Y),FZ) =0, (3.3)

forany X,Y € X(TNt) and Z, W € X(TNp).

The first author in [4] proved the following theorem:

Theorem 3.2. [4] Let ¢ : M" = NI! X¢ N> — M2™ be isometrically immersed from a warped product pointwise
semi-slant submanifold N' X ¢ Ny into a Kaehler manifold M?™. Then N7 is always a minimal submanifold of M2,

Theorem 3.3. [1] Let ¢ be a D?—minimal isometric immersion of a warped product pointwise semi-slant submanifold
N7' x¢ Ny into a Kaehler manifold M*™. If Ny? is totally umbilical in M*", then ¢ is a Ny} —totally geodesic.
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Theorem 3.2 and Theorem 3.3 were extended into complex space forms, and also they briefly describe
a method to prove the triviality for both the inequality and the equality in Eq.(1.4) holds for a compact
Riemannian submanifold without the boundary.

Theorem 3.4. [4] On a compact orientated warped product pointwise semi-slant submanifold M" = N7' X N> in
a complex space form M27(c), if the following inequality holds:

P > =22, (3.4

where ny and ny are dimensions of Ny' and N, respectively, then M" is simply a Riemannian product manifold.

For the equality case of inequality (1.4), the following result was proven:

Theorem 3.5. [4] Let M" = N1' X Ny’ be a compact orientated warped product pointwise semi-slant submanifold

in a complex space form M2"(c). Then M" is simply a Riemannian product manifold if and only if

n_ 1My

Y el = 25, (35)

i=1 j=1

where hy, is a component of h in T'(u).

Now, we give direct consequences of the inequality (1.4), from Theorem 3.4 and Theorem 3.5, as follows:
Remark 3.1. If we consider © = 7 in Theorem 3.4 and Theorem 3.5, then these theorems generalize the results for
CR-warped products into a complex space form M*"(c).

Corollary 3.1. Let M" = N X¢ N'?* be a compact orientated CR-warped product submanifold into a complex space
form M?™(c). Then, M" is a CR-product submanifold if and only if

2 nomnqc
P > 225,

where ny and ny are dimensions of N;' and N'?, respectively.

Corollary 3.2. Assume that M" = N3! X¢ N'? is a compact orientated CR-warped product submanifold in a complex

space form M2"(c) such that N 7 is holomorphic and N'? is totally real in M2"(c). Then, M" is simply a Riemannian
product submanifold if and only if

n. N2

N2 nonicC
XY e el = =

i=1 j=1

Based on the Laplacian property of a positive differential function defined on any compact Riemannian
manifold, we obtain the following corollary by using Egs. (1.4):

Theorem 3.6. Assume that M" = Ny' Xy Ny is a warped product pointwise semi-slant submanifold in a complex

space form M2"(c), and let N7 be a compact invariant submanifold and A be a non-zero eigenvalue of the Laplacian
on N7'. Then
T

f IHRdVy > f (%ngnl)dVT+2n2/\ f (In f)2dVr, (3.6)
N1 N N

where AVt is the volume element on Nt™. Moreover, the equality sign of (3.6) holds if and only if we have
(i) AInf = Aln f.
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(ii) In the warped product pointwise semi-slant submanifold, both Ni' and N* are totally geodesic.

Proof. Assume that f is anon-constant function. By using the minimum principle property on the eigenvalue
A, we have

f IVIn fI[PdVr > A f (In f)*dVr, (3.7)
Ny Nyt

with the equality holding if and only if one has Aln f = Aln f. From (A) and (3.7), we get the required result
(3.6), and the proof completes. [

Corollary 3.3. Let In f be a harmonic function on NY'. Then, any warped product pointwise semi-slant submanifold
N7' X N2 into a complex space form M?"(c) with ¢ < 0 does not exist.

Proof. Let Ny' X Ny? be a warped product pointwise semi-slant submanifold in a complex space form

M2 (c) such that In f is a harmonic function on N;l. Then, from the inequality (A), one obtains ¢ > 0 and
this completes the proof of the corollary. [J

Corollary 3.4. A warped product pointwise semi-slant submanifold N7' X ¢ N> into a complex space form M(c) with
¢ < 0 such that In f be a positive eigenfunction of the Laplacian on N7 corresponding to an eigenvalue A > 0 does
not exist.

