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Abstract. In this paper we discuss the existence and uniqueness of solutions of a certain type of nonlinear
Volterra integro-dynamic equations on time scales. We investigate the problem in the setting of a complete b-
metric space and apply a fixed point theorem with a contractive condition involving b-comparison function.
We use the theorem to show the existence of a unique solution of some particular integro-dynamic equations.

1. Introduction and Preliminaries

Many problems in science and engineering are modeled by differential or integral equations and in some
cases by integro-differential equations. The integro-differential equations contain both derivatives and
integrals of the unknown function. On the other hand, the studies related with unification of continuous
and discrete problems, in other words, problems defined on time scales have gained a lot of attention
recently. Accordingly, the integro-differential equations have been generalized on an arbitrary time scale
as integro-dynamic equations [15].

The problem of existence and uniqueness of solutions of differential, difference, and integral equations
is one of the main application areas of the fixed point theory. In addition, the problems involving fractional
derivatives are studied as fixed point problems [1]. The question of existence and uniqueness of integro-
differential equations has also been investigated by many authors, see e.g. [16, 22, 23]. However, there are
only few studies regarding the existence and uniqueness of solutions of integro-dynamic equations.

We start with a brief introduction of the basic concepts on time scales.

Definition 1.1. ([10],[13])

1. A time scale is an arbitrary nonempty closed subset of the real numbers. A time scale is usually denoted by the
symbol T.

2. Fort € T the forward jump operator o : T+ T is defined as

ot)=inf{s € T:s>t}.
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3. Fort € T the backward jump operator p : T +— T is defined as
p(t) =supf{s e T:s < t}.

4. We set
infd=supT, supO=infT.

Remark 1.2. It is easy to see that for any t € T we have o(t) > t and p(t) < t.

Let T be a time scale with forward jump operator and backward jump operator o and p, respectively.

Definition 1.3. ([10],[13]) We define the set

T\(p(supT),supT] if supT < oo
T =
T otherwise.

Definition 1.4. ([10],[13]) The graininess function u : T + [0, 00) is defined as

u(t) =o(t) - t.

Definition 1.5. ([10],[13]) Let f : T + R be a function and let t € T*. We define f*(t) to be the number, provided
it exists, as follows: for any € > O there is a neighborhood U of t, U = (t — 6, + 0) N T for some 6 > O, such that

[f(o()) — f(s) —fA(t)(o(t) —-s) <elo(t)—s| for all sel, s+ad(t).

FA(t) is called the delta or Hilger derivative of f at t.
f is delta or Hilger differentiable or shortly, differentiable, in T* if f*(t) exists for all t € T*.
The function f* : T — R is said to be delta derivative or Hilger derivative or shortly, the derivative, of f in T*.

Remark 1.6. If T = R, then the delta derivative coincides with the classical derivative.

Note that the delta derivative is well-defined. For the properties of the delta derivative we refer the reader
to [10] and [13].

It should be mentioned that there is another type of derivative defined on time scales known as nabla
derivative. Its definition reads as follows.

Definition 1.7. ([10]) Let f : T + R be a function and let t € T, where T,, = T — {m}, if T has right-scattered
minimum m and T, = T otherwise. We define f" (t) to be the number, provided it exists, as follows: for any € > 0
there is a neighborhood U of t, U = (t — 6,t + 6) N T for some 6 > 0, such that

F(p®) = f) = f¥(p(H) =s) < elp(t) = s for all sel, s#p(h)
FY(t) is called the nabla derivative of f at t.

We refer the readers to some very recent studies related with these two types of derivatives of fractional
order [2, 3]. In this study, we only deal with the delta derivative.

Definition 1.8. ([10],[13]) A function f : T +— Ris called requlated provided that its right-sided limits exist(finite)
at all right-dense points in T and its left-sided limits exist(finite) at all left-dense points in T.

Definition 1.9. A continuous function f:T +— R is called pre-differentiable with region of differentiation D,
provided that
1. DcTr,

2. T*\D is countable and contains no right-scattered elements of T,
3. f is differentiable at each t € D.
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Theorem 1.10. ([10], [13]) Let ty € T, xo € R, f : T* +— R be a given requlated map. Then there exists exactly
one pre-differentiable function F satisfying

FA(t) = f(t) for all teD, F(t)=xo.

