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Abstract. In this paper, a new probability distribution, which is synthesized based on the quasi xgamma [26]
and geometric distributions, is proposed and studied. The proposed distribution so synthesized is basically
a family of positively skewed probability distributions and possesses increasing and decreasing hazard rate
properties depending on the values of the unknown parameters. Different important distributional and
survival and/or reliability properties are also studied. A unique characterization of the distribution is
presented based on reversed hazard rate. Seven different frequentist methods of estimating unknown
parameters are proposed and the methods are justified with Monte-Carlo simulation study. Flexible data
generation algorithm eases the utility of the proposed model in survival and/or reliability application which
is accomplished by real data analyses and by comparing with other competitive life distributions.

1. Introduction

In recent years, a large list of probability distributions have been proposed and studied in statistical
literature, the reason being simple owing the fact that in a data driven technological age it is logical to model
the data sets, coming from diverse areas, with proper probabilistic interface and hence, development of
newer and more flexible probability distributions are in their pick hour of progress. However, the process
of developing newer probability distributions are sometimes driven by merely mathematical interest and
hence finding applications with real world uncertainties compels the researchers to make a trade-off between
the nature of the data and the characteristics of the proposed distributions. Moreover, in too many situations,
the actual need and proposal do not apply to simplicity of inferential aspects. Life distributions, as termed
in the survival and reliability contexts, play vital roles in modeling even non-survival data sets for an
obvious reason of the range of the concerned random variable. Popular life distributions sometimes fail to
compete with newly developed life distributions as the data description is more accurately captured and
depicted by newer ones.

Recently, [29] introduced and studied a new life distribution namely, xgamma distribution which has a single
parameter. The xgamma distribution, with the help of the simplicity of its density function and lucrative
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properties, serves as a potential life distribution (see [27] for more details). A two-parameter extension
of xgamma distribution, called quasi-xgamma distribution ([26]) resembles with xgamma distribution
with respect to several distributional and survival and/or reliability properties. Moreover, the xgamma
distribution falls as a special case of quasi xgamma distribution.

Compounding two or more well established life distributions for the purpose of betterment in application
is not new in statistical literature. A two-parameter lifetime distribution with decreasing failure rate by
compounding exponential and geometric distributions, named as exponential geometric (EG) distribution,
was introduced by [4]. The exponential Poisson (EP) and exponential logarithmic (EL) distributions were
introduced and studied by [17] and [33], respectively. A class of distributions, named exponential power
series (EPS) distributions, by compounding exponential and power series distributions, proposed by [7].
In a similar fashion, [30] and [19] introduced the Weibull-geometric (WG) and Weibull-Poisson (WP)
distributions that extend the EG and EP distributions, respectively. A generalization of the exponential-
Poisson distribution has been presented by [5]. The Weibull power series (WPS) class of distributions,
as defined by [22], contains the EPS distributions as sub-models. [3] proposed the extended exponential-
geometric (EEG) distribution as a generalization of the EG distribution and its different statistical and
reliability properties have been studied.

1.1. Motivation

Keeping in mind the role of compounding techniques in improving any existing probability distribution,
in this article we propose and study a generalized version of quasi xgamma, named as the quasi xgamma-
geometric distribution, by some kind of compounding technique with geometric distribution. However,
the compounding adopted is slightly different in sense of its actual idea of synthesis. In a very natural way,
the quasi xgamma and the xgamma distributions come as special cases of the proposed distribution. There
are following motivations in the current investigation.

(i) To obtain a generalized version of quasi xgamma distribution that includes different other sub-models
useful for explaining typical types of uncertainties.
(if) To obtain an improvement on the hazard rate function that may accommodate constant, decreasing,
increasing, bathtub, upside down bathtub and reversed-] hazard rates.
(iif) To find specific characteristic, if any, of the proposed density function.
(iv) To identify better applicability of the proposed distribution and to establish competency over the
other popular lifetime models.

The possible situation of encountering such a compounding form is described in the next section as a
synthesis of the distribution. The rest of the article is organized as follows.

The synthesis of the proposed distribution, its probability density function, cumulative distribution func-
tion, survival function and hazard rate function are discussed in section 2. Section 3 deal with a series
representation of the proposed distribution. In section 4 and in its dedicated subsections, we study some
distributional and survival/reliability properties. A typical characterization is presented in section 5. Seven
methods of estimating unknown parameters of the proposed distribution are studied in section 6 and in its
subsections. Random data generation algorithm along with a Monte-Carlo simulation study is presented
in section 7. In section 8, two real data sets are analyzed to illustrate the applicability and competence of
the proposed model. Finally, section 9 concludes.

2. Synthesis of the distribution

If Y is a random variable following quasi xgamma (QXG) distribution with parameters a and 0 (see [26]),
then it has probability density function (pdf) as

0 0% .\ o
f(y)=(1+a) a+tye Y,y>0,a,0>0.
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Let us denote it by Y ~QXG(«, 0).
The corresponding cumulative distribution function (cdf) is given by

(1+a+6y+%2y2)
1+a)

Fiy)=1- e %, y>0,a,0 > 0.

A new distribution, following a very similar way of [28], can be synthesized as follows.

Suppose that the life of a unit (be it mechanical or biological) fails due to the presence of M (an unknown
number) initial defects of some kind. Let Y1,Y5,..., Yy denote the lives of the initial defects, then the life
of the unit, say X, can be expressed as

X = Mii’l{Yl,Yz,. . ,YM}

Suppose that the lives of the initial defects, Y1,Y5>, ..., Y, follow identically and independently distributed
(iid) QXG(a, 0) and the number of initial defects M follows a zero-truncated geometric distribution with
parameter p, i.e., the probability mass function (pmf) of M is

PriM=m)=p(m)=(1-p)p"1,0<p<1l,m=1,2,....

Assuming that the random variables Y;(i = 1,2,..., M) and M are independent, the conditional density of
X given M = m is

mo (a+ 6723c2) g2 \"!
2 —mo.
W(lﬂ'dﬂ'@Xﬁ‘?X) e ",

fadm) =
Then, the marginal density of X can be obtained as
£ =), fedmp(m)
m=1

2 2 m—1
© 360 (a + %xz) (1 +a+60x+ %xz) g~mox

>

X1 -pp"!

e 1+ay"
o(1 - p)e—ex a+ £y2) =1 —Ox o \m-1
- ( 2 )Zmp ¢ [1+a+or+ L0
1+a) - 1+ a)yn-1 2

-2
01 — p)e % (a + %sz) pe % (1 +a+0x+ %zxz)
B 1+a) - 1+a)

We have the following definition for the new distribution obtained from the above synthesis.

Definition 2.1. An absolutely continuous random variable X will be said to follow the quasi xgamma-geometric
(QXGGc) distribution with parameters a(> 0), O(> 0), and p € (0, 1) if its pdf is of the form

0 L\ o pe= % (1 +a+0x+ %Zx2) )
f(x)—K(a,G,p)(a+?x)e 1- ) ,x>0, (1)
where K(at, 0,p) = %.

We denote it by X ~ QXGGc(a, 6, p).
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Special cases:

(i) When a = 0 in (1), we obtain a new family of probability distributions, can be termed as xgamma-
geometric (XGGc) distribution, with the following pdf:

1_pe‘ex(1+6+ex+%2x2) - o
(1+06) ! !

fi(x) = K1(6,p) (1 + gx2)efex

where K;(0,p) = 6(21(;’;).
We may denote it by X ~ XGGc(0, p).
(ii) While p — 01in (1), the QXG model is obtained.
(iii) When a = 6 and p — 0 in (1), we obtain xgamma (XG) distribution with parameter 0 (see for more

details, [29]).
The cdf of QXGGc(a, 6, p) is obtained as

x 02 ,\ o [ peo: (1 +a+0z+ %Zzz) -
F(x)—K(a,G,p)jO‘ (zx+7z )e 1- it a) dz
-1

,x> 0. )

1-

e 0% (1 +a+6x+ %zxz)h[l B pe % (1 +a+6x+ %sz)

1+a) 1+a)

The survival function (or reliability function) (sf) of QXGGc model is derived as

w=r U2
S(x) e 1+a+6x+2x ixa)

1=p) o P pe=0x (1 +a+0x+ %2x2) -
- 1+a) ( ) 1=

The hazard rate function (hrf) is obtained as

e 9(a+%2x2)
S S() (l+a+6x+%2x2)

r(x) )

2 -1
pe % (1 +a+06x+ %xz)
1+a)

The probability density curves of the QXGGc(a, 6, p) for different values of @, 6 and p are shown in Figure 1.
The hrf plots of the QXGGc distribution are displayed in Figure 2. Figure 1 reveals that the QXGGc density
function can be reversed J-shape, concave down, symmetric, right skewed, unimodal or bimodal shapes.
The hrf of the QXGGc distribution can be constant, decreasing, increasing, decreasing-increasing, upside
down bathtub or bathtub failure rate shapes.
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Figure 2: QXGGc hrf plots for different values of a, 0 and p.

3. Series representation

In this section, we provide a useful series representation for the QXGGc pdf, cdf and sf. Using the

Maclaurin series of (1 — x)72 = Y;2,(k + 1)xk, we can write

—0x 6222 - 00 k
pe 1+ a+ Ox + - (k+1 Okx 2,2
1- ( 2 ) Z al )pe [(1+9x)+(a+97x)],

k
a+1 = (a+1)

and by using the binomial theorem, we can write
22 \[" <& (k n 02x2\"
[(1 + Ox) + (a + T)] = ,,Zzé (n)(l + Ox) (oz + T) . 4)
Substituting (4) in equation (1), we can write

S & (K (k + T)pfe 0k e\
f(x) = 6(1—}7)22(”)W(1 +9.’X)k (a+ T) .

k=0 n=0
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Similarly, apply the binomial theorem on the expressions (1 + 0x)¥" and (a

(1+6x)" = Z (k j n)@’ J

=0

and

022 n+l - ntl 1+ 1) %"+ s
+ — = —_—x
(“ 2 ) ; i) 2 "

Therefore, the pdf of the QXGGc in (1) can be expressed as

o k
f(x)=ZZ Kkn,](a O,pTQRi+j+1)g(x2i+j+1,(k+1)6),

where

_ k n—i+
Ko (@, 6,p) = (n + 1)(k)(k;n) | (1 - p)pFar—i+1

i \n i + 1k (k + 1)2i+)7

and g(ta, B) = mt“ le7P* is the gamma distribution.
The cdf of the QXGGc in (2) can be expressed as

ok
Fo =) Y ) K, 0,p) y Qi+ ]+ 1, (k + 1)),

where y(a,y) = f e~'t%71dt is the lower incomplete gamma function.