4. Necessary and sufficient conditions for a warped product pointwise semi-slant submanifold of a
complex space form to be a Riemannian product manifold

The following study is devoted to proving that a warped product pointwise semi-slant submanifold
isometrically immersed into a complex space form is a trivial warped product submanifold by using
inequality (1.4). As immediate consequences, we obtained complete classifications of warped product
submanifolds in terms of various mathematical tools.

4.1. Consequences to the Hessian of warping functions

In this section, we find some fundamental applications in terms of the Hessian of a positive differen-
tiable function. In this direction, we derive some necessary and sufficient conditions under which a warped
product pointwise semi-slant submanifold isometrically immersed submanifold into a complex space form
becomes a Riemannian product manifold.

Proof of Theorem 1.1.

From (1.6), one obtains

n 2d1 Zdz

Alln f) = - Z g(Vgigmd Inf, e,-) =- Z g(Veigmd Inf, el-) + Z g(VB/.gmd Inf, ej).

i1 i=1 i=1
Then, one obtains

dl dZ

d
A(lln f) = - Z g(Veigrad Inf, ei) - Z g(V]e,.gmd Inf, ]e,-) - Z g(Vejgmd Inf, ej)
i=1

=1 =1

4
—sec’ 0 z g(VTg/. gradln f, Tej).

i=1
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Taking into account that V is a Levi-Civita connection on M" and (1.7), we derive

dl dZ

A(lln f) = - Z (Hess(lnf)(e,-, e) + Hess(lnf)(]e,-,]ei)) - Z (ejg(gmd Inf, e]-) - g(Vejej, grad lnf)).

-1 =1
da
—sec” 0 Z (Tejg(grad Inf, Tej) - g(VTejTej,grad In f))
j=1
From the property of the gradient function (1.5), we get

dl dZ

A(ln f) = - Z (Hess(lnf)(ei, e) + Hess(lnf)(]e,-,]ei)) - Z (e]-(e]- In f) = (V,e; lnf))
i=1 =1
da
—sec?0) (Tej(Tej In f) = (Vz, Te;In f)).
=1
dy d> .
=- Z (Hess(lnf)(ei, ei) + HeSS(lnf)(]ei/]ffi)) - Z (Q(M) - %!](Vejej, gmdf))
i=1 =1
b .
—sec’ 0 Z (Tej(w) - %g(VTeiTe]-,gmdf)).

From the hypothesis of a warped product pointwise semi-slant submanifold, N7' is totally geodesic in M".
It implies that gradf € X(TNr), and from Lemma 1.1(ii), we obtain

dy dy
A(lln f) = - Z (Hess(lnf)(ei, e) + Hess(lnf)(]e,',]ei)) - Z (_z](ej,ej)llvmfll2 + sec? 0g(Te;, Te))|IV lnfllz).
i=1 =1
Finally, from (2.9), we get:
dy
Adln f) = — Z (Hess(In f)(e;, €:) + Hess(In f)(Je;, Je;)) = malIV In £ 4.1)
i=1
Thus from (1.4), (4.1) and (1.8), it follows that
di
IHl? > 2n2(£n1 + (np + 1)||Vlr1f||2 + Z Hessc(In f)(e;, ei)). (4.2)

i=1

If the inequality (1.9) holds, then (4.2) implies that [[VIn f||* < 0, which is impossible. Therefore, we can
conclude that gradIn f = 0, and so f is a constant function on M". Hence, M" becomes a trivial warped
product pointwise semi-slant submanifold.

Proof of Theorem 1.2.
Assume that the equality holds in the inequality (1.4). Then, we have

ninpc
2

— 2mA(In f) + 21|V In f* = [|H]1>.