Definition 1.11. ([10],[13]) Assume that f : T +— IR is a requlated function. Any function F by Theorem 1.10 is
called a pre-antiderivative of f. The indefinite integral of the requlated function f is defined as

f F(OAE = F(t) +c,

where c is an arbitrary constant and F is a pre-antiderivative of f. The Cauchy integral is defined as

f f)At = F(s) —F(t) for all t,s5€T.
A function F : T +— R s called an antiderivative of f : T +— R provided
FA(t) = f(t) holds for all teT*.

Finally, we give the definition and some properties of the monomials on time scales.

Definition 1.12. ([13, 14]) Monomials on time scales are defined recursively as follows.

I’lo(t,a{) = 1,
t
hta) = fhg(t,a)At:t—a,
a 1)
t
mta) = [ hoatan
fork > 2.

A useful property related with the upper bound of time scale monomials is given in [14].
Theorem 1.13. [14] For each k € Ny the inequality

(t—a)f

hk(t, a) < x

holds foreacht,a € T, t > au.

For detailed information on basic calculus on time scales we refer the reader to [10] and [13]. In what
follows, we define the Volterra integro-dynamic equation of the second kind which will be discussed in the
next section.

Let T be a time scale with delta differential operator A and forward jump operator o, respectively.

Definition 1.14. A Volterra integro-dynamic equation of the second kind is given as

O™ (x) = u(x) + f F(s,x,0(s),0(x), p(s))As, x € [xo, Alr. (3)

X0

Here u : [xo, Alr — Rand F : ([xo,Alr)* X R = Rare given functions, and ¢ is the unknown function.
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In this study, we consider the special case where the equation (3) contains a first order A-derivative, that
is, an equation of the form

gbA(x) = u(x) + f F(s,x,0(s),0(x), $(s))As, x € [xp, Alr. 4)

Xo
We will investigate the existence and uniqueness of the solution of the equation (4) on a b-metric space.

The concepts of b-metric and b-metric spaces have been thoroughly employed in connection with fixed
point theory and its applications. We first recall the definition of b-metric space.

Definition 1.15. Let X be a nonempty set and let d : X x X — [0, o) be a function satisfying

1. dix,y) =0ifand only ifx = y,
2. d(x,y) = d(y, x),
3. d(x,y) < s[d(x,z) +d(z, )],

for all x,y,z € X and some constant s > 1. Then the function d and the space (X, d) are called a b-metric and a
b-metric space with a constant s, respectively.

For a detailed overview on the subject we refer the reader to [7, 12].

The theoretical ground of our application is an existence-uniqueness theorem for contractive mappings
defined on b-metric spaces via b-comparison functions. Berinde [8] and Rus [20] defined first the comparison
functions and later the b-comparison functions in order to generalize the Banach contraction mapping
principle. Below we briefly recall the basic notions on comparison and b-comparison functions.

Definition 1.16. ([8],[9],[20])

1. Comparison function is an increasing mapping ¢ : [0, +00) — [0, +00) satisfying the condition ¢"™(t) — 0, as
n — oo for any t € [0, co0) where @" is the n-th iterate of @.

2. Forareal number s > 1 a b-comparison function is a function @y : [0, +00) — [0, +0c0) satisfying the conditions
(b1) @y is increasing,

o]

(Do) there exist ko € IN, a € (0, 1) and a convergent series of nonnegative terms Z Vi such that sk”(p’g“(t) <
k=1

ast @i (t) + v for k 2 ko and any t € [0, co).

In the sequel, we denote the class of b-comparison functions by ®,. Obviously, every b-comparison
function is a comparison function.
We will need the following essential properties in our further discussion.

Lemma 1.17. ([8],[20]) If ¢ : [0, +00) — [0, +00) is a comparison function (or a b-comparison function), then the
following hold:

(1) each iterate ¢* of @ k > 1, is also a comparison (b-comparison) function;
(2) @ is continuous at 0;
(3) @(t) <t foranyt>0.