0
The pdf of QXGGc can be expressed as a mixture of gamma densities.
Using the Maclaurin series of (1 —x)™' = Y;2 xk, we can write

(14 at0rs &2\ ke p—Okx 2,2\1k
[1_;7 ( ) re [(1+6x)+(a+—6x)].

a+1 i (a+ 1k 2

Form equations (4), (5) and (6), sf can be written as

—Okx k+1
S(x) = (- p)e QYZPe [(1+9x)+(a+¥)] .
k=0

(1+a) (a + 1)k
0o k+l kp=O(k+1)x 2,2\"
— k+1 k—n+1 0°x
= - p)kZOnZO( )( Ty (1409 (a+ . )

Z K; (@ 0,pLQ2i+j+1)g(x;2i +j+1,(k+1)0),

where

@6,p) = k+1\(k—n+1\(n (1 -p)prari
Konsf@OP) =100 N5 )26+ s e

5296

0252 \11 .
+ 5 ) , respectively

(6)
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4. Properties

In this section, we provide some statistical and reliability properties of the QXGGc distribution such as
shape, quantile function, ordinary and incomplete moments, mean deviation about the mean and mean
deviation about the median, moment generating function, Rényi entropy measure, mean residual life
function and mean inactivity time.

4.1. Shapes of pdf and hrf

In this subsection, the behavior of the shapes of pdf and hrf of the random variable X follows the
distribution in (1).
The pdf in (1) has the following limits to 0 and +oo, respectively

af

,lrig(}f(x):a(l—p)—p+1

and
Jim S0 =0

The hrf in (3) has the following limits to 0 and +oo, respectively

limr(x) = L

x—0 - (a+1)A-p)
and

lim r(x) = 6.

xX—+00

4.2. Identifiablity of the distribution

In this subsection, we discuss about the identifiability of QXGGc(a, 6, p).
Let ¢1 = (a1,01,p1) and ¢2 = (a2, O2,p2) be two sets of parameters and fi(x;¢1) and fo(x; ¢2) be the
corresponding pdfs. Keeping in mind the definition of identifiability, we have,

G P1) = falx; P2)
= r1(x; ¢1) = r2(x; P2) whereri(-) and 1 () given in (3)
< 01 = 6, when x — co.

Hence the parameter 0 is identifiable.

The parameters « and p are not identifiable, because we find fi(a1 =2,0 =2,p1 =0.5) = fo(ax =3,0 =
2,p2 = 0.4375) = 2.66667 when x — 0, but a1 # a» and p; # p».

4.3. Quantile function

The quantile function (qf) of the QXGGc distribution can be obtained by solve F(x) = A for x, where
0 < A < 1. There is no closed form for the qf of QXGGc distribution. The A" quantile of the QXGGc
distribution can be obtained by numerically solving the following equation for x

62

e 0% 1+a+6x+—x2)——(a+1)(1_/\) =0

1-pA ®)

2

The median (M) of the QXGGc distribution can be calculated from (8) by substituting A = 0.5 and solving
the equation numerically.
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4.4. Moments
The 7" raw moment of the QXGGc distribution is given by

g = EX)

8

Nt
gl

k=n
Kinij(a, 0,pT i+ j+1) g(x;2i + j+1,(k +1)0) dx
j=0

=
T
Juy

T
(=}
=
1l
o
I
o

Z Kini (@, 0,p)TQi+ j+ 1) %" g(x;2i + j+1,(k + 1)0) dx
j=0

(e8]

Kkn,](a,G pIQRi+j+1) | x g(x2i+j+1,(k+1)0)dx
n=0 i=0 j=0 0

£ TQi+j+r+1)
Z‘ . Kknz](QQP)W- )

Il
1= ID2s °%8 =

=~
Il
(=}
=
Il
[=}
Il
o
-
Il
o

In particular,

oo k n+l k-n . .
, Ir2i+j+2)
“X:M:E(X):ZZ Kin,ij(a, 0,p )W'

o k n+l k-n . .
I'2i+j+3)
o= B = ), D, ), ) Kenss(@, 0.0~ e
k=0 n=0 i=0 j=0

and
Var(X) = pj — F‘%«

The mean is shown graphically in Figure 3, from this plot, it is noted that the mean is decreasing for
increasing values of @, 0 and p. The variance is shown graphically in Figure 4, from this plot, it is noted that
the variance is decreasing for increasing values of 0 and p, and the variance is increasing then decreasing
for increasing values of a.

The central moments i, can be found from (9) as

pr = EX - px)" = Z (;)(—1)*”#&#;_%

m=0

Table 1 shows some results of numerical integration of the central mean, fooo xf(x)dx, via the approxima-
tion by the summation formula above, px, at truncated N terms instead of oo, for different values of «, 8
and p. These results are calculated by R, the R code can be found in Appendix Appendix A.

4.5. Incomplete moments

For any t > 0, the 7" incomplete moment is defined as

t

) =EX|x<t)= fxrf(x)dx.

0
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Table 1: The numerical integration and the summation formula of the central mean for different values of
a, 0 and p at truncated N terms.

The " incomplete momentof the QXGGc distribution is given by

Hr(t)

p a 0 N Summation Numericalintegration

01 08 12 10 1.67744
50 1.67744 1.67744

80 1.67744

6.0 10 0.33549
50 0.33549 0.33549

80 0.33549

25 12 10 1.24126
50 1.24126 1.24126

80 1.24126

6.0 10 0.24825
50 0.24825 0.24825

80 0.24825

04 08 12 10 1.38272
50 1.38273 1.38273

80 1.38273

6.0 10 0.27654
50 0.27655 0.27655

80 0.27655

25 12 10 1.00063
50 1.00064 1.00064

80 1.00064

6.0 10 0.20013
50 0.20013 0.20013

80 0.20013

09 08 12 10 0.45420
50 0.48836 0.48851

80 0.48851

6.0 10 0.09084
50 0.09767 0.09770

80 0.09770

25 12 10 0.30650
50 0.32702 0.32711

80 0.32711

6.0 10 0.06130
50 0.06540 0.06540

80 0.06540

Kk,}1,i,j(a/ 6/ p)

t

0

Kin,ij(a, 0,p)TFQRi+j+1) [ X g(x;2i + j+1,(k+1)0)dx

t
Kin,ij(a, 0,p)T 20+ j + 1)f g2+ j+r+1,(k+1)0)dx
0

yQi+j+r+1,(k+1)6¢)

(k+1)yor

(10)
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Also, we can write F(x) = po(x) and y, = p,(c0).

4 1.5

6=0.7, p=0.3

— — — — 8=2,p=09

0=0.7, p=0.3
_____ a=3 ,p=0.3
(238 R T TIe a=8 ,p=0.3
3 | a=13, p=0.3

E\ — — — — 0=20,p=0.3

6

Figure 3: Plot of the mean of QXGGc for different values of a, 0 and p.

4.6. The mean deviations about the mean and the median

Suppose that the median of the QXGGc distribution denoted by M, then the mean deviations about the
mean and the median can be calculated as

Ouy = f|x — pxlf (x)dx = 2F(ux) — 2pa (ux)
0

and

om = f|x - M|f(x)dx = ux — 21 (M),
0

respectively, where 1 (ux) and p1(M) can be numerically computed from (10), and F(ux) can be numerically
computed from (7).
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4.7. Moment generating function

The moment generating function of the QXGGc distribution is given by
Mx(t) = E(e™)

k n+

[y
=~

=Y Y Y K, 0,pT @i+ j+1) [ € g(x;2i+ j+1, (k +1)0) dx
k=0 n=0 i=0 j=0 0
o k n+l k-n ; —Qitj+1)
= ZZ / A Kk,n,i,j(ar Q,P)F(21+]+1) (1 - m) ,t < (k+1)6
k=0 n=0 i=0 j=0

It is to be noted that interchange of summation and integration is possible by Dominated Convergence
Theorem.

62, p=0.1
N | — 2,p=0.3
) -2, p=0.7
R s e
.
g
3 ~——
T T s e
S el T T
o e e T
N
~
02 RS
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0.0,
0 : ' 6
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(b)
FI 15 (R
£ i
iy :‘
oy =07, p=0.3 [ it
[ A R a=3 ,p=03 Ve HE
S N N a=8 ,p=0.3 FA S a=1,p=05
3 5 =13, p=0.3 it -
I ‘| — — — — 0a=20,p=03 Voo T
| 10 :
Iy | |
— ) : \
3 : é
2 L
m 3
: >
05
1
Ob 0.05

Figure 4: Plot of the variance of QXGGc for different values of @, 6 and p.
4.8. Rényi entropy
The Rényi entropy of the random variable X is a measure of variation of the uncertainty and it is defined
by

1

Hs(x) = 1_610g ffé(x)dx , 0>0, 6#1.
0
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From equation (1), we have

Y N=25
2 \0 pe 0% (1 + a + 0x + L2
Fo(x) = Ks(a, 0,p) (az + %xz) gm0 [1 - ( 2 )} , x>0,

1+a)
where Ks(a, 6,p) = 951(1;’;36. For |a| < 1, the general binomial series holds
i T'(p +k)
—a)P = a
1 -a) kZ:O‘ ) i p>0. 11)
So, from (11), for 6 > 0, we can write
-25
1_pe_6x<1+af+6x+%z ZF(26+k)pk —Okx 1+9x+a+6_2x2k
1+a) KT (26)(1 + a)k 2 '
Form equations (4), (5) and (6), f°(x) becomes
o k n+d k-n
fﬁ(x) — (1 _p)é Z Z Z Z Séknl](a Q p)e O(k+0)x 21+]
k=0 n=0 i=0 j=0

where

n+ O\(k\(k — n\T(26 + k)p*Q+i+oqn=i+d
i J\n)\ j ) 2KTQo)(L+ay+

Therefore, the Rényi entropy of the QXGGc distribution, is given by

Sbknl](a/6 P) (

».

n+o k-n

ok
ZZ Sknl]a’ep)

k=0 n=0 i=0 j

Hs(x) = 17 610g(1 P+ 610g

1]
o

where

bknl](aep) (

1+ 0\(k\(k — n\T(2i + j + 1)['(26 + k)pkeo-Lan+o-
i \n)\ j ] 2k« + 1T 26)(k + 6)%+i+1

It is to be noted that interchange of summation and integration is possible by Dominated Convergence
Theorem.

4.9. Mean residual life and mean inactivity time
The mean residual life (MRL) of the random variable X, is given by the general formula

ur(t) = E[(X - )X > t] = % f S(u)du, t > 0.
t

[

Then the integration f S(u)du can be written as

th

Z Z km]“ 9;9)F(21+]+1)fg(u 2i+j+1,(k+1)0)du

o k+1 k—=n+1
¢ k=0 n=0 j=0 i=0
o k+1 k—=n+1
=) Ky, @ 0,p) T 20+ j+1,(k +1)08),
k=0 n=0 j=0 =0
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whereI'(a, y) = f e~'t%"1dt is the upper incomplete gamma function. So, the MRL of the QXGGc distribution

y
is given by

ur(t) = = K@, 0,p) T (2i+j+1,(k+1)08), t > 0.

