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Abstract. Topological gyrogroups, with a weaker algebraic structure than groups, have been investigated
recently. In this paper, we prove that every feathered strongly topological gyrogroup is paracompact,
which implies that every feathered strongly topological gyrogroup is a D-space and gives partial answers
to two questions posed by A.V.Arhangel’ skif (2010) in [2]. Moreover, we prove that every locally compact
NSS-gyrogroup is first-countable. Finally, we prove that each Lindel6f P-gyrogroup is Ratkov complete.

1. Introduction and Preliminaries

Recently, W. Atiponrat [3] has defined the concept of topological gyrogroups as a generalization of
topological groups and discussed some properties of them. In [4], the authors proved that each topological
gyrogroup is a rectifiable space. Therefore, Mobius gyrogroup and Einstein gyrogroups are all rectifiable
spaces, see [3]. A gyrogroup is a relaxation of a group such that the associativity condition has been replaced
by a weaker one, which has become an interesting topic in algebra, see [6, 7, 13-15]. Indeed, this concept of
a gyrogroup is originated from the research of c-ball of relativistically admissible velocities with Einstein
velocity addition as mentioned by A.A. Ungar in [17].

The purpose of this paper is to investigate some properties of topological gyrogroups and the coset space
of topological gyrogroups. In particular, we prove that every feathered strongly topological gyrogroup is
paracompact, every locally compact NSS-gyrogroup G is first-countable and each Lindel6f P-gyrogroup G
is Ratkov complete. These results extend some well known results of topological groups.

Throughout this paper, all topological spaces are assumed to be Ty, unless otherwise is explicitly stated.
Let IN be the set of all positive integers and w the first infinite ordinal. The readers may consult [1, 5, 11] for
notations and terminologies not explicitly given here. Next we recall some definitions and facts.

Definition 1.1. ([3]) Let G be a nonempty set, and let @ : G X G — G be a binary operation on G. Then
the pair (G, ®) is called a groupoid. A function f from a groupoid (G1,®1) to a groupoid (G2, ®,) is called
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a groupoid homomorphism if f(x @ y) = f(x) ® f(y) for any elements x,y € G;. Furthermore, a bijective
groupoid homomorphism from a groupoid (G, ®) to itself will be called a groupoid automorphism. We write
Aut(G, @) for the set of all automorphisms of a groupoid (G, ®).

Definition 1.2. ([17]) Let (G, ®) be a groupoid. The system (G, ®) is called a gyrogroup, if its binary operation
satisfies the following conditions:

(G1) There exists a unique identity element 0 € G such that0®a =a=a®0foralla € G.

(G2) For each x € G, there exists a unique inverse element ©x € G such thatex®x =0 = x & (&x).

(G3)Forallx, y € G, there exists gyr[x, y] € Aut(G, ®) with the property that x&(y®z) = (x®y)®gyr[x, y](z)
forallz € G.

(G4) For any x, y € G, gyr[x ® y,y] = gyrx, y].

Notice that a group is a gyrogroup (G, ®) such that gyr[x, y] is the identity function for all x, y € G. The
definition of a subgyrogroup is as follows.

Definition 1.3. ([14]) Let (G, ®) be a gyrogroup. A nonempty subset H of G is called a subgyrogroup, denoted
by H < G, if the following statements hold:

(i) The restriction @|p«py is a binary operation on H, i.e. (H, ®|uxp) is a groupoid.

(if) For any x,y € H, the restriction of gyr[x,y] to H, gyrlx,ylly : H — gyrlx, yl(H), is a bijective
homomorphism.

(iii) (H, ®|nxn) is a gyrogroup.

Furthermore, a subgyrogroup H of G is said to be an L-subgyrogroup [14], denoted by H <; G, if
gyrla,h](H) = Hforallae Gand h € H.

Proposition 1.4. ([14]) Let (G, ®) be a gyrogroup, and let H be a nonempty subset of G. Then H is a subgyrogroup
if and only if the following statements are true:

1. Forany x € H,©x € H.

2. Foranyx,y€ H, x®y € H.

Lemma 1.5. ([17]). Let (G, ®) be a gyrogroup. Then for any x,y,z € G, we obtain the following:
IL.ex)okxoy) =y.
2. (x& (ey)) & gyrlx, Oyl(y) = x.
3. (x@gyrlx, yl©y)) &y = x.
4. gyrlx, yl(z) =0(x @ y) ® (x ® (y © 2)).