Lemma 1.18. [9] For a b-comparison function ¢y : [0, +00) — [0, +00) the following hold:
(1) the series Z sk(p’;(t) converges for any t € [0, +00);
k=0

(2) the function bs : [0, +00) — [0, +o0) defined by bs(t) = Z sk(p’g(t), t € [0, o) is increasing and continuous at
k=0
0.
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Example 1.19. The following functions are comparison functions (respectively b-comparison functions withs > 1).
1. @(t) = kt (respectively @u(t) = Igt, where k € [0, 1)).
2. @(t) = In(1 + kt) (respectively pp(t) = In (1 + lg{t)) , where k € [0,1)).

).

t ) t
3. p(t) = 177 (respectively @y(t) = A+

For more details on comparison functions and examples we refer the reader to [8, 9, 20].
One of the interesting fixed point results, by using comparison function was given by Bota et al. [11].

Theorem 1.20. Let T be a continuous self mapping on a complete b-metric space (X, d) with constant s > 1 and let
a: X x X — [0, 00) be an auxiliary function such that

alx,y) 21 = a(Tx, Ty) > 1.

Assume that @y : [0, +00) — [0, +00) is a b-comparison function and there exists xo € X such that a(xy, Txg) > 1. If
the inequality
a(x, y)d(Tx, Ty) < @u(d(x, y)),

is satisfied for all x, y € X, then T possess a fixed point. In addition, if for any pair x,y € X, there exists z € X such
that a(x,z) > 1 and a(y, z) > 1, then we guarantee the uniqueness of the obtained fixed point.

Contraction mappings defined via the function « in the statement of the Theorem 1.20 are known as
the a-admissible mappings and can be regarded as generalizations of the usual contraction mappings.
Admissible mappings are also an attractive concept in fixed point theory [4, 19]. It is easy to deduce several
consequences of Theorem 1.20, by setting the auxiliary function a and also setting the b-metric constant
s =1, see e.g. [17]. Among them, by letting a(x, y) = 1, we state the following corollary of Theorem 1.20
that was reported by Pacurar [18] as follows.

Theorem 1.21. Let (X, d) be a complete b-metric space with constant s > 1 and let T : X — X be a self mapping on
X. Assume that @y : [0, +00) — [0, +00) is a b-comparison function. If for all x, y € X we have

d(Tx, Ty) < pp(d(x, ),
then T has a unique fixed point.

For more results related with contraction mappings on b-metric spaces and comparison functions we refer
the reader to [6, 11].

2. Existence and uniqueness theorem

In this section we consider an initial value problem associated with a nonlinear Volterra integro-dynamic
equations and discuss the existence and uniqueness of its solution in the setting of b-metric spaces. Now
we state our application.

Let T be a time scale with delta differential operator A and forward jump operator o, respectively.
Consider the initial value problem

LRIEY
(P(XO) =

u(x)+f K(s, x,0(s), 0(x))E(p(s))As, x € [xo, Alr, 5)

where u : [xg, Alr — Rand K : ([xo,A]lr)* » Rand F: R — R are given functions. Let C[xy, Alr be the
space of continuous functions on [xo, A]lr and let d : [xo, A]r X [x0, A]lT — [0, ) be defined as

d(x,y) = sup |x(t) - y(OI*. (6)

tEC[XU,A]jr
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Then, d is a b-metric on C[xg, Al with s = 2 and the space (C[xo, AlT, d) is a complete b-metric space [11].
First, we notice that the initial value problem (5) can be transformed to the form

t t X
qb(t):a+f u(x)Ax+f f K(s, x,0(5), 0(x))F(¢p(s))AsAx, t € [xo, Alr, (7)

upon taking the delta integral of both sides on [xo, t], where ¢ € [xo, A]lr. It is easy to see that if the functions
u, K and F are delta integrable, then the right-hand-side of (7) is a continuous function on [xg, A]r. Define
the mapping T : Clxg, A]lt — Clxo, AlT as

t t X
T(p(t):a+f u(x)Ax+f f K(s, x,0(s), o(x))EF(p(s))AsAx, ,t € [xo, Alr. (8)

0

Obviously, a solution of the problem (5) (equivalently (7)) is a fixed point of T.
In what follows, we propose the following existence-uniqueness theorem for the solution of (5).

Theorem 2.1. Let T be a time scale and [xo, Alt be a finite interval for some xo, A € T. Assume that for any
¢, Y € Clxo, Al the following conditions are satisfied.