The mean inactivity time (MIT) function of the QXGGc distribution is given by
t
! F(u)du, t >0
F(t)
0

mr(t) =

n+l k—n

F(t)ZZZZka(“ 0,p) fV (2i+j+1,(k+1)0u)du

k=0 n=0 i=0 j=0

1 .
Z Kioni @, 0,P) G557 (21 + 1+ 2 (c+ )00
k=0 n=0 i=0 j=0

The MRL and MIT are shown graphically in Figure 5 and Figure 6, respectively, from these plots, it is
observed that the MRL and MIT have different shapes based on the values of @, 0 and p.

4

pr(t)
pr(t)
\

0 2 4 6 0 1 2 ? 4 5 6
(@) (b)
Figure 5: Plot of the MRL of QXGGc for different values of a, 0 and p.

5. Characterization

The fitting of probability distributions to real world data is an important area of research. The char-
acterizations give methods to identify a distribution using some basic properties. The characterizations
presented in this section are how to identify that the distribution under consideration is QXGGc using the
truncated first moment. We will need the following two Lemmas for the characterization of the proposed
distribution.

Assumption A
Let X be an absolutely continuous random variable with cdf F(x) and pdf f(x). We assume E(X) exists and
f(x) is differentiable. we assume further a = sup{x|f(x) > 0} and g = inf{x|f(x) < 1}.
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5

me(t)

Figure 6: Plot of the MIT of QXGGc for different values of «, 0 and p.

Lemma 5.1. If

EXIX<x)= g(x)%,

where g(x) is a continuous differentiable function in (a, B), then

f(x) =cexp (f x_g(—i)(x)dx),

and c is determined by the condition fa f flx)dx =1

Proof. Let

1 X
9= 75 f uf(updu,

thus

f uf(u)du = f(x)g(x).
Differentiating both sides of the above equation with respect to x, we obtain
xf(x) = f10)g(x) + f(x)g' (%).
On simplification, we get
f@) _x-g®
foo g
On integrating both sides of the above equation, we obtain

F(x) = cexp ( f x;(—gx)(x)dx),

and c is determined by the condition L i fx)dx=1. O
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Lemma 5.2. Under the assumption A, if

f()
1-F(x)’

E(X|X = x) = h(x)

where h(x) is a continuous differentiable function in (a, B), then

F(x) = cexp ( f ’“;1 (’; )(x)dx),

and c is determined by the condition fa i flx)dx =1.

Proof. Let

1 o0
h(x) = J@]; uf(u)du,

thus

f uf(u)du = f(x)h(x).

X

Differentiating both sides of the above equation, we obtain

—xf(x) = f/(h(x) + f()h' (x).
On simplification, we obtain

) 2@
o) TR

On integrating both sides of the above equation, we obtain

f(x):cexp(— f ’“;l(}; )(x)dx),

and c is determined by the condition fa i frdx=1. O

5305

Theorem 5.3. Suppose that the random variable X satisfies the conditions of the assumption A with o = 0 and

p = co. Then
E(XIX < x) = g(x)7(x),

[
F(x)

Yo Loneo i X020 Kiowi (e, 0,p) T(x, 2 + j + 2, 0(k + 1))
Yizo Lvco o T520 Ko, 0,p) g(x, 21 + j+ 1,00 + 1))

where T(x) = and

g(x) =

where T(x, a, ) = % j(;x ute=Puduy, if and only if

o k
=Y.y Kkn,](ozep)g(x 2i+j+1,0(k+ 1)),
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Proof. Suppose that

) n+l k-n
fo=YY Kin,j(, 0,p) gx, 20 + j + 1,00 + 1),
k=0 n=0 i=0 j=0
then
o o k n+l k-n
g f(x) = f ZZZ Kin,ij(a, 0,p) u g(u,2i + j+1,0(k + 1))du
k=0 n=0 i=0 j=0
x ok ntlk-n Y2+ o= (k+1)u
= Kinij(@,0,p) —5——
j‘;;@‘;i:o]o F(21+]+1)
o k n+l k-n
= Z Z Kinij(@, 0,p) T(x, 2i + j +2,0(k + 1)),
k=0 n=0 i=0 j=0
where
T(x,e,B) = K f ' e Pudy.
I'(a) Jo
Thus
) = Yoo Loneo T X020 Kiowi (0, 0,p) T(x, 2 + j + 2, 0(k + 1))
gx) = — .
Y0 Loneo i X020 Kiow,i (e, 0, p) g(x, 2i + j+1,0(k + 1))
Suppose that,
@) = Y20 Lico Lim T2t Ko j(r, 0,p) T(x, 20 + j +2,0(k + 1)
gx) =
Yoo Lonco i L020 Kiowi (@, 0, p) g(x, 20+ j+ 1, 0(k + 1)
then

) =x— [Zk 0 Do T 00 Kiniet, 0,p) T(x, 20 + j +2, 9(k+1))J

Yo Lnco ity X020 Kiow,i (@, 0,p) g(x, 21+ j+ 1,00k + 1))

Yo Lneo Zit! 01 Kiowi(at, QIP)Wg(X,ZHL Ok + 1))
[ IS 2ol oZ"HZ 0 Kin,ij(a, 0,p) gx,2i + j+1,0(k + 1)) ]
Y20 Yo Lit LA K (ar, 0,p) ECEEIE g, 2+, 0(k + 1)

I [ Yoo Yoo Lito A28 Kignsijla, 0,p) g(x,2i + j+1,0(k + 1)) ]

Thus
x=g'(x)  Zito Theo T T Ko (t, 0, p) 2 EXE0 (21 + 6k + 1)
g(x) Yico Lneo Do L020 K, 6,p) g(x, 2 + j+1,0(k + 1)) '

By Lemma 1

£ _ Zio Tio T T Kioni e, 0, p) S (3,21 + 0k + 1)
f) o Do B T Ko (@, €, p) g(x, 2i + j +1,6(k + 1)) '
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On integrating the above equation with respect to x, we obtain

o k n+l k-n
f@=c) Y’ Kinij(a, 6,0) 9(x,2i + j +1,0(k + 1)).
k=0 n=0 i=0 j=0
Using the condition fooo f(x)dx = 1, we obtain

ok
=Yy Y Ko (@, 0,p) g(x, 20+ + 1, 0k + 1))

5307

Theorem 5.4. Suppose that the random variable X satisfies the conditions of the assumption A with o = 0 and

B = oo. Then
E(XIX = x) = h(x)T(x),
)

where T(x) = o and
o) = Yzo Zonco Lito L5205 K j@, 0,p) y(x, 2i + j +2,0(k +1))
X ’
Y20 Yoo Lo X520 Ko (@, 6,p) g, 2i + j+1,0(k + 1))
where y(x,a, B) = rﬁ(z) [T utte Pudu, if and only if

n+l k—n

ok
fo=YY Kioni (@, 6,p) g(x,2i + j+1,0(k + 1)).

then
o 0 k n+l k-n
F@h(x) = f Y YYD K, 0,p) u glat, 2+ j+ 1,00k + 1)du.
Y k=0 n=0 i=0 j=0
foo i i ntl k-n Y2+ pm (k+1)
= Kinij(@,0,p) —5——
Y k=0 n=0 i=0 j=0 T@i+j+ 1)
o k n+l k-n
=Y Ko, j(t, 6,p) y(x,2i + j +2,0(k + 1)).
k=0 n=0 i=0 j=0
Thus
o) = Y20 Yoneo Lo 520 Kionsj(e, 0, p) y(x, 2i + j + 2, 0(k + 1))
X

Yo e OZ”HZ 0 Kin,ij(a, 0,p) g(x,2i + j+1,0(k + 1)
Suppose that

Yoo Zonco T L020 Kiowi (@0, 0,p) y(x, 20 + j +2,0(k + 1))
Y20 Lvco T T520 Ko (@, 0,p) 9(x, 2i + j+ 1,00k + 1))

h(x) =
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then

W(x) = -

Yzo Zhoo L0 TA00 Kiowi e, 0,p) y(x, 20 + j +2,0(k + 1))

[Zk 0 o Lo L300 Kinij@, 0,p) g(x, 20 +j +1, 9(k+1))]
2o Lo List L2t K (e, 0,p) ECSE0E M (5 i 4, 0k + 1))
[ Y20 Znco Lito Lo Konsj(a, 0,p) g(x,2i + j+1,0(k + 1)) ]

Y20 Lonco T LA K (ar, 0, p) 2B LA (x,2i+j,9(k+1))]

= —x —h(x) X =
Y OZn 0 Xico Z 0 Kinij(,0,p) g(x,2i + j+1,0(k + 1))

Thus

x4 1 () o T LT LI Kion (@, 0,p) 22500 g (x, 2 + , 0k + 1)
h(x) Y20 Lhkco L1t T2t Ko j(r, 0,p) g(x, 20 + j+1,0(k + 1)) '
By Lemma 5.2
£ _ Zio Tioo T I Kioni e, 0,p) S50 (1, 21+, 0k + 1)
fo - T T o I Y K (@, 6,p) g, 2+ 41,00+ 1)

On integrating the above equation with respect to x, we obtain

—_

n+l k—

ok
=) Y Kinij(e, 6,p) g(x,2i + j +1,0(k + 1)).
k=0 =0

=

I}
o

=0 n=0 i

00

Using the condition f f(x)dx =1, we obtain

0

n+l k—-n

ok
flx) = Z Z Z Kin,ij(a, 0,p) g(x,2i + j+1,0(k + 1)).

k=0 n=0 i=0 j=0

O

6. Estimation of parameters

In this section, we estimate of the QXGGc parameters using seven frequentist approaches. These
methods are: the maximum likelihood, least squares, weighted least-squares, maximum product of spacing,
Cramér—von Mises estimation, Anderson-Darling and Right-tail Anderson-Darling estimators.

6.1. Maximum likelihood estimation

In this section, we consider the Maximum likelihood method to estimate the QXGG parameters from
complete samples. Let xy, ..., x, be a random sample of size n from the QXGG distribution with parameter
vector ¢ = (a, 0,p)T. Then, the log-likelihood function for ¢ reduces to

2

n
{ = nlog6+nlog(1—p)—nlog(1+a)+210g(a+ %xf)

n n
_Q;xi—Z;bg 1— T+a)

9"1(1+a+9x1 x)}



S. Sen et al. / Filomat 33:16 (2019), 5291-5330 5309

The Maximum likelihood estimators (MLEs) of the unknown parameters «, 6 and p of the QXGGc distri-
bution can be obtained by maximizing the last equation. This can also be done by using different programs
namely R (optim function), SAS (PROC NLMIXED) or by solving the nonlinear likelihood equations obtained

by differentiating £.

The components of the score vector, U (¢) = g—f; = (3—5, g—g, g—z)T, are given by

ae noox 1 2 & pe O (0xi + §42)

ot _ _ _ -0, 12
oa 1+a+;‘a+%2x% 1+a; a+1-s; (12)
H n = OxF 1 " pe 0% (xi+6)xl.2)—si

—_ = _ - ‘- 42 =0 13
90 Ligy ey ;x”L ; T+a-s (13)

and
2 ¢ :

% n + = Sj =0/ (14)
dp p-1 p&a+l-s

where s; = pe‘e"f (1 +a+ Ox; + %zxiz).
Now, we will study the existence and uniqueness of the MLE estimates when the other parameter is
known (or given).