Definition 1.6. ([3]) A triple (G, 7, ®) is called a topological gyrogroup if the following statements hold:

1. (G, 1) is a topological space.

2. (G, ®) is a gyrogroup.

3. The binary operation @ : G X G — G is jointly continuous while G X G is endowed with the product
topology, and the operation of taking the inverse ©(-) : G — G, i.e. x — ©x, is also continuous.

Definition 1.7. ([15]) Let (G, 7, ®) be a topological gyrogroup, and let A, B be subsets of G. We will define
A @ B and ©A as follows:
A®B={a®b:acAbeBland ©A = {ca:a € A} = () 1(A).

Definition 1.8. ([17]) Let (G, ®) be a gyrogroup, and let x € G. We define the left gyrotranslation by x to be
the function L, : G — G such that L,(y) = x @ y for any y € G. In addition, the right gyrotranslation by x is
defined to be the function Ry(y) = y® x for any y € G.

Definition 1.9. ([5]) A topological space X is paracompact if every open covering of X can be refined by a
locally finite open covering.

Definition 1.10. ([5]) A continuous mapping f : X — Y is called closed (resp. open) if for every closed (resp.
open) set A C X the image f(A) is closed (open) in Y.
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Definition 1.11. ([5]) A continuous mapping f : X — Y is perfect if f is a closed mapping and all fibers
f~1(y) are compact subsets of X.

Definition 1.12. ([5]) A family y of open sets in a space X is called a base for X at a set F C X if all elements
of y contains F and, for each open set V that contains F, there exists U € y such that U C V. The character
of X at a set F is the smallest cardinality of a base for X at F.

2. Basic Properties of Topological Gyrogroups
In this section, we study some basic properties of topological gyrogroups. First, we recall two lemmas.

Lemma 2.1. ([3]). Let (G, T, ®) be a topological gyrogroup, and let x € G. Then
o(): (G,1) = (G,1),Ly : (G,7) = (G, 1) and Ry : (G, 7) = (G, 1)
are all homeomorphisms.

Lemma 2.2. ([3]) Let (G, 1,®) be a topological gyrogroup, and let U be a neighborhood of the identity 0. Then the
following three statements hold:

1. There is an open symmetric neighborhood V of 0 in G such that V.Cc Uand VeV C U.
2. There is an open neighborhood V of 0 such that ©V c U.

3. If Ais a subset of G, A ¢ W & A for any neighborhood W of the identity 0.

Proposition 2.3. ([3]) Let (G, T, ®) be a topological gyrogroup, and H a subgyrogroup of G. Then the closure of H
in G is also a subgyrogroup of G.

Proposition 2.4. ([3]) Let (G, ®) be a gyrogroup, U an open subset of G and A any subset of G. Then the set U & A
and A @ U are all open in G.

Lemma 2.5. Forany subsets A, B and C of a gyrogroup G, we have (A®B) (N C = 0 ifand only if B(((©A)®C) = 0.

Proof. Obviously, B(((€A) & C) # 0 if and only if there exists a point x € G such that x € B(((A) & C),
if and only if there exista € A,b € B,c € Csuch thatx =b =ea®c, if and only if a ® b = ¢, if and only if
(AeB)NC+#0. O

Theorem 2.6. Let (G, T, ®) be a topological gyrogroup, and % a neighborhood base of the space G at the identity
element 0. Then, for every subset A of G, we have

A= ﬂ{UeaA,Ue U\,

Proof. By (3) in Lemma 2.2, it is clear that Ac NUe A, Ue %}

Next, it suffices to prove that {US A, U € %} C A. Assume x ¢ A, then there exists W € % such that
Wex)A=0. Let U € % such that el = U c W. Then ((&U) @ x) (1A = 0. By Lemma 2.5, we have

x¢ UdA. Hence, N{lUBA,UeX)CA. O

Theorem 2.7. Let (G, T, ®) be a topological gyrogroup, and % a family of neighborhoods of the identity 0 satisfying:
a) For every U € % , there exists V € % such that V&V C U.
b) For every U € %, there exists V € % such that 6V C U.