1. |p@)| < C, that is, ¢ is bounded on [xo, Alr.
2. the functions u and K are delta integrable on [xo, AlT,
3. the function F is delta integrable on [x, AlT and satisfies

IF(¢()) = F@6)P < pullp(s) = p6)F), s € [xo, Alr, ©)
for some b-comparison function @y.
4. we have
3 X
f f K(s,x,0(s),0(x))PAsAx < L, x,t € [xo, Alr, (10)
for some L < #
(A —x0)?

Then, the map T defined in (8) has a unique fixed point, that is, the integral equation (5) has a unique solution in
C[XOrA]T~

Proof. By the definition of the map T in (8) and the Cauchy-Schwarz inequality for integrals on time scales
[5]

b 2 b b
( f f(x)g(x)Ax) s( f (f(x))zAx) ( f (g(x))zAx),

we get

2

ITp(t) - TP

t X
[ & 09,00 [Fo9) - Fegen] asax

t X t X
< ( f f IK(s,x,a(s),a(x))lesAx)( f f |F(qb(s))—F(1,b(s))|2AsAx).

Employing the conditions (9) and (10) we obtain

A

t X
ITo(t) = TP < L( f f Pu(lp(s) — 1P(S)Iz)AsAX),
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where the function ¢y, is a b-comparison function. Taking the supremum over [xy, Alr together with the
definition of the metric (6), we get

t X
A16,79) < Lo, 9) [ [ st (a1)
Notice that

£ ¢ ¢
f f AsAx = f (x — x9)Ax = f hy(x, x0)Ax = hy(t, x0), (12)
X0 YXo X0 Xo

where /1 and h; are the time scale monomials defined in (1). It follows from the condition 4. of the theorem,
the inequality (11) and the Theorem 1.13 that

HTHTY) < Unlt 30l )
< 155 o)

‘N2
< L4200 g, )

< ould(S, v).

Then, by the Theorem 1.21, the map T defined in (8) has a unique fixed point, that is, the integral equation
(5) has a unique solution in C[xp, A]ly. O

This theorem has several consequences which we give below.

Corollary 2.2. Let T be a time scale and [xo, Alr be a finite interval for some xo, A € T. Assume that for any
¢, ¥ € Clxo, Al the following conditions are satisfied.

1. |p@®)| < C, that is, ¢ is bounded on [xo, Alr.

2. the functions u and K are delta integrable on [xo, AlT,

3. the function F is delta integrable on [xo, AlT and satisfies

IF((5)) - FW(s))P < %@(s) — )R, s € [xo,Alr. (13)
4. we have
fx: f ) K(s, x, (s), 0(x))PAsAx < L, x,t € [xo, Alr (14)
2

for some L < A-np

Then, the map T defined in (8) has a unique fixed point, that is, the integral equation (5) has a unique solution in
Clxo, Alr.

Proof. By taking the b-comparison function ¢, in Theorem 2.1 as @u(t) = é, the proof follows immedi-

ately. O

As another consequence, we give an existence-uniqueness result on the metric space C[xp, A]r with the
usual metric d(¢, ) = sup,., 4, 1) = YOI

Corollary 2.3. Let T be a time scale and [xo, Alr be a finite interval for some xo, A € T. Assume that for any
¢, ¥ € Clxo, Al the following conditions are satisfied.

1. |p@®)| < C, that is, ¢ is bounded on [xo, Alr.
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2. the functions u and K are delta integrable on [xo, AlT,
3. the function F is delta integrable on [xo, AlT and satisfies

IE(p(s)) = F@ 6Dl < @lp(s) = P(s)l),  s,x € [xo, Alr, (15)
for some comparison function .
4. we have
f fx |K(s, x,0(s), 0(x))|AsAx < L (16)
for some L < #
(A - x0)?

Then, the map T defined in (8) has a unique fixed point, that is, the integral equation (5) has a unique solution in
Clxo, Alr.

Proof. Let (C[xo, Alr, d) be the metric space with the usual metric d(¢, ) = sup,,, 4}, [¢() — P (f)] and ¢ be
a given comparison function. The proof follows from Theorem 1.21 withs =1. [J

3. Applications

In this section we apply the result in Theorem 2.1 to particular examples of Volterra integro-dynamic
equations of the second type.