Theorem 6.1. Let us suppose that the parameters 6 and p are known. Then, the of equation (12) has only one solution
fora > 0.

Proof. Let x(1y = min(xy, x2, ..., x,) and x(;) = max(xy, Xy, ..., X,), SO e % < 7% < =% foralli=1,2,..,n
and

_ 62 _ 62

pe 0x(s) (1 +a+ Gx(l) + jx(zl)) <s;<pe Oxq) (1 +a+ Qx(n) + 73((2”)),

foralli=1,2,...,n,so0
0 6 2 0 6 2

—pe” 7 (1 +a+ Oxgy + Tx(”)) < —5; < —pe”m (1 +a+ Oxqy + ?x(l)),

foralli=1,2,..,n,
1 1 1
< <

a+1—pe0w (1 +a+ Ox) + %fol)) Catlesi T g 41— petre (1 +a+ Ox + %zxfn))

foralli=1,2,..,n,and

60 02 0 02 > 0 02
pe” 7™ (Gx(l) + ?x(l)) < pe” ™t (Gxi + 7’%) < pe %0 (ex(n) + 7"(71))/

foralli=1,2,..,n, this implies

—0x 0%.2 —Ox; L 02,2 -0 0%.2
pe xm(ex(l) + 2x(l)) pe7* (Gx, + Txi) - pe~ % (Qx(,,) +5 x(n))

a+1— pe % (1 +a+ O0xq + %fol)) B a+l-s; a4+ 1—pe o (1 +a+ O0xg + %zx%n)).
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foralli=1,2,..,n,and

2n e (0 + 57, L2 e (0x: + 52) <
_1+0(a+1 pegx<1>(1+a+9x,,)+ (n)>__1+a; a+1-s; <
2n e 0 (0xq) + 55
Cltagg- pe—em (1+a+0xm+ % (1))'
Therefore, the equation (12) can be approximate as follows
S S (S ( 2Zn ) pe 0 (0xn + 57,
I+ta a+ —x(l) T+a) g41 - petxa (1 +a+ Oxpy + %zx%”)) -
_n +Z": L2 Z”:Pt‘f‘e"”(Gxﬁ%zx?) S
l+a i:1a+%xi2 1+ai:1 a+1-s;
n n 2n pe (me t7 (1))
1+a a+—x() (1+0‘)a+1 Pe_ex(")<1+6¥+9xl)+2 (1)).

The left hand of the inequality has only one solution for « at

e (4~ 267 xty) = p (6 (xen (62 X + 2) (9’%«) 2) - 29x(1>) 4)
2p (9 <2x(n) (Gx(n) + 2) Qx(l)) + 2) + 2e0%0 (szfl) - 2) '

a =

similarly the right hand of the inequality has only one solution for « at

)
2

iy Yay) Ox (1 2 —
202px2, +20%0 (022, - 2) + 4p (0xq) +1)

e (4 202x2 ) -p (92 (Qx o (99((1) + 2) ) +2 (93((1) (93{(1) + 2) + 2))

Therefore, the equation (12) has a unique solution. [J
Theorem 6.2. If the parameters a and p are known, then the equation (13) has at least one root on the interval (0, c0).

Proof. 1t is easy to verify that limg_,o 3—g = +oo0 and limg_ ;e g—g = — Y, x. So, there exists at least one
solution on the interval (0, 00). This completes the proof. [

Theorem 6.3. Let us suppose that the parameters o and O are known. Then, the of equation (14) has a unique
solution for 0 < p < 1.

Proof. Let x(1y = min(xy, xy, ..., X,) and x(;) = max(xy,x2, ..., x,) foralli=1,2,..,n, so e~ < e70% < g% for
alli=1,2,..,nand
2

0
pe~ 0o (1 +a+0xq) + >

_ 62
x(21)) < s < peto (1 +a + Oxgy + ?x(zn)),
foralli=1,2,..,n, this implies

1 1 1
<
(a +1) — pe~%%w (1+0z+9x(1)+ Tx5 ) (@+1) - (a + 1) — pe=%% (1+a+6x(n)+

735)
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foralli=1,2,...,n, and then

pe —O0x () (1 + o+ Qx(l) + 2 (1)) s; p (1) (1 + o+ Gx(n) + 2 (Vl))

T+ =si T @+ 1) - pe‘(’xl)(1+a+6x(n)+

(a+1) — pe%m (1 +a+ 0xa) + 5 (n)),

2 (1))

foralli =1,2,..., n. Therefore, the equation (14) can be approximate as follows

" +2n pe ex(n>(1+a+9X(1)+ 2 (1)) n +22 S;
p-1 p (a+1)—pe‘9x(n>(1+a+6x(1)+—xﬁ))_P_l petatl-s

" m p‘9x<l>(1+a+9xn)+ X )

—1+_ _ pp—0x1 02 2 ’
p P (a+1)—pe <>(1+a+9x(n) 5 (n))

The left hand of the inequality has only one solution for p at

(a + 1)etw

(a+1)+6x1)+

p=2-
2 (1)

similarly the right hand of the inequality has only one solution for p at

(@ + 1)t

(a@+1)+Oxp +

p=2-
2 (n)

Therefore, the equation (14) has a unique solution. [

Newton-Rapshon as a numerical method is required to find the solution of the nonlinear system.

6.2. Ordinary and weighted least-square estimators
Let x(1), X(2), - - , X(n) be the order statistics of the random sample of size n from F (x; &, 6, p). The ordinary
least square estimators (OLSEs) ([32]) ask, OLse and pLse can be obtained by minimizing

n

)
Vi@ 0p =) [Flwol o)~ g

i=1

with respect to @, 6 and p. Or equivalently, the OLSEs follow by solving the non-linear equations

n

EZF@Mma@—;fﬂ&@mma@:as:Lz&

i=1

where

Aq (X(i)|0(, 0, }7) %F (X(,‘)|Oé, 0, p) , Ag (X(i)|0(, 0, p) 886 (x(l)la, 0, p)

and A3 (X(i)|01r 0, P)

5%F(xaﬂa,9,p). (15)

Note that the solution of A, for s = 1,2, 3 can be obtained numerically.

The weighted least-squares estimators (WLSEs) ([32]), awisk, §WLSE and pwise, can be obtained by
minimizing the following equation

W(a,6,p) = Z (71+1—Z(T+1‘;)2) [F (x(,-)la, G,p) -

i(n

n+1
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Further, the WLSEs can also be derived by solving the non-linear equations

n+1)7>n+2) i 3 B
2: “n_H&)[F@wme¢)—;:ﬂA4mWLa@_o,s_Lza

where Aq (‘la, 0,p), A (la, 6, p) and Az (-], 6, p) are provided in (15).

6.3. Method of maximum product of spacings

The maximum product of spacings (MPS) method ([8, 9] and [24]), as an approximation to the Kullback-
Leibler information measure, is a good alternative to the MLE method.

Let Di(a, 0,p) = F (x(i)la, o, p) —-F (x(i_l)la, o, p), fori=1,2,...,n+1, be the uniform spacings of a random
sample from the QXGGc distribution, where F (x(o)loz, o, p) 0,F (x<n+1 e, 6, p) =1and Z"H Di(a,0,p) = 1.

The maximum product of spacings estimators (MPSEs) for apse, 9MP5E and puvpse can be obtained by
maximizing the geometric mean of the spacings

n+1
H Di(a, 0, p)}

with respect to a, 0 and p, or, equivalently, by maximizing the logarithm of the geometric mean of sample
spacings

G(a,0,p) =

n+1

H(a,0,p) = ZlogD(a,Q p)-

The MPSEs of the QXGGc parameters can be obtained by solving the nonlinear equations defined by

n+ 1 Z D ((I, , A (x(l')|a/ 9/ P) - As(x(i—l)la/ 9/ P)] = 0/ s = 1/ 2/ 3/
where A1 (‘a, 6,p), Az (la, 6, p) and A; (¢|a, 6, p) are defined in (15).

6.4. The Cramer-von Mises minimum distance estimators

The Cramer-von Mises estimators (CVMESs) as a type of minimum distance estimators have less bias
than the other minimum distance estimators ([21]). The CVMEs are obtained based on the difference
between the estimates of the cdf and the empirical distribution function ([20]). The CVMEs of the QXGGc
parameters are obtained by minimizing

21177
Cla, 0,p) = +Z[ x(,)lozé)p 2n ],

with respect to @, 0 and p. Further, the CVMEs follow by solving the non-linear equations

n

Z [F (x(,-)loz, o, p) - %] Ag (x(i)lac, 0, p) =0, s=1,2,3,

i=1

where Aq (‘la, 0, p), A; (la, 6, p) and Az (-], 6, p) are provided in (15).
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6.5. The Anderson-Darling and right-tail Anderson-Darling estimators

The Anderson-Darling statistic or Anderson-Darling estimator is another type of minimum distance
estimators. The Anderson-Darling estimators (ADEs) of the QXGGc parameters are obtained by minimizing

Ala,0,p) = —n — % Y @i—1) [log F (x@la, 0,p) + log S (x@la, 0,p)]
i=1

with respect to @, 6 and p. These ADEs can also be obtained by solving the non-linear equations

- =0, s=1,2,3.

i -1 (vl 0,p) _ A (ximr-sle, 6,p)
i=1 F (x(l-)la, 9, p) S <X(n+1_,')|0(, 6, p)

The right-tail Anderson-Darling estimators (RADEs) of the QXGGc parameters are obtained by minimizing

n

n - 1 .
R(a/ 6/ p) = E - 2 Z F (-xi:nla/ 6/ p) - E Z (21 - 1) log S (xn+1—i:n|a/ Qr p) 7
i=1 i=1

with respect to a, 6 and p. The RADEs can also be obtained by solving the non-linear equations

AS (erl—i:n |0C’ 9’ p) —
S (xn+1—i:n|a/ 0, P)

0, s=1,2,3.

n n
1 .
-2 ; As (xiala, 0,p) + = Zl‘ 2i-1)
where A1 (‘lo, 6,p), Az (la, 6, p) and As (|a, 6, p) are defined in Equation (15).

7. Data generation and simulation study

We present below two different algorithms for generating random sample from QXGGc(a, 0, p).
Algorithm 1:

1. Generate U ~ uniform(0,1).
2. Put A = U in equation (8).
3. Solve the new equation numerically for x.

Algorithm 2:

Also, we can generate a random data from the QXGGc(a, 0, p) distribution using the following simulation
algorithm:

1. Generate M ~ zero-truncated geometric (p).

Generate U; ~ uniform(0,1),i =1,2,..., M.

Generate V; ~ exponential(6),i =1,2,..., M.

Generate W; ~ gamma(3,0),i=1,2,...,M.