By the definition of the components D and D, the above equation can be expressed as:

ninpc

—2mA(In f) + 2|V In I =||i(D, D)I + (D, D) + 2||(D, D). (4.3)
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Assume that M = N7' X¢ N> be an n = n1; + 11, dimensional warped product pointwise semi-slant sub-
manifold of 2m-dimensional Kaehler manifold M with dim(N;l) =n1 = 2d; and dim(N gz) = np = 2d», where
Ngz and Ni! Il are integral manifolds of DY and D, respectively. Thus, we consider the {e,es,- €4, 64,41 =
Jei, - -ex; = Jea } and {eq, 41 = €], €244, = 6;2,€2d1 tdotl = e;ZH = secOTe], -y 4n, = €, = S€C QT";Z} to be
orthonormal frames of TNt and TNp, respectively. Thus the orthonormal frames of the normal subbundles
FD? and p are {e,+1 = & = csc OFe], -+ -enyq, = 83, = csc OFe], ey14,41 = 8111 = cscOsec OFTe], -+, enioa, =
e, = csc Osec OFTe;, } and {en+2d2+1, -eam}, respectively. According to the above orthonormal frames and
using (2.7), Eq. (4. 3) takes the new form

yTpC s 2m  2dy 2m  2d,
5~ 2mA(In f) + 2ml[V In f] ZZg h(ei,e;), e, +ZZg he;, ), e)
r=1 i,j=1 r=11,j=1
2m 2d1 2dp
+2ZZZ h(ei,€), e, . (4.4)
r=1 i=1 j=1

On the other hand, the equality of inequality (1.4), implies that M" is a minimal submanifold of M2m(c).
Theorem 3.2 and Theorem 3.3 imply h(e;, e;) = h(ej,e;) = 0, for 1 <i,j < 2d;,1 < t,s < 2d». Applying these
facts in Eq. (4.4), we get

M1y C 2d2 2d1 2d2 2m 2d1 2d2
niny
+2m|V In fI —22 Z Z hei €, &) ) Z Z Zg hei,€)), e,) +2mA(n f).  (45)
r=1 i=1 j=1 r=n+2d,+1 i=1 j=1

Using Lemma 3.1 (for example see [41]) in the first term of the right hand side of the Eq. (4.5), we derive

2dy 2d,

+mlIVIn fI? = nao(1 +2cot? 0)|VIn fI* + Z Z (e, DI + n2A(In f),

i=1 j=1

ninscC

which implies that

2dy 2dp

= 215 cot? 0|V In fI2 + moA(In f) + Z Z (e, €)IP. (4.6)

i=1 j=1

7’11}’12C

From (4.6) and (4.1), we derive

n - 1z

— Z Z ||hy(e,,e])||2 Z {Hess(lnf)(ei,e,-) + Hess(In f)(Je;, ]e,v)} + 2(712 — cot? 9)||V1nf||2 + % 4.7)

11]1

By the hypothesis, if (1.10) holds, then (4.7) indicate that (nz - 2cot? 6)||V In f|* = 0, which implies that
either [[VIn f|> = 0 or (nz —2cot? 6) = 0. For the first case if |[VIn f||*> = 0, then f is a constant function
on M" (that is, M" is simply a Riemannian product of N7'), and hence Ny’ (M" is trivial) proves the first

statement (i). Similarly, the condition (nz - 2cot? 6) = 0, proves the second statement (ii) of the Theorem.
This completes the proof of the theorem.

Theorem 4.1. There is no a warped product pointwise semi-slant submanifold N1' X ¢ Ni* into a complex space form
M2"(c) with ¢ < 0 such that N7 is a compact holomorphic submanifold and N’ is a pointwise slant submanifold of
M2"(c).
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Proof. Assume that a warped product pointwise semi-slant submanifold N;' X; N in a complex space

form M2"(c) with ¢ < 0 exists such that N7 is compact. Then, the function In f has an absolute maximum at
some point p € N7'. At this critical point, the Hessian Hess(In f) is non-positive definite. Thus, (1.9) leads
to a contradiction. This completes the proof of the theorem. [

Theorem 4.2. Assume that M" = Ny' Xy Np* is a warped product pointwise semi-slant submanifold in a complex

space form M2m(c). If N7 is a compact invariant submanifold and A is a non-zero eigenvalue of the Laplacian on N7!,
then

f (i i I, (e, e))l )dVT >f <n1n2c)dVT ~ 2712/\[

(cot2 O(In f)z)dVT,
i=1 j=1 Ny

where AV is the volume element on Nt™. Moreover, the equality sign holds if and only if we have

(i) AInf = Aln f.