Then (\ % is a closed subgyrogroup of G.
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Proof. Let H = (| % . We assume that conditions a) and b) are satisfied. It is easy to see that H = ("{U & U :
Ue}=N{eU: U e %}. Clearly, for every U € %, we have that H® H c U@ U and 6H c eU. Hence
it follows that H is a subgyrogroup of G. By (3) in Lemma 2.2, we have that U Cc U ® U for every U € % .
Therefore,

ﬁzﬂ{%}cm{U:Ue%}Cﬂ{UEBU:Ue%}:H.
ThusH=H. 0O

By [4], we see that every topological gyrogroup G is rectifiable. Therefore, it follows from [4] and [10]
respectively that we have the following two corollaries.

Corollary 2.8. ([4]) If (G, T, ®) is a topological gyrogroup, then the gyrogroup is first-countable if and only if it is
metrizable.

Corollary 2.9. ([10]) Let (G, T, ®) be a topological gyrogroup. Suppose that H is a compact subgyrogroup of G, and
S is a closed subgyrogroup of G. Then H® S and S ® H are all closed in G.

3. Feathered Topological Gyrogroups

In this section, we discuss the strongly topological gyrogroups. We mainly prove that each feathered
strongly topological gyrogroup is paracompact. First, we define the strongly topological gyrogroup.

Let G be a topological gyrogroup. We say that G is a strongly topological gyrogroup if there exists a
neighborhood base % of 0 such that, for every U € %, gyr[x, y](U) = U for any x, y € G. For convenience,
we say that G is a strongly topological gyrogroup with neighborhood base % of 0. Clearly, we may assume
that U is symmetric for each U € % . Moreover, it is easy to see that each topological group is a strongly
topological gyrogroup. However, there exists a strongly topological gyrogroup which is not a topological
group, see Example 3.1.

Example 3.1. There exists a strongly topological gyrogroup which is not a topological group.

Indeed, let D be the complex open unit disk {z € C : |z| < 1}. We consider D with the standard topology.
In [3, Example 2], define a Mobius addition @y : D X D — D to be a function such that

a+b
adyb= mforalla,beD.

Then (D, @) is a gyrogroup, and it follows from [3, Example 2] that

1+ab
gyrla, bl(c) = 117

cforanya,b,ceD.

Foranynew,letU, ={x €D : x| < %}. Then, % = {U, : n € w} is a neighborhood base of 0. Moreover, we

observe that H:Zlb’l = 1. Therefore, we obtain that gyr[x, y](U) C U, for any x, y € D and each U € %, then it

follows that gyr[x, yl(U) = U by [14, Proposition 2.6]. Hence, (D, ®y) is a strongly topological gyrogroup.
However, (D, ®y) is not a group [3, Example 2].

Remark. Mobius gyrogroups, Einstein gyrogroups, and Proper velocity gyrogroups, that were studied
e.g. in [6, 7, 17], are all strongly topological gyrogroups; however, they do not possess any non-trivial L-
subgyrogroups, hence the theory of this paper does’t apply to the Mobius gyrogroups, Einstein gyrogroups
or Proper Velocity gyrogroups. However, there exists a class of strongly topological gyrogroups which has
a non-trivial L-subgyrogroup, see Example 3.2.

Example 3.2. There exists a strongly topological gyrogroup which has an infinite L-subgyrogroup.
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Indeed, let X be an arbitrary feathered non-metrizable topological group, and let Y be an any strongly
topological gyrogroup with a non-trivial L-subgyrogroup (such as the gyrogroup Kie [19, p. 41]). Put
G = X XY with the product topology and the operation with coordinate. Then G is an infinite strongly
topological gyrogroup since X is infinite. Let H be a non-trivial L-subgyrogroup of Y, and take an arbitrary
infinite subgroup N of X. Then N X H is an infinite L-subgyrogroup of G.

The following two questions are well known in the study of rectifiable spaces.
Question 3.3. ([2]) Is every rectifiable p-space paracompact?
Question 3.4. ([2]) Is every rectifiable p-space a D-space?