IfU; <a/(1+a), thensetY; = V;, otherwise, setY; = W;,i=1,2,...,M.
Set X = min(Yq,Y>,..., Yum), then X is the required sample.

o Ul W

Now, we present a simulation study to compare the performance of the different estimators of the unknown
parameters for the QXGGc distribution. To investigate the behavior of the MLEs in the previous section,
and by R software (version 3.4.4), we generate 10,000 samples of the QXGGc distribution, where n =
{50, 100, 350, 600, 800}, and by choosing a = (0.02,0.10, 30, 65,100), 6 = (0.75,7,8,20.20,39.50) and p = (0.10,
0.30,0.50, 0.60, 0.70), for each parameters combination and each sample, we evaluate: the average of absolute
value of biases (|Bias(¢)|), |Bias(¢)| = % Zﬁl | — @|, the mean square error of the estimates (MSEs), MSEs =

1%] Zﬁl(a - ¢)2, and the mean relative estimates (MREs), MREs = % Zﬁ\il |$ —¢l/¢p, where ¢ = (o, 0,p)’.
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Tables 2, 3, 4, 5 and 6 display |Bias(¢)|, MSEs and MREs of the WLSE, OLSE, MLE, MPS, CVME and ADE.
Furthermore, these tables show the rank of each of the estimators among all the estimators in each row,
which is the superscript indicators, and the )| Ranks, which is the partial partial sum of the ranks for each
column in a certain sample size. Table 7 shows the the partial and overall rank of the estimators. From
tables 2, 3, 4, 5, 6 and 7, we observe that:

Estimator methods MLE and MPS are the only estimators show the property of consistency i.e., the
MSEs and MREs decrease as sample size increase, for all parameter combinations.

Estimator method CVME shows the property of consistency for all parameter combinations, except
when a = 30, for the parameter a.

Estimator method ADE shows the property of consistency for all parameter combinations, except
when a = 30,100, for the parameter a.

Estimator method RADE shows the property of consistency for all parameter combinations, except
when a = 30,65, 100, for the parameter a.

Estimator method WLSE shows the property of consistency for all parameter combinations, except
when a = 30,65, 100, for the parameter a.

Estimator method OLSE shows the property of consistency for all parameter combinations, except
when a = 30, for the parameter a.

Form Table 7, and for the parameter combinations, we can conclude that the MPS and MLE estimator
methods outperform all the other estimator methods (overall scores of 44 and 46.5, respectively).
Therefore, depends on our study, we can consider the MPS and MLE estimator methods are the best.
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Table 2: Simulation results for ¢ = (o = 0.02,6 = 0.75,p = 0.3)’

n  Est Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS & 0.03436PT 0.040317  0.02999™  0.102827"  0.03669™  0.03071%  0.03809™
6 0.151558"  0.166750  0.11786!Y  0.18642"7)  0.15025%  0.138421%  0.13002%!
p 0302754 03212560 02658311 0321787 0308361  0.29314P%  0.2834312!
MSE & 0.002918"  0.00418¢!  0.00210"  21.890157" 0.00349"  0.0022712  0.00386"
0 0.04427"  0.052526)  0.02637'1  0.0727317)  0.04261"%  0.03669%  0.033051!
p 0.11727%  0.131106"  0.08874!Y  0.139017)  0.11860°!  0.10843%  0.10143%
MRE & 1.71819¥  2.015621¢  1.49938!Y 514109  1.83453%  1.53531%  1.90472
6 0202075 0.22233160  0.15715!1 0248567 0.20033"  0.18456!%  0.173361!
p 1.00916%  1.070831  0.88611"  1.072607"  1.02788%!  0.97714%  0.944772
Y Ranks 361! 54161 9t 637! 39001 2412) 278
100 BIAS & 0.02520%  0.03076/  0.02259'"  0.02382)  0.02891°!  0.02376!2  0.03135"7!
0 010807 0.1259016!  0.0935111  0.12766'7)  0.11443°)  0.10153%  0.099371!
p 024968 02731070 022776/ 026043 0.26258!6!  0.2396012  0.242728
MSE & 0.00130%  0.00207¢"  0.00095"  0.00120®"  0.00176"!  0.00114?  0.00216"7
6 0.02096¥  0.030716!  0.01495"  0.03549"7)  0.02430°!  0.01855°%  0.01662%!
p 0.08091%  0.0978370  0.06705'"  0.09345'¢)  0.08862!  0.07526%  0.07499%
MRE & 1.25979% 15380716 1.12974 1190751 1.445481% 1187772 1.567597
6 0.14409%  0.16787)  0.12468"  0.1702170  0.15257%  0.13537%  0.132501
p 0.83228% 0910347 0.75919'1  0.868121°)  0.87528!6!  0.79866!2  0.809051
Y. Ranks 3614 5717} 9t 461 47161 22121 358
350 BIAS & 0.01511%  0.01916°  0.01303%  0.012540  0.01878"!  0.01480®%  0.02196"
6 0.063035"  0.0747770  0.05641"  0.06213%  0.07281'!  0.06203%  0.06003%!
p 0.16460%  0.1899570  0.15348!1  0.15536"  0.18837¢)  0.16368°%  0.16610%
MSE & 0.00038*  0.00063"  0.00028"%"  0.00028"%" 0.00061%  0.00037¥  0.00085""
6 0.00595%  0.00862"  0.00480'"  0.00608"'  0.00804!°!  0.00574®  0.00539%
p 0.03793%  0.0491470  0.03366!"  0.03594?  0.04799'¢'  0.03768°  0.038341%
MRE & 0.755334  0.9578016!  0.65125  0.627031  0.93900°!  0.74014®  1.09807"7
0 0.084045!  0.099707!  0.075221"  0.08284!%  0.09708!  0.08270%  0.08004!
p 054865 0.6331871 0511601 05178612  0.62791'6!  0.54560°%  0.55368
Y. Ranks 3814 607 11.5M 2252 5116} 27 4201
600 BIAS & 0.01204%  0.01613  0.00991%  0.00965"  0.01574°%  0.01180¥  0.01867'7
0 0.050615"  0.0598171  0.04599!1  0.0472312)  0.05964!6!  0.05040%  0.048061
p 0.1348781  0.156876)  0.1251812  0.11943'1  0.157807"  0.13545¢  0.13666"
MSE & 0.00024¥  0.00041¢"  0.00016!*5"  0.00016  0.00040!  0.00023%  0.000587!
0 0.00387"  0.005457"  0.00325!"  0.00349)  0.00531'6!  0.00382#  0.003538
p 0.026798"  0.035246'  0.02351¢  0.02294"  0.035297!  0.02696¥  0.02762
MRE & 0.60212%  0.80667¢  0.49545% 048249  0.78689°!  0.59022°%  0.93347"
6 0.067485"  0.0797570  0.06131"  0.06297%  0.079511¢!  0.06720%  0.06408%!
p 0.44958%1 052291100 0.41725% 039809 0.526027!  0.45150%  0.455539
¥, Ranks 3614 5717} 14512 1251 54161 336 451!
800 BIAS & 0.01045®"  0.014185"  0.00866'2  0.00833  0.01426!'  0.01058%  0.01669"!
6 0.04458"  0.053607"  0.03988!1  0.0401212)  0.05242'6)  0.04425¢  0.042248
p 0119225 0.141617"  0.10861%  0.10226  0.14033'¢!  0.11874%  0.118289!
MSE & 0.0001853%  0.00032551  0.000121*5"  0.0001211%  0.000325%  0.0001815  0.000467!
6 0.00302"  0.0043370  0.00248'"  0.00255%  0.00412¢)  0.00296"¥  0.002759
p 0.02153"  0.029517"  0.0183312  0.01778  0.028776!  0.02137%  0.02141%
MRE & 05222881 0.7088450  0.43286!2  0.41630  0.71300¢!  0.52912¢4  0.8345317
0 0.05945"  0.071477"  0.05318!1  0.0534912)  0.06989'!  0.05900%  0.056331
p 039741 04720370 0.362042  0.34086'1  0.46776!6!  0.39581¢  0.394289
Y. Ranks 39,51 57.517 14512 12,5 53,56 34,51 401!
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Table 3: Simulation results for¢ = (¢ =0.1,0 = 7,p = 0.6)’