(ii) In the warped product pointwise semi-slant submanifold, both Ni' and N* are totally geodesic.
Proof. Integrating Eq.(4.6) and using Green lemma

2dy 2d,
f MIRC v = 2my f cot? ||V In f|PdVr + f lues, )PV, (4.8)
Nt 4 Nt N-

Ti=1j

N
oY

I
—_

The minimum principle properties for the first eigenvalue A and the warping function, we have

f In f)*dV < f IV1n fl[*dV. (4.9)
Nr

Combining above two equations, we get required proof. [

5. Classifications of the gradient Ricci solitons

Proof of Theorem 1.6.

Assume that M" is a warped product pointwise semi-slant submanifold of a complex space form

M2m(c). Suppose that a vector field X is equal to the gradient of a warping function In f, thatis, X = V(In f).
Then, the fundamental Eq. (1.17) of the gradient Ricci soliton takes a new form such as

Ricy, s + Hess(In f) = Ag, (5.1)
for a positive constant A € R and Hessian tensor Hess(In f) for the warping function In f. As we know,
the Ricci tensor and Hessian tensor are symmetric (0, 2) tensor fields. Thus, for any vector fields X and Y
tangent to N7', (5.1) implies that

Ric ¢(X, Y) + Hess(In f)(X,Y) = Ag(X, Y). (5.2)

Assume that {ej, - - - e, } is an orthonormal frame for N;l such that {e1, ez, , €4, €4,41 = Je1, - e, = Jea,}.
Taking X =Y =¢;, for 1 <i < d; in (5.2) with the summation over the vector fields on N;l, we get

d d
le Riciy f(ei €1) + i: Hess(lnf)(ei, e,') = Ady. (5.3)
i=1 i=1
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Replacing e; by Je; in the above equation, we get

d] dl
Y Ricip(Jei, Jei) + ) Hess(In f)(Jei, Je;) = Ady. (5.4)
i=1 i=1
Thus, from (5.3) and (5.4), it is easy to obtain
dq d dy
Z (Riclnf(e,-,ei)+Ric1nf(]e,-,]ei)) + Z Hess(In f)(e;, e;) + Z Hess(In f)(Je;, Jei) = 2d1A. (5.5)
i=1 i=1 i=1
Again for the equality case of the inequality (1.4), we have the following equation from (4.7)
l m 1y dl n1C
Y el = Y {Hessn f)ei e + Hess(in f)(Jes Jei ) + 2{nz = cof O)IVIn fIF + 45, (5.6)
) =i L 4
i=1 j=1 i=1

Using (5.5) and (5.6), and the fact that for Kaehler manifold, Ric(X, X) = Ric(JX, ] X), we have

n - np

XY lnulei eI +2naRT =mimod +

i=1 j=1

ninsc
4

+ 13(n2 = cot? 0)[IV In fI1. (5.7)

As if M" is a warped product submanifold and satisfies Eq. (1.18), then, we find the following from (5.7)
my(n2 — cot? O)[IVIn fI? = 0

From the hypothesis, 0 # cot™ y/ny. Therefore, V(In f) = 0, which implies that f is a constant function of
M". Hence, M" is an Einstein warped product pointwise semi-slant submanifold of N7' and N> by Remark
1.3.

Conversely, assume that M" is a Einstein warped product pointwise semi-slant submanifold. Then a
warping function or a potential function In f must be constant. This implies that ||[V(In f)||* = 0. Thus, we
get the required result (1.18) from Eq. (5.7). This completes the proof of the theorem.