It is well known that a paracompact p-space is a D-space. Obviously, if we can prove that each rectifiable
p-space is paracompact, then the answer to Question 3.4 is also positive. Since each topological gyrogroup
is a rectifiable space, it is natural to pose the following two questions.

Question 3.5. If a topological gyrogroup is a p-space, is it paracompact? What if the topological gyrogroup is a
strongly topological gyrogroup?

Question 3.6. Ifa topological gyrogroup is a p-space, is it a D-space? What if the topological gyrogroup is a strongly
topological gyrogroup?

Next we prove that every feathered strongly topological gyrogroup is paracompact, which gives an
affirmative answer to Question 3.5 when the topological gyrogroup is a strongly topological gyrogroup,
see Corollary 3.15. Recall that a topological gyrogroup G is feathered if it contains a non-empty compact set
K of countable character in G. It is well known that each p-space is feathered.

We recall the following concept of the coset space of a topological gyrogroup.

Let (G, 7, ®) be a topological gyrogroup and H a L-subgyrogroup of G. We define a binary operation on
the coset G/H in the following natural way:

@eH)®o(bodH)=(@adb)®H,

foranya,b € G. By [14, Theorem 20], it follows that G/H with the above operation forms a disjoint partition
of G. We denote by ¢ the mapping a = a ® H from G onto G/H. Clearly, we have ¢(a ® b) = ¢(a) & ¢(b) for
any 4,b € G, and for each a € G, we have ¢ !{p(a)} = a ® H. Denote by 7(G) the topology of G. In the set
G/H, we define a family 7(G/H) of subsets as follows:

7(G/H) = {0 c G/H : ¢ }(0) € 1(G)}.

Theorem 3.7. Let (G, 7, ®) be a topological gyrogroup and H a L-subgyrogroup of G. Then the natural homomorphism
@ from a topological gyrogroup G to its quotient topology on G/H is an open and continuous mapping.

Proof. By the definition of the quotient topology, the mapping ¢ is continuous. Next we show that ¢ is
open. Then it suffices to prove that ¢(U) € ©(G/H) for every U € 7(G). By the definition of topology 7(G/H),
we have that o(U) € 1(G/H) when ¢~} (¢(U)) € 1(G). For every g € G, we have ¢~ (p(g9)) = g® H. Asa
consequence, ¢~ (p(U)) = Uyeu(geaH) = U®H. So, U®H € 1(G). Hence, we have ¢(U) € 7(G/H) for every
U € 7(G). Therefore, ¢ is an open mapping. [

Theorem 3.8. Let (G, 7, ®) be a topological gyrogroup and H a L-subgyrogroup of G. If H is a compact subgyrogroup
of G, then the quotient mapping @ of G onto the quotient space G/H is perfect.

Proof. Take any closed subset P of G. Since H is a compact subgyrogroup of G, it follows from Corollary 2.9
that P®H is closed in G. Obviously, ¢ }(¢(P)) = P@H. It follows from the definition of a quotient mapping
that the set (P) is closed in the quotient space G/H. Thus ¢ is a closed mapping. Furthermore, if y € G/H
and ¢(x) = y for some x € G, we obtain that ¢!(y) = x ® H is a compact subset of G. Hence, the fibers of ¢
are compact. Thus ¢ is perfect. O
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Corollary 3.9. Let (G, T, ®) be a topological gyrogroup and H a L-subgyrogroup of G. If H is a compact subgyrogroup
of G such that the quotient space G/H is compact, then G is compact.

Lemma 3.10. Let (G, 7, ®) be a topological gyrogroup with identity element 0 and F a compact subset of G containing
0 and having a countable base {U, : n € w} in G. Suppose that a sequence y = {V,, : n € w} of open symmetric
neighborhoods of 0 in G satisfies V1@ V1 € VyuNU, foreachn € w. Then H = (¢, Vi is a compact subgyrogroup
of G, H CF,and y is a base for G at H. In particular, if (G, T, ®) is a strongly topological gyrogroup with a base %
at 0 consists of symmetric neighborhoods such that each V,, € %, then H is also a L-subgyrogroup of G.