n  Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS & 0.10527%3.904751 0.10859PT  1.59240" 11.39283 0.09933M 0.228627
6 2.15840% 226317\ 1.73786!1  2.2349816} 2.2256501 2.056928  1.9953412!
p 0.33148  0.354331¢) 0.30913  0.30929%! 0.35986!7! 0.318661%  0.318931!
MSE @ 0.0280812  66973.2773816  0.036961  2769.734615)  617906.539687)  0.02585!1  59.225904!
0 70582114 7.51135!6! 4831051 8.9295917) 7.07057'5! 6572831 6.2544712)
p 0.147449"  0.163071¢) 0.138762"  0.13115' 0.16896!7! 0.141248 0142331
MRE & 1.052672  39.0475216) 1.085941%  15.92397 113.928267 0.9932711 22862414
6 0.308344  0.3233117 0.24827'1 0.31928!6! 0.317959 0.293851  0.2850512
p 0.552471  0.59055!¢! 0.5152211  0.51549%! 0.599777) 05311081 0531551
Y Ranks 334 566! 16! 3915 5717) 211! 308!
100 BIAS & 0.0760812  0.085491¢! 0.07716  0.4013917! 0.08297! 0.07303'1 0.081631
0 1.621811  1.915247 1.330691  1.62885! 1.8546216! 1.545748)  1.4773312)
p 0264871 0.2974716) 0.2482621  0.22747'1 0.303377 0.25401% 0252171
MSE & 0.01285%  0.01908!¢! 0.01463®  541.105367)  0.01515% 0.01169'"  0.015691%
6 4.18640%  5.52546/6) 2.82475!1 57399917} 5.08204! 3.821518  3.5266612
p 0.10602"'  0.125721¢! 0.098978  0.081271 0.13107"7 0.09951%  0.098921
MRE & 0.7608212  0.85486!¢! 0.771578 40139217 0.829721° 0.73028'1  0.816331
6 0.23169%  0.2736117 0.19010"  0.23269%! 0.26495'! 0.220828  0.211051
p 0441459 0.495781¢) 0.413772  0.3791211 0.50561!7 0.423344 0.420291%
Y. Ranks 331 5617 191 419 5216) 24121 278
350 BIAS & 0.038189  0.045721" 0.03558%2"  0.03350" 0.04517'¢! 0.03837%  0.04311"
6 0.86631°  1.0943817 0.73961%2"  0.57996!1 1.091666! 0.82953%  0.803221%
p 0.14653%  0.179631¢ 0.12806'?  0.10718! 0.181731" 0.14301%  0.141178
MSE & 0.0027783" 0.00396!" 0.002382  0.00219'" 0.0038010! 0.00282*  0.00367"!
0 1.17431%  1.897617 0.871501"  1.00656! 1.8959416 1.07345%  1.00412%
p 0.03696%  0.053211¢ 0.02871%  0.02368'" 0.05498'7 0.03548%  0.03505"%
MRE & 0.381828  0.45716!7 0.3558012"  0.33498!1 0.4517216! 0.38370%  0.431101
0 0.12376"  0.1563417 0.10566"  0.08285'"! 0.155950! 0.11850%  0.11475%
p 0.244215" 02993910 0.2134312  0.17863" 0.30289""! 0.238344  0.235281%
Y Ranks 395 607! 172 110 5716} 3614 320
600 BIAS & 0.0282481  0.03445!7 0.026552"  0.02367'1 0.0336016! 0.02881%  0.03213%
0 0.654761  0.847357) 0.5527421  0.29889!1) 0.83918!6! 0.645614  0.609521%
p 0.10884°  0.1369217 0.0954721  0.06681'1 0.13646!6! 0.10868%  0.10591%%
MSE & 0.001429  0.0021817 0.001272"  0.00106" 0.00207'6! 0.00150%  0.001931%
0 0.67710°"  1.1290217 0.4847112  0.3926711 1.10510'6! 0.65410%  0.59019%%
p 0.02028"  0.03118!¢! 0.015632"  0.01089"! 0.0315017! 0.01986%  0.01961%
MRE & 0.282408  0.3445217 0.2655220  0.236731 0.33596°! 0.28815%  0.32128"
6 0.09354°  0.1210517 0.078962"  0.042701" 0.11988!6! 0.09223%  0.087071
p 0.18140°"  0.2282117 0.15911%"  0.11135"" 0.22744161 0.18113%  0.176521%
Y. Ranks 3915 6217 1812 9it} 55161 3614 336!
800 BIAS & 0.02477%0.029491¢! 0.022852  0.019741) 0.0295017! 0.023609  0.02701%
6 056638 0.7324717) 0.4827521  0.20106!" 0.72638!6! 0.553764  0.517831%
p 0.09395°"  0.1190817 0.082022"  0.05102!" 0.11840'! 0.09058%  0.088401%
MSE @ 0.00106¥  0.0015717 0.000922"  0.000711 0.00154!6! 0.000971  0.00129"%
6 0.50097"  0.8385017) 0.369652  0.23563!1) 0.83098!6! 0.48212%  0.422511
p 0.014801  0.0238217 0.011462"  0.00671 0.02364!6! 0.01378% 0.013131%
MRE & 0.24768%  0.2949416) 0.2285221  0.19736!! 0.29499!7) 0.235998 0270121
0 0.08091°"  0.104641" 0.06896/21  0.02872!1 0.10377'6! 0.07911%  0.073981%
p 0.15659%  0.1984717 0.136702"  0.08503!! 0.197336! 0.15097%  0.147331
¥ Ranks 420 617 1812 9 566) 33085 33135
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Table 4: Simulation results for ¢ = (o = 30,0 =20.2,p = 0.5)
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n Est Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50  BIAS & 45313.649387T 043586 283192 023324 0.419397 18829.94899°  15964.75054""
0 699589151 8.098207! 61469412 38711711 7.8026216) 670426 6231735
b 0.2402815! 026351161 0223892 0171231 0.264657) 02347714 0224855
MSE a 241054x10°7 0278778 99493.964564 015906 026421 1.27598x1010"  1.46374x1010'!
0 72.8655715) 971512917 60.56764"% 442125611 92.5174216) 68.67589% 59.257931
p 0.082101%! 0.09485'6! 0076115 00473711 0.097477) 0079344 0074622
MRE Q 1510.454987  0.01453° 0161064 0007771 0.01398! 627664971 532.158651
0 0.3463315 0.400907! 0.304302! 0191641 0.386271¢) 03318914 0.30850%
b 0.4805615! 052702161 0447782 03424711 0.52929") 04695541 0.44969%
Y. Ranks 5117 48161 2612 9l1l} 455 4114 32031
100 BIAS & 50208.968307  785.67107% 0269282 0113781 1125626331 1040324306 11326.002661
0 545655/ 604027161 4416761 18934811 6.11648") 5.054804! 4628720
P 0.18377°5) 0.20085'6! 0.165455 0109281 0.21028) 01781614 0164892
MSE & 151930x101°7  8.07537x10%°!  0.11847 00634511 1.27477x10°"  8.51999x10°°  1.42741x1010
[ 45253795 55.495621¢) 31.91002% 17.63927\11 577183417 39.67589 33.678890%
p 0.052585) 0.06074! 0.044810) 0.02239'1  0.0668717 0.049851 0.0436612
MRE & 1673632287 26.189048) 0.008981 0003791 375208814 346.774776) 377.5334216)
0 027013 0.29902/6! 0218652 0093741 0.302807! 0250244 0229145
p 0.36753% 04017161 0.33089% 021856/ 0.42056! 03563114 0329772
¥, Ranks 5116 4500 212 9l 54171 3941 330
350 BIAS & 97157.73883"  0.18115V! 0.142952! 00049911 0.18345% 71.52307°5) 2262356716
0 35818417 33544861 2.349831) 0.08349'1  3.39905(6 2727200 2584150
) 0.106016! 0112161 0.086101 0038371 0.1163217 0.0955814 0.092270)
MSE @ 3.01468x101°7  0.05204%! 0.033522 000206/ 0.05318% 2.54485x107%  1.99627x1010")
0 19.5815217) 17.894315) 8.932562! 057495 18.315801¢! 11.907951) 10.57245%
b 0.0183515! 0.02044/61 0012362 00025911 0.022097) 0015094 0.013920%
MRE & 32385912971 0.00604"! 0.004772 0000171 0.00611% 23841051 7.54119'6!
6 01773217 0.16606%! 0116332 0.004131  0.16827 0135014 0.127930)
P 0.21202 0.22431'6) 0.172212 0.076731 02326417 0.191161 0.18455°
Y. Ranks 5717 421 1812/ 9t 511! 394 360
600 BIAS a 133799.277487)  119.90040%  0.10662%! 00005811 299.865761  457.22755 30114773
0 3.02759 2571905 1.7432412) 00098011 2.5883616! 21035314 1.99239%
b 0.08339'5! 0.08683'6! 0.063392 0029211 0.087117) 007322141 0070735
MSE a 554733x10°7  7.17145x107% 00188912 00001511 4.49179x10%°  2.62513x108"  2.36423x1010"
o 13.6368117 1052490 495697 0.04166/1 105809916 69700514 6.272880)
p 001118 0.01217'¢! 0.006582! 0001371 0.012407) 0008504 0.00798%
MRE & 4459.975927  3.99668"! 0.003552! 0000021 9.995534 15.2409216) 1003826
0 0.14988") 01273251 0.08630%! 00004811 0.12814'6) 0104144 0.098635%
b 0.16679'5! 017367161 012678 005842111 0.174217) 0.146451 0.14146°
Z Ranks 57(7) 42(51 18{2) 9(1) 53(6\ 41(4) 32{3)
800 BIAS & 148216.403207  0.11990H! 0.09331¢) 0000341 0.118358) 2458228331 156.091535)
0 2918047 222518161 1526822 00055211 2.1950265! 1.8443814 1.69365°
P 0.07668 007465 0.054692! 0024651 0.07469'¢! 00635014 0.06027%
MSE & 7.24071x10°7 0.02272141 0.01420?! 0000081 0.02219% 1.48351x10°°  1.21614x108"
0 12.107307! 7.83549161 3742452 00210011 7.64873) 5.37238H 4567170
) 0.0091817 0.008945! 0.0048612 0.0009711  0.008969 0.00638H 0.00589%!
MRE & 49405467770 0.004001! 0.00311¢ 0.0000111  0.003948) 81.9409416) 5203055
0 0.14446"7) 011016/ 0.075592! 0000271 0.10866! 0091314 0.083845
p 0.15337") 0.14930 0109382 00493011 0.14937'¢) 0126994 0.12055%
Y. Ranks 637 4560 182 9l 42151 42431 330
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Table 5: Simulation results for ¢ = (o = 100,60 = 39.5,p = 0.1)’

n  Est Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS @ 96520.690237  0.08508' 0.07281™  0.05149™  0.07116™ 0.071817" 0.07300%7
0 7.59159% 9.05567"7 6299922 4125461 7.70995!6! 7.3079314 7012378
p 0.202611¢! 0234887 0.16129"  0.18479®  0.19351¥  0.19617" 0.184642
MSE @ 8.33879x10°°7" 00132819 0.009854  0.01275%'  0.00949%  0.00953° 0.00938"
0 93.522051%! 137.588287)  65.74495111  70.60265%  101.20135  89.622444! 80.2863413
P 0.07035'¢! 0.096017"  0.04391"  0.06344®  0.06702¥  0.06738" 0.05828
MRE & 965.206907! 0.00085¢! 0.00073%5"  0.00051"  0.00071%! 0.000720 0.00073145!
0 0.19219% 02292617 0.15949%  0.10444  0.19519'¢! 0.185011 0.177538
p 2.026111! 2.348837 1.6129111  1.8479281  1.935144 1.96169" 1.846361%!
Y. Ranks 5416 607 20.51% 2011 36421 3614 2558
100 BIAS @ 223059.534247)  0.06059%  0.05604°  0.01653""  0.054482 170.67134" 1263.390771!
0 5.36189" 6.357887)  4.72463% 13359201 57594760 5353181 5.10499°!
p 0.16005"! 0181327 0.138892  0.11588'  0.16309')  0.1600214 0.15142°
MSE @ 234717x1017" 0006591 0.00574% 000336 0.005432  1.45553x108°  1.74937x10°
0 47.681924 67.8328871  37.06550”  19.01506" 56.30716!°  47.68988" 42.79370°
P 0.04206!4! 0055117 0.030182  0.02489'  0.0449716)  0.04215" 0.03700°!
MRE @ 2230.595347"  0.00061%'  0.00056®  0.00017'"  0.00054% 1.70671 12.63391¢!
0 0.135746 0.16096! 0.11961%  0.03382/"  0.14581%! 0.1355214 0.129245
p 1.60051°! 1.813187 1.38889%%  1.158831  1.63086/°! 1.60023% 1.514220
Y, Ranks 491 547 21° 9l 420 414 361
350 BIAS & 428051.54819)  0.035401%! 0.03425%  0.00033"  0.033741! 125822531 5502.71743'6)
0 3.38709"% 3.59035"7 2.83370%  0.03134  3.40906!¢! 3.0999914 3.01386%
P 0.10673! 0117747 0.09761?  0.06124"  0.11305')  0.10775" 0.10348°!
MSE a 6277221017 0002154 0.00209%  0.00003"  0.00194%  1.93994x10°°  1.16169x10'°'°!
0 18.74097"! 214863870 1293938 02391211 19.132826) 15578381 14375138
p 0.0166714 0.021227  0.01380?  0.00548""  0.019221)  0.01709" 0.01554°
MRE @ 4280515487 0.000351 0.0003425"  0.00000"  0.000342%  12.58225! 55.02717'6)
0 0.085751% 0.090897"  0.071742  0.00079'  0.086311)  0.07848" 0.07630°!
P 10673314 1177377 0976112 0.612391  1.13053!6) 1.07754% 1.03482081
¥ Ranks 48161 5417) 20512 9 42,50 4214 3611
600 BIAS @ 473925.65175'7"  0.02898¥  0.02851°  0.00012'"  0.02821%  2502.38251°1  9796.83869'¢!
0 3.1062417 2.90239% 2283442 0.00999'"  2.83399%! 2476644 2427230
p 0.09189% 0.09914 0.08225%  0.04851"  0.09654°)  0.08916* 0.08771°
MSE @ 7.83338x10117" 0.00140%  0.00136%  0.00001"  0.00131%  5.42295x10°°  2.62655%x1010
0 14.842957) 13.75145  8.15081?  0.05679'Y  13.005215  9.7367314 9.30240
P 0.01188"! 0014607 0.00957?  0.00351"  0.01360''  0.01133¥ 0.01110°
MRE @ 4739256527 0.00029%%  0.00029®%  0.000001"  0.00028"”  25.02383" 97.96839'6!
0 0.07864"7 0.07348')  0.05781?  0.00025"  0.07175®)  0.06270" 0.06145°
P 0.91889" 0.9914217) 0.82251% 04851211 0965366  0.89159 0.877094!
Y. Ranks 57171 50.5'6! 21.52 9l 3945! 391435 369
800 BIAS & 510035.02543"7  0.025091% 0.025524  0.00005"  0.02467% 6406.12800°! 8221.6825216)
0 3.05455!7 2.498361¢) 201298 0.00423"  2.47002° 2.189491 2.097418
P 0.08671%! 0.087816)  0.07489?  0.04193"  0.08843"7"  0.07972¥ 0.07679°
MSE @ 897626x1017" 0.00103%  0.00109%  0.00000  0.00100%  1.64356x1010"°  2.11638x1010'°!
0 140680117 9.964216) 6361572 0.00899'"  9.764175! 7.5884214 6.85928°
p 0.01021 0011277 0.00791%  0.00271%  0.01119¢)  0.00919"* 0.00847"!
MRE @ 5100.350257"  0.00025%%  0.00026"!  0.00000""  0.000252%  64.06128! 82.2168316
0 0.07733"7 0.063251)  0.050962  0.00011"  0.06253°)  0.055431 0.05310°!
p 0.86711%! 0.87811°) 0748922 0419311 0.884327"  0.79716M 0.76790°
Y Ranks 57171 45 5161 2412 9l 41.59 3914 3613
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Table 6: Simulation results for ¢ = (a0 = 65,0 = 8,p = 0.7)’