Similarly, for steady gradient Ricci soliton, thatis, A = 0, we immediately obtain the following theorem

Theorem 5.1. Assume that ¢ : M" = Ni' X; N> — M2"(c) is an isometric immersion of a warped product
pointwise semi-slant submanifold Ny' Xg Ny admitting steady gradient Ricci soliton into a complex space form

M2"(c) with such that O # arc cot \ha. Then the non-trivial warped product pointwise semi-slant submanifold
N7 x¢ Ny is an Einstein warped product submanifold if and only if

o n1naC
Y i eplP +maRT = =22, (5.8)
i=1 j=1

where RT is scalar curvature of N7

Proof. The proof follows from Theorem 1.6 with A =0in (5.1). O

6. Classifications of the Ricci curvature and divergence of the Hessian tensor

In this section, we studied some applications of the derived inequality with equality cases. Let identify
any (0, 2)-tensor T on M with a (1, 1)-tensor by equation

9(T(2),Y) = T(Z,Y).
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forall Y, Z € I'(TM). Thus , we get
div(pT) = pdivT + T(Vep, ) and V(¢pT) = pVT +dp®T,

for all ¢ € C®(M). In particular, we have div(¢pg) = dp. Moreover, the following general facts are well
known in the literature

(1) divV2¢ = Ric(V¢, 8) + dA¢ and (ii) %dHVHZ = V2¢(V, o). 6.1)

We consider M" to be a compact Riemannian manifold with boundary and obtain following classification
resultsWe considered M" to be a compact Riemannian manifold with a compact boundary, and obtain some
classifications.

6.1. Proof of Theorem 1.7

We use the Ricci identity (6.1). Applying these Ricci identity on a warping function ¢ = In f, which
implies that

div(Hess(In f)) = d(A(In f)) + Ric(VIn f, ). (6.2)

From the hypothesis, M" is a compact warped product submanifold with a boundary, and then taking
integration along the volume element dV, we get

A(n f) = fM (div(Hess(In £)))dV - fM Ric(V1n f,)dV. (6.3)

Using the Green theorem on a compact manifold M", one gets fM AfdV = 0. Using the results of Yano and
Kon from (see [43]), it follows Af = —div(Vf) and from the Green lemma fM div(X)dV = 0 for an arbitrary
vector field X on M". Thus, we get fM div(Hess(In £))dV = 0. Therefore, (6.3) implies that

A(n f) = - f Ric(VIn f,+)dV. (6.4)
M
On the other hand, assuming that the equality holds in the inequality (1.4), and from (4.6) we have
e 2 2
maA(n f) + 22 cof OV In fI? = Z25 = " Y e €I (6.5)
=1 j=1
From (6.4) and (6.5), we obtain
e 1 Zd] 2[12
2cot? O|VIn f|* - f Ric(Vn f,+)dV == — Z I (ei, )1
M 4 mao = !
Further simplifications give
nic 1 2d1 26]2
1C_ . . 1 TN 2 2
= fMch(v In f,)dV + - ; ; (e, €I + 2 cot? OV In £ (6.6)

If the equality (1.19) is satisfied, then from (6.6) we get the following condition
2cot? O||VIn f|I* = 0,

which implies
cot?0=0, or |VInf|*=0.
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Case 6.1. If we choose cot?0 =0, “Osj 0 = 0, which implies that cos © = 0. From the Definitions 2.3 and 2.4, we

sin® 0
conclude that a pointwise slant submanifold N> becomes a totally real submanifold; hence, M" becomes a CR-warped
product submanifold of a complex space form M2"(c). This completes the proof of (i) from Theorem 1.7.
Case 6.2. When ||[VIn f||> = 0, VIn f = 0, which implies that gradIn f = 0. it shows that f is a constant function
on M". Hence, from Remark 1.1, we conclude that M" is a trivial warped product pointwise semi-slant submanifold
of a complex space form M>"(c). This is the second part (ii) of Theorem 1.7.

7. Applications in Physical sciences

In this section, we considered a warped product pointwise semi-slant submanifold as a connected,
compact warped product pointwise semi-slant submanifold with a nonempty boundary dM # 0. Thus,
we construct some necessary and sufficient conditions in terms of kinetic energy and Hamiltonian, whose
positive differentiable function is a warping function, and classify non-trivial warped product submanifolds
turning into trivial warped product submanifolds of a complex space form.