Proof. For each n € w, since V41 & Vi1 €V, we have V11 C V. From the definition of H, it follows that

H = Npew Vi = Nuew Var1 is closed L-subgyrogroup of G. In addition, H € (e, U, = F, so H is compact.

Let W be an open neighborhood of H in G. Then K = F\W is a compact subset of G disjoint from H.
If V, K # 0 for each n € w, then, by the compactness of K, the set KN ((,,e, V) = KN H is not empty,
which is a contradiction. So, KN V,, = 0 for some n € w. Itis clear that FCc WU K c W U (V,,41 & K). Since
W U (V1 @ K) is open in G, there exists an integer m such that U,, € WU (V41 @ K). Let k = max{m, n}.
Observe that KN (Vi1 @ V1) € KNV, = 0. We claim that (V11 ® K) N Vi1 = 0. Suppose not, assume that
(Vius1 ® K) N Viyq # 0. Then there exists v € Vi1, h € K, u € Viyq such that v @ h = u. By Theorem 1.5, we
have thath = ev®u € V,11 ® Viy1. Therefore, KN (V11 @ Viy1) # 0, which is contradiction with KNV, = 0.
Therefore, Vit1 = Viki N Uy C Vit N(WU (Vi1 @ K)) = Viga N W € WL That is Vg € W. This proves that
y is a base for G at H.

Clearly, if (G, 7, ®) is a strongly topological gyrogroup, then

gyrle, yI(H) = gyrlx, v\ Vi) © () gyrlx yI(Va) = (| Va = H,

new new new

hence H is a L-subgyrogroup of G. [

Theorem 3.11. Let (G, T, ®) be a feathered strongly topological gyrogroup and O be a neighborhood of the identity
element 0 in G. Then there exists a compact L-subgyrogroup H of countable character in G satisfying H C O.

Proof. Let % be the symmetric neighborhood base at 0 such that for any x,y € G, gyr[x, yI(U) = U for any
U € % . Since the gyrogroup G is feathered, it contains a non-empty compact set F with x(F,G) < w. By
the homogeneity of G, we can assume that F contains the identity element 0 of G. Let {U, : n € w} be a
countable base for G at F. We define by induction a sequence {V, : n € w} of symmetric open neighborhood
of 0 in G satisfying the following conditions:

(i) Vo cO.

(i) Vi ® Vyp c U, V, foreach n € w.

(iii) V,, €  for each n € w.
Put H = N, Vi Then H c O by (i). Furthermore, it follows from Lemma 3.10 that H is a compact
L-subgyrogroup of G and {V,, : n € w}isabase for Gat H. [

Lemma 3.12. Let G be a strongly topological gyrogroup with the symmetric neighborhood base % at 0, and let
{U, :n € w}and {V(m/2") : n,m € w} be two sequences of open neighborhoods satisfying the following conditions
(1-(5):

(1) U, € % for each n € w.

(2) Ups1 ® Uys1 C Uy, foreach n € w.

(3) V(1) = Uy

(4) Forany n > 1, put

V(1/2" = U, V2m/2") = V(m/2" 1)

form=1,..,2", and
V(m +1)/2") = U, ® V(m/2" ) = V(1/2") & V(m/2"1)

oreachm=1,..,2"-1;
f
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(5) V(m/2") = G when m > 2".
Then there exists a prenorm N on G satisfies the following conditions:
(a) for any fixed x, y € G, we have N(gyr[x, y1(z)) = N(z) for any z € G;
(b) for any n € w,
fxeG:N(x)<1/2"}cU, c{xe G:N(x) <2/2"}.

Proof. Firstly, we claim that
V(1/2" e V(m/2") c V((m+1)/2"),
for all integers m > 0 and n > 0. It is obviously true if m + 1 > 2". It remains to consider the case when

m< 2",
If n = 1, then the only possible value for m is also 1, and we have

Va/2)eV(1/2) =W el c Uy = V().

Assume that the condition holds for some # € w. Let us verify it for n+ 1. If m is even, then the condition
turns into the formula by means of which V((2m + 1)/2"*!) was defined.
Assume now that 0 < m =2k + 1 < 21 for some integer k. Therefore,
V(A/2" e Vim/2™) = U & V((2k+1)/2"1)

= U1 ® Uy @ V(K/2"))
= (UmoU1)® gyr[unﬂr U1 1(V(k/2"))
c Uu,eVv(k/2")
= van2hevk/2").