n  Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS @ 7508.792377 0.02013%T  0.01790™  0.01550  0.02040"  0.01671°  0.016167
6 3.96405"% 45797210 320460?  2.768931 46688471  3.644584  3.306251
p 0.194815) 0.215931  0.17079%)  0.14405" 023404  0.18316"  0.16960?
MSE & 5.00381x10°7" 0000625  0.00058"  0.00045°  0.00066!¢  0.00044®  0.000411"
6 25.850101%! 32.86599'¢1  19.270621%  14.644281 35441737} 22213091}  18.504931
p 0.06767" 0.07793161  0.05667%)  0.03616!"  0.094187"  0.05988%  0.052551
MRE @ 115.51988!7 0.00031°5  0.00028"  0.00024!"  0.000315%  0.00026°  0.000251!
6 0.49551% 057247 0400582 0.34612" 0583617 0455574 0.41328%
p 0.27830 0.308471  0.243998)  0.20578!" 03343570 0.26166"  0.24229?
Y, Ranks 5101 51.5! 2883 110 59.517) 3214 192
100 BIAS & 2168.947817) 0.01476%"  0.01263%  0.01018"  0.01495  0.01170®  0.01161%
6 2.812125 33591100 2182642 177211 3.4155570  2.589324  2.389591%
p 0.13675 0.159581  0.11411?  0.09783"  0.16636"  0.12725%  0.11963"
MSE & 1.23304x10°7"  0.00034  0.00028%  0.00023°  0.00036¢  0.00022115  0.00022!15!
6 13.851980! 18111171 8349292 7.02914M  19.553407"  11.24827"#  9.537819!
p 0.03539) 0.043521  0.024262  0.01697"  0.04964""  0.02961%*  0.02605
MRE & 33.3684317) 0.0002355  0.00019%  0.00016!"  0.0002353  0.000182%  0.0001825!
0 0.35151! 0.41989'% 0272832 0221511 04269470 0.323664  0.298701%
p 0.19536! 02279761 0.163022  0.13975!"  0.237667!  0.18178%  0.170898
¥ Ranks 516 51.56! 24125) 111 59.517) 311 241251
350 BIAS & 53749.075907) 0.00773%"  0.00684%  0.00258"  0.00787'®  0.00626®  0.00598!%
6 1.73147%) 1.77105'  1.130462  0.444731  1.80482"0  1.38051%  1.234019
p 0.07536' 0.08217'%1  0.05616%  0.03692!"  0.085137)  0.06629"  0.06054"
MSE & 1.320479x10°7"  0.00009%®  0.00008%  0.000041"  0.00010¢  0.0000625  0.00006125!
6 5.04900'¢! 490594% 2061052 1.143921 5241217 3.05046)  2.43607")
p 0.009741) 0.01095'¢"  0.00521  0.00303!"  0.012217"  0.00724"  0.00607"
MRE & 826.90886!7 0.000125%  0.00011%  0.00004"  0.000125%  0.00010®  0.00009%!
0 0.216435! 0.22138%"  0.14131%  0.05559")  0.2256017"  0.172564  0.154251%
p 0.10766 01173961 0.080232  0.05275!"  0.121627"  0.09470%  0.086485
¥ Ranks 5216} 505! 2412 9tul 59.57) 32,54 24581
600 BIAS & 92964.14919"7) 0.005775)  0.00530%  0.00089"!  0.005931  0.00469'¥  0.00458!%
6 1.4622017) 1.320305  0.849372  0.153300  1.35698¢)  1.038024  0.94863%
p 0.0587445 0.062061  0.042362  0.02217"  0.06326""  0.05014%#  0.04640"
MSE & 2.763871x1017"  0.000054%  0.00005%%  0.00001"  0.00006'  0.00003125  0.0000325
6 3.450907) 2.802655"  1.149702 0334551 2.934181%  1.72709%  1.436921%
P 0.00576! 0.00620'"  0.00290?  0.00109'"  0.006547"  0.00405"  0.003501
MRE & 1430.2176817 0.000093  0.00008*  0.00001"  0.00009"%  0.000072%  0.0000725!
0 0.18277'7) 0.16504°"  0.106172  0.01916!"  0.169626!  0.12975"  0.11858%
p 0.08391%! 0.08866'  0.060512  0.03167"  0.090387"  0.071621  0.066298
¥ Ranks 5717 485! 24521 9tul 56.5(6) 3214 2581
800 BIAS & 111180.84109'"  0.00505"  0.00466'  0.00044"  0.00511%"  0.00402?  86.69058¢!
6 1.3795417) 11571250 0.735082  0.075300  1.16876!°'  0.88724"  (.842389
p 0.05277 0.05405  0.03688  0.01725"  0.05468""  0.04310%  0.04042%
MSE a 3.81645x10°7"  0.00004%  0.00004"  0.00001"  0.000044  0.000022  3.75638x107""
6 3.00556'7! 21154950 0.862482  0.15964" 21717418 1.24305%  1.121331%
P 0.00458! 0.00467''  0.002182  0.00065!"  0.004817"  0.00296  0.002618
MRE & 1710.4744817) 0.00008%3  0.00007%  0.00001"  0.00008“% 0.000062  1.33370'6!
0 0.17244'7) 0.14464°"  0.091882  0.00941"  0.14609!  0.11091%  0.105301!
p 0.07538%! 0.0772161  0.052692  0.02465!"  0.078117"  0.06157%  0.057758
¥ Ranks 5717 45551 2212 9tul 52.56) 301 3614
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Table 7: Partial and overall ranks of all the methods of estimation for various combination of ¢

¢/

n
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8. Applications

In this section, we illustrate the importance of the QXGGc distribution in modeling skewed data. The

first data set consists of 128 observations of remission times (in months) of bladder cancer patients ([18]).
This data set is positively skewed (skewness: 3.286), with mean remission time of 9.366 months, standard
deviation of 10.508 months and is unimodal (presented in Table 8). This data set was previously studied by
[11] and [2].
The second data set refers the survival times of 33 patients, in weeks, suffering from acute Myelogeneous
Leukemia ([13]). This data set is positively skewed (skewness: 1.165), with mean survival time of 40.88
weeks, standard deviation of 46.70 weeks and is unimodal (presented in Table 9). These data were previ-
ously studied by [1] and [23].

Table 8: Remission times (in months) of a random sample of 128 bladder cancer patients

0.08 209 348 487 694 866 1311 2363 020 223 352 498
697 902 1329 040 226 357 506 709 922 1380 2574 0.50
246 364 509 726 947 1424 2582 051 254 370 517 7.28
974 1476 2631 081 262 382 532 732 10.06 1477 3215 2.64
388 532 739 1034 1483 3426 090 269 418 534 759 10.66
1596 36.66 105 269 423 541 762 1075 16.62 4301 119 275
426 541 763 1712 4612 126 283 433 549 766 1125 17.14
7905 135 287 562 787 1164 1736 140 3.02 434 571 793
11.79 1810 146 440 585 826 1198 1913 176 325 450 6.25
837 1202 202 331 451 654 853 1203 2028 202 336 6.76
12.07 21.73 207 336 693 865 12.63 22.69

Table 9: Survival times of patients suffering from acute Myelogeneous Leukemia

65 156 100 134 16 108 121 4 39 143 56 26 22 1
1 5 65 56 65 17 7 16 22 3 4 2 3 8
4 3 30 4 43

In order to compare the fits of the new distributions with other some competitive models given in
Table 10, we consider some measures of goodness-of-fit including the maximized log-likelihood under
the model (—¢), Akaike information criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn
information criterion (HQIC) and Kolmogorov Smirnov (K — S) statistics with its bootstrapped p-value (PV).
We bootstrapped the p-value of K — S by using the bootstrap approach as considered in [31], and described
in detail by [6] and [25]. The smaller the values of these statistics, better the fit.

Table 10: The fitted competitive models

Distribution Author(s)
Transmuted generalized exponential (TGEx)  [15]
Kumaraswamy exponential (KEx) [12]
Transmuted two-parameter Lindley (TTLi) [16]
Beta exponential (BEx) [14]
Lindley Weibull (LiW) [10]
Quasi xgamma Poisson (QXGPo) [28]

The pdf’s of these models (for x > 0) are given by
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TGEx: f(x) = =21 — exp(—ax)]*"" {1 +A-2A[1- exp(—ax)]a}.

exp(ax)

KEx: f(x) = abAexp(—Ax) [1 — exp(—Ax)]"" {1 -1- exp(—/\ac)]”}b_1

TTLi: f(x) = a"—;(l + ax) exp(—ax) [1 — A+ 2] exp(—ax)] .
BEx: f(x) = gipexp(-bAx) [1 - exp(-Ax)]"™".