Example 3.1. Let T = 2MNo. Consider the following nonlinear Volterra integro-dynamic equation

3 £ 1 1482 1
= % m w o L4 17
v w ot ), o ety e (17)

together with the initial condition ¢(1) = 1. Note that here we have ,

o(t) =inf{s e T =20 : s > t} = inf{2t,4t,..} =2t, teT.

In fact, it is easy to see that ¢(t) = nisa solution of given nonlinear Volterra integro-dynamic equation (17).
Indeed,

11
N I . R
PA(t) = =t = P~ ap te[1,4].

3
Let f(t) = 1t4—0 - 1411—0, t € [1,4]. Then, the delta derivative of f(t) can be computed as

2

1 1 t
Afpy — 2 2\ _ 2 2 2y _
o = 140(0 (t)+to(t)+t) 140(4t +2t° + 1) 20" te[l,4].
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Therefore, the right hand side of the nonlinear Volterra integro-dynamic equation (17) becomes

S

=i

2

t 2
1+s
I e
f1 20 1420

Ax].

5339

(18)

_i_ﬁ+L+f1+s 1 .. 3_ £, 1
48 140 140 J; 20 1+ |¢(s)| C 48 140 0 140
3 t 2
3 t 1 s_AS
IR 140 140
3
T 1430 140 f fAs)as
3 t
r 140 140 vf (S)‘s 1
I I S
48 140 © 140 140 140
__ 3 _ £, 1, £ 1
N 45 140 140 140 140
=5 =00, tell 4l
For the given example the map T in (8) is defined by
t
3 1+s2
To@t) =1 +£ (_E a0t 140)Ax f f 0 1+|¢( )|AsAx, te[l,4]r
so that K(s, x,0(s), o(x)) = 1 Al s , F(p(s)) = zm By the assumptions of theorem, let |p(t)| < C = 4, Then,
from the definition of the map T in (18) and the Cauchy-Schwarz inequality, it follows that
EETSY 1 ’
2
e -1yl 0 277 |¢(s)| T P
<(ftfx (1+52)2A5Ax) ftfxl B
“\Ji i 100 N\ Ji 4|1+1oGs)l
Observe that )
1 1 f Hioe) - )|
2
AT+16@1 T+Ig6) 1+ 166) + 1y )] + 19|
2
ool - )|
<
L+1p@E)P + eI
i) - |¢(s>||
<
L+ 30O)F + ipEF
i||</>(s)| - 1)
<
1+ glp()P + ﬁIIPgS)IZ A OIE

Hoe) - 1)

.
1+ 3i6©)l - pe)|

Using the inequality # <In(l +7)forr> -1, leads to

t X t X
ITp — TyP < (ﬁ fl fl a +32)2A5Ax).( f1 fl In(1 + }I|I¢(s)| - |¢(s)|]2)AsAx),
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for |p(s)| = [ (s)| > —4, which is valid by the assumption |¢(s)| < 4. Then, evaluating the delta integral and using
x| < 4 we get

(6 o 2 286 oan
2 < _ _
7o =Tyl —100(1953 0573 217 9765)( f f In+7 ||‘P SRR )ASA")

< L(f1 fl In(1 + Z||<p(s)| - |¢(s)|’ )AsAx),

where L = 3% Taking the supremum over t,s € [1, 4]y together with the definition of the metric (6), one gets

d(Tp, TY) < Ln(L+ 3d(¢, ) ([ [ Asax)
= LIn(1 + 1d(¢, Y))ha(t, 1),

whereupon by the Theorem 1.13 we get

1)2

d(Tp, T) <LIn(l+ d(qb tp))

4
<18 —d(qup)).

2

Since L = 1%

106 and t,x € [1,4]r, that is, |x| < 4 and |t| < 4, then L4

= 100 < 1, and hence,

A(Te, Typ) < L(A Ui

1
In(1+ —d(qb, ¥)) <In(1 + Zd(q), V).
Choosing the b-comparison function as gy(t) = In(1 + 1t) (see the Example 1.19), we have

d(Tp, Ty) < pu(d(¢, ¥))-

Therefore, by the Theorem 2.1 the map T defined in (18) has a unique fixed point, that is, the integral equation (17)
given in the example has a unique solution in C[1,4]r.

Example 3.2. Let T = Z. Consider the following nonlinear Volterra integro-dynamic equation on T = Z.