7.1. Proof of Theorem 1.4.
From Eq. (4.6) for the equality case of inequality (1.4), we have

ny - Ny

+maAn )+ Y Y (e, )| + 212 cot? O]|V In £ (7.1)

i=1 j=1

nimnscC

Taking integration on M" over the volume element dV with nonempty boundary, we get

fM (nlzzc)dV= fM (;;Ilhy(ei,ej)nz)dwm fM (An £))dV + 20, fM (cot26(||V1n f||2))dv. (7.2)

In the last term of the above equation, using the property of partial integration because 0 is a slant function,
we get

fM (MY = fM (ii||hy<ez-,ej>||2)dv+nz fM (Aln f))dV + 21 cof* 6 fM(HVlnfllz)dV

i=1 j=1

de

3 2

+4n, fM (CSC 0 cos Q(dV)( ‘fM IV In f]] )dV)dV.
From (1.11) and (7.2), it follows that

n 1y

fM (%)dv :nl2 fM (Z y ||hy(e,-,ej)||2)dv n fM A(ln f)dV + 4 cof? E(In f)

i=1 j=1

+8 fM ( csc® 0 cos 9(§—€)E(ln f))dV. (7.3)

If the equality condition is satisfied in Eq. (1.12), then we get the following condition from (7.3)

f A(ln )dV =0 on M,
M

which implies that
A(n f) = 0. (7.4)

As we assumed that M" is a connected and compact warped product pointwise semi-slant submanifold,
from (7.4) and Theorem 7.1 it implies that In f = 0 = f =1, that is, f is constant on M". Hence, following
Remark 1.1, the warped product submanifold M" is simply a Riemannian product manifold. This completes
the proof of the theorem.



A. Ali et al. / Filomat 33:16 (2019), 5273-5290 5289

7.2. Proof of Theorem 1.5.
Using Eq. (1.13) in Eq.(4.6), the equality of inequality (1.4) gives

”22” = 4y cot? OH(d(In ), p) + maA(n f) + Y Y lutes eI (7.5)
i=1 j=1

From Eq. (1.14) holds if and only if the Eq. (7.5) gives A(In f) = 0 on M". Therefore, from Theorem 7.1, f is
a constant function; hence, we conclude that M" is a trivial warped product submanifold. This completes
the proof of the theorem.

Furthermore, the Lagrangian for the positive differentiable function f of a compact Riemannian
manifold is defined as

1
L=ZIVAIR (7.6)
Theorem 7.1. [20] The Euler-Lagrange equation for the Lagrangian (7.6) is
Af =0. (7.7)

Theorem 7.2. Assume that ¢ : M" = Ny' Xg N> — M2"(c) is an isometric immersion of a compact warped

product pointwise semi-slant submanifold NI' Xy Ny* into complex space form M2m(c), If the warping function
satisfies the Euler-Lagrange equation, then the necessary condition for M" to be a trivial warped product is

nonic

7] > (7.8)

Proof. If the warping function satisfies the Euler-Lagrange equation (7.7) for the Lagrangian (7.6), then from
Theorem 7.1, we obtain

A(ln f) =0, (7.9)
Thus from inequality (1.4) and (7.9), we derive

M > Snam +mal[VIn . (7.10)
If the inequality (7.8) holds, then from Eq. (7.10) we get a constant warping function In f on M". [J

Theorem 7.3. Assume that ¢ : M" = Ny' Xg N> — M2"(c) is an isometric immersion of a compact warped

product pointwise semi-slant submanifold Ny' X Ny* into a complex space form M2m(c), If the warping function
satisfies t.he. Euler-Lagrange equation, ?hen ?he necessary and sufficient condition for the warped product NI* X Ny
to be a trivial warped product submanifold is

ny - Np

npnic
22 e el = == (7.11)

i=1 j=1

Proof. The proof can be done in a similar way as the proof of Theorem 7.2 by using (7.11), (4.6) and Theorem
71. O
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