LiW: f(x) = g—le [aﬁxﬁ‘l + azﬁxzﬁ‘l] exp [—9 (ax)ﬁ].

A exp(—0x)
1+a

QXGPo: f(x) = AO(L+a)| (a + %zxz) exp [(1 +a+0x+ %sz) exp (—0x).

[exp(/\)—l]
The parameters of the above densities are all positive real numbers except for the TGEx and TTLi dis-
tributions for which |A| < 1. The numerical values of various measures, the parameter estimates and their
corresponding standard errors (SEs) (in parentheses) are given in Tables 12 and 14, respectively.
The fitted pdfs of the fitting distributions as well as the empirical histogram are displayed in Figures 7 and
9, respectively. The corresponding probability (PP) plots are displayed in Figures 8 and 10. In Tables 12
and 14, we compare the fits of the QXGGc model with the distributions. The QXGGc distribution has the
lowest values for all goodness-of-fit statistics among all fitted models.
From Tables 12 and 14, we conclude that the QXGGc distribution gives the smallest AIC, BIC, HQIC, K-S
values and the largest PV based on the KS statistic. Hence, the QXGGc distribution again provides the best
fit for both data sets.
Now as we have aforementioned in Section 6, we use the different methods of estimation with £, W, A,
KS (and the corresponding p-value) as measures of goodness-of-fit for data sets I and II, Tables 11 and 13
display these results, respectively. From Tables 11 and 13 and based on goodness-of-fit measures, we
recommend to use either MPS or MLE methods to estimate the parameters of the QXGGc distribution for
data set I and data set II, which is expected from Table 7 in the simulation study.
Figure 11 displays the hrf plots of the QXGGc distribution for both data sets. It is seen that, the hrf is upside
down bathtub for the first data set, whereas it is decreasing for the second data set.
Figure 12 displays the TTT plots of the QXGGc distribution for both data sets. The scaled TTT plot for the
cancer data is concave then convex which indicates an upside down bathtub hazard rate, and the scaled
TTT plot for the leukemia data is convex which indicates an decreasing hazard rate. Therefore, our QXGGc
distribution is a suitable for modeling these data sets.

Table 11: The parameter estimates under various methods and the goodness-of-fit statistics for data set I.

Method a 0 p —{ W A K-S Bootstrapped PV
WLSE ~ 0.0369 0.0905 0.9615 410.5629 0.0587 0.3303 0.0448 0.6423
OLSE 0.0475 0.1039 0.9463 410.7789 0.0600 0.3418 0.0469 0.2570
MLE 0.0285 0.0828 0.9708 410.4927 0.0560 0.3134 0.0460 0.6843
MPE 0.0197 0.0597 0.9863 410.6991 0.0634 0.3528 0.0467 0.6869
CVME  0.0472 0.1075 0.9431 410.7973 0.0588 0.3362 0.0438 0.5596
ADE 0.0346 0.0878 0.9645 410.5352 0.0582 0.3267 0.0451 0.6342

RADE 0.0361 0.0751 09729 410.8998 0.0635 0.3543 0.0579 0.1563
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Table 12: Goodness-of-fit statistics and estimates for data set I

S. Sen et al. / Filomat 33:16 (2019), 5291-5330

Model —£ AIC BIC HQIC K-S (Bootstrapped PV)  Estimates (SEs)
QXGGe 410493 826985 835542  830.462 0.0460 a  0.0286(0.0200)
(0.6843) 0  0.0828(0.0336)
p 0.9707(0.0295)
TGEx 410.947 827.893  836.449 831.370 0.0521 a  1.3025(0.1489)
0.2771) 4 0.0878(0.0183)
A 0.6980(0.2300)
KEx 412464 830.927  839.483  834.403 0.0681 a 1.4502(0.2514)
(0.7842) b 0.2887(0.0373)
A 0.4045(0.0331)
TTLi 412942 831.884  840.440 835.360 0.0637 a  0.1171(0.0294)
(0.1177) a  0.1580(0.1672)
A 0.7125(0.2069)
BEx 412.344 830.688  839.244  834.164 0.0665 a 1.4483(0.3276)
(0.4285) b 0.1794(0.1759)
A 0.6449(0.6076)
Liw 411518 829.036 837.5919 832.512 0.0548 a  48.471(82.575)
(0.3586) B 0.7369(0.0500)
0  0.0237(0.0265)

QXGPo 415.015 836.030 844.586  839.506 0.0797 a  0.2902(0.1112)
(0.0108) 0  0.1227(0.0361)

A 4.0266(1.4030)

The PDF

Cumulative Density Function (CDF)

5323

The CDF
— BEx

x5

(b)

Figure 7: Pdfs and cdfs of the fitted models for data set L.



S. Sen et al. / Filomat 33:16 (2019), 5291-5330

BEXx

KEX

QXGGc

QXGPo

TGEx

1.004

Cumulative Probability
o o o
N o S
& 3 B

o
o
S

TTLi

T T T T
0.00 0.25 0.50 0.75

Figure 8: PP plots of the fitted models for data set L.
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Table 13: The parameter estimates under various methods and the goodness-of-fit statistics for data set II.

~

Method a 0 p - W A K-S PV
WLSE 03485 0.0126 009404 1532798 0.0959 0.6261 0.1251 0.0896
OLSE 02694 0.0078 09701 153.9561 0.1075 0.6891 0.1237 0.0860
MLE 0.7892  0.0259 0.7698 152.6232 0.0830 0.5639 0.1382 0.1026
MPE 0.6151 0.0204 0.8516 152.7590 0.0872 0.5817 0.1314 0.1002
CVME 02838 0.0096 09613 153.6155 0.1016 0.6566 0.1248 0.0811
ADE 0.3340 0.0122 0.9446 1533105 0.0965 0.6290 0.1237 0.0883
RADE  0.4995 0.0176 0.8804 152.9433 0.0891 0.5924 0.1405 0.1189
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Table 14: Goodness-of-fit statistics and estimates for data set II
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Model - AIC BIC HQIC K-S (Bootstrapped PV)  Estimates (SEs)
QXGG 152.623 311.246 315.735 312.756 0.1381 a  0.7892(0.9103)
(0.1038) 6  0.0259(0.0102)
P 0.7698(0.2418)
TGEx 153.557 313.115 317.604 314.626 0.1359 a  0.7213(0.1633)
(0.1402) a  0.0172(0.0061)
A 0.2277(0.5029)
KEx 153.578 313.156 317.645 314.667 0.1363 a 0.7086(0.1476)
(0.1284) b 1.7469(2.2126)
A 0.0100(0.0144)
TTLi 154.856 315.713 320.202 317.224 0.2029 a  0.0010(0.0092)
(0.0178) 4 0.0215(0.009)
A 0.3708(0.3613)
BEx 153.651 313.301 317.790 314.812 0.1382 a 0.6745(0.1527)
(0.2319) b 0.8381(1.7002)
A 0.0227(0.0494)
LiW 153.602 313.203 317.693 314.714 0.1368 a 0.0103(0.0149)
(0.1417) B 0.7523(0.1115)
0 2.7340(2.6493)
QXGPo 153.388 312.775 317.264 314.285 0.1725 a  1.5958(1.3949)
(0.0398) O  0.0295(0.0097)
A 1.6381(1.4001)

The PDF
— BEx
= = KEx

- QXGGe

Liw

QXGPo
TGEx
TTL

(@)

Cumulative Density Function (CDF)

The CDF
— BEx
== KEx

<=+ QXGGe

== TGEx

Liw

QXGPo

TTLI

(b)

Figure 9: Pdfs and cdfs of the fitted models for data set II.
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Figure 10: PP plots of the fitted models for data set II.
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Figure 11: The hrf plots of the QXGGc distribution for both data sets.
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Figure 12: The TTT plots of the QXGGc distribution for both data sets.

9. Concluding remarks

In this article, a new distribution is synthesized, proposed and studied based on the quasi xgamma
and geometric distributions. The QXGGc distribution, as named the proposed distribution, is basically a
family of positively skewed probability distributions and possesses increasing and decreasing hazard rate
properties depending on the values of the unknown parameters. The MRL function of QXGGc increases
and decreases depending on the parameters as well. The QXGGc distribution is uniquely characterized
utilizing its reversed hazard rate function. However, identifiability of the proposed probability distribution
is not been investigated in this article and will be an important study.

Seven different frequentist methods of estimating unknown parameters of QXGGc model make it flexible
in view of parametric inferential procedure and the same is justified with Monte-Carlo simulation study.
Flexible data generation algorithm eases the utility of the proposed model in survival and/or reliability
application which is accomplished by real data analyses and by comparing with other potential life distri-
butions.

We believe that the QXGGec distribution can be utilized as useful generalization of the quasi xgamma distri-
bution and can be well applied for data modeling in the field of survival and reliability analyses and other
possible areas to explain uncertainties.
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Appendix A. R code

#The function QXGGc multiply by X#
XQXGG = function(x, theta)

{

alpha = thetal[1l]

thetal = thetal[2]

p = theta[3]

x1 = alpha+((thetal”2/2))*x"2

X2 = exp(-thetal*x)

x3 = (1-((p*x2*(1l+thetal*x+x1))/(l+alpha))) " (-2)
const = thetal*(l1-p)/(l+alpha)

const¥*x*x1*x2*x3

}

#Numerical integration of the Mean of X#
MEAN = function(theta)
{
ttl = seq(l,1,1=1length(thetal[,1]))
for(i in 1:length(thetal[,1])){
ttl[i]= integrate(XQXGG,®,Inf,theta=thetali,])$val
}
ttl
}

#Mean of X by the Summation in equation (9)#
mom=function(r,M, thetal){
alpha=thetal[1]
theta=thetal[2]
p =thetal[3]
sum=0
for(k in 0:M){
for(n in 0:k){
for(i in 0:(n+1)){
for(j in 0:(k-n)){
tl=choose(n+1,i)*choose(k,n)*choose(k-n, j)
t2=(p k) *(alpha”"(n-i+1))/((27i)*((alpha+1) " (k+1)))
t3=gamma (2*i+j+r+1)/((theta"r)*(k+1) " (2*i+j+r))
sum=sum+(tl*t2*t3)
}
}
}
}
sum* (1-p)

}
RURUAURRRRBRBAUAURRBRBRRAR AR RR BB RHARARRRRH
#Numerical integration at N truncated terms#
thetal=rbind(c(0.8,1.2,0.1),

c(0.8,6 ,0.1),
c(2.5,1.2,0.1),
c(2.5,6 ,0.1),
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c(0.8,1.2,0.4),
c(0.8,6 ,0.4),
c(2.5,1.2,0.4),
c(2.5,6 ,0.4),
c(0.8,1.2,0.9),
c(0.8,6 ,0.9),
c(2.5,1.2,0.9),
c(2.5,6 ,0.9))
round (cbind (MEAN (thetal)),5)

#Mean of X by the Summation#

for(i in 1:12){

print (rbind (round (mom(1,10, thetal[i,]),5),
round (mom (1,50, thetal[i,]),5),
round (mom (1,80, thetal[i,]),5)))
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