+1|As, x€]1,4]r, (19)

t3 1 tos
A = 2t+1- - JoG)
P2 (t) t+ 60\/§+60\/§+ ' 20\/5[ P(s) +

together with the initial condition (1) = 1. On T = Z we have

1
3/9(s)

o)=inflseT=2Z:s>t}=inf{t+1,t+2,..}=t+1, teZ.
It is easy to see that ¢(t) = 2 is a solution of given nonlinear Volterra integro-dynamic equation (19). Clearly,

oAb = % —o(t)+t=2t+1, tel[l,4].

13
1
Let f(t) = € [1,4]. Then, the delta derivative of f(t) is computed as follows
f 60v2 60v2 i : 4
1 1 2 t 1
A 2 2 2 2
H=——=lo"B)+to®) +1t°) = ——=((t+ 1) "+t +1)+ 1) = + + ,
f 60\/5( ) 60 V2 20V2  20V2 602
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fort € [1,4]. Therefore, the right hand side of the nonlinear Volterra integro-dynamic equation in (19) becomes

s+l+1)As

I g
2t+1- +—\/§+f
60v2 60 120\/'
3 1 1
=2t+1- (s +s+ )As

60\/_ 60\/_ 120\/—
60\/_ 60\/_ ffs)As

B 1
=2t+1- + f(s)
60\/_ 60 V2 /s t
3 3
Copal- t 1 so 1 )
60\/_ 60\/_ 60\/5 60 V2 |sy
1

£

60\/_ 60\/_ 60«/5_ 60 V2

=2t+1=¢"t), tell,4]

=2t+1-

For this example the map T in (8) is given by

T¢(t)=1+flt(2x+1—6gi/_ 60\/_) fflzox/'[‘/(PT o +1]A5Ax (20)

for t € [1,4]r where K(s,x,0(s),0(x)) = ==, and F(¢(s)) = —(\/(j)(

\/ P(s)
theorem, let 1 < |(t)| < C for some C > 1
Then, by the definition of the map T in (8) and the Cauchy-Schwarz inequality, it follows that

+ 1). By the assumptions of

2

-t U f1 202 [(J_ sy OO x/_ H\/imx e
([ mAsAx)(ff FERINTE 3W§| ]

We observe that

L N o R (L IO g YA GO IRk W M7

3p(s) V() 3V9E Vi)
s 1[50 - il

O i
since | A[P(s) — P (S)] < |p(s) — Y(s)|, for P(s), P(s) = 1. The first integral in (21) is computed as

t X 2 4 3
S 1 t t 5 t
—AsAx — — ==
f 400 400( 3 * 12 6)'
whereupon,

4 3
d(To,Ty) < 4(1)0 (t— L2 ——)( f f =|d(s) — 1/J(s)|2AsAx)
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Since |x| < 4, we have
t X
AT, T <L ( INECE ¢<s>|2AsAx),

1
where L = 0 Taking the supremum over t € [1,4]r together with the definition of the b-metric (6), one gets

L%d(cp,gb) j: jl‘x AsAx

L3d(g, Pa(t, ).

d(To, Ty)

IA

By the Theorem 1.13 we estimate

(A )

2
AT, T) < L= 2, ).

1
Since L = 0 and t,x € [1,4]r, so that, |x| < 4 and |t| < 4, we get

(A 1)2
AT, Ty) < L——>d(¢, ) = Od(qb/ ¥)

because of the fact that L @ 1)

to

= 5. Choosing the b-comparison function as py(t) = —t (see the Example 1.19) leads

AT, TY) < puldg, ¥) = 34, ) < (B, D).

Therefore, by the Theorem 2.1, the map T defined in (20) has a unique fixed point, that is, the integral equation (19)
given in the example has a unique solution in C[1,4]r.

4. Conclusion

The existence-uniqueness problem studied in this paper is solved by means of the Theorem 2.1 which
gives conditions for the existence and uniqueness of solutions for a class of nonlinear Volterra integro-
dynamic equations of the second kind on arbitrary time scales. The equation considered here contains
delta derivative of first order. However, it is possible to extend this study to the initial value problems
associated with integro-dynamic equations containing higher order delta derivatives which can be regarded
as a direction for a future study.
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