By the inductive assumption, we have
VaA/2M @ V(k/2") c V((k +1)/2") = V((2k + 2)/2" ) = V((m + 1)/2").
Now we define a real-valued function f on G as follows
flx) =inf{r > 0:x € V(r)}

for each x € G. The function f is well-defined, since x € V(2) = G, for each x € G. From the claim above
it follows that if 0 < r < s for positive dyadic rational numbers r and s, then V(r) C V(s). Moreover, in the
argument below, stand only for positive dyadic rational numbers. Hence we have that x € V(r) whenever
f(x) <r. Then f is a non-negative function, bounded from above by 2.

Next, we will show that the function N defined by the formula

N(x) = supyeclf(x @ y) = f(Y)

for any x € G, is a prenorm on G. We first claim that N(gyr[x, yl(z)) = N(z), for any x,y,z € G.

Indeed, it need to verify that for any fixed x, y € G we have, for every z € G, z € V(r) if and only if
gyr[x, yl(z) € V(r), which implies f(gyr[x, yl(z)) = f(z). For every z € G, if z € V(r), since G is a strongly
topological gyrogroup and gyr|x, y] is an automorphism, we have that gyr[x, y](V(r)) = V(r). It follows that
gyr[x, yl(z) € V(r). On the contrary, we assume that gyr[x, yl(z) € V(r). Suppose that z ¢ V(r). However,
since gyr[x, yl(V(r)) = V(r) and gyr[x, y] is an automorphism, gyr[x, y](z) ¢ V(r), which is a contradiction.

Now we can prove that N is a prenorm as follows.

(PN1) Obviously, N(0) = 0.

(PN2) N(x®y) < N(x) + N(y) for any x,y € G.

Indeed, take an arbitrary x,y € G. Then we have N(x ® y) = sup,.. If((x ® y) ® z) — f(z)|. Since
flxey)®z) = f(x® (y® gyrly, x](z))), we have that

flxey)®@z) - f(z) = flx®yogyrly x1() - f(y & gyrly, x1(z))
+f(y @ gyrly, x1(2)) — f(gyrly, x1(2)) + f(gyrly, x1(2)) — f(2).
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Therefore, N(x & y) < N(x) + N(y) + N(f(g9yrly, x](z)) — f(2)) = N(x) + N(y) since f(gyrly, x](z)) = f(2).
(PN3) N(ex) = N(x) for any x € G.
Indeed, N(&x) = SUp,cq If(ex)®y) - f(y)l = Sup,cq [f(ex)®y) — f(x & ((ex) DY) = N(x).
From the above, we obtain that N is a prenorm. Next we shall

{xeG:N(x)<1/2"}cU, c{xeG:N(x) <2/2"}

for any n € w.

It is clear that f(0) = 0. Assume that N(x) < 1/2", for some x € G. Then f(x) = [f(0® x) — f(0)| £ N(x) <
1/2", which implies that x € V(1/2") = U,. This proves that {x € G : N(x) < 1/2"} C U,.

Let x be any point of V(1/2"). Obviously, for any point y € G, there exists a positive integer k such that
(k—1)/2" < f(y) < k/2". Then y € V(k/2"). Since x € V(1/2") and ex € V(1/2"), it follows that x ® y and
(ex)®yarein V(1/2n)@ V(k/2") c V((k+1)/2"). Therefore, f(x®dy) < (k+1)/2" and f((ex)®y) < (k+1)/2".
From this and the inequality (k—1)/2" < f(y), we obtain: f(x®y)— f(y) < 2/2" and f((ex)®y) - f(y) < 2/2".
Substituting x @ y for y in the last inequality, we get: f(y) — f(x ® y) < 2/2". Hence, we obtain that
If(x®y) — f(y)| <2/2", for each y € G. Therefore, N(x) <2/2". O

Lemma 3.13. Let (G, 7, ®) be a strongly topological gyrogroup. If H is a compact subgyrogroup which has a countable
character in G, then there exists a compact L-subgyrogroup P C H such that P has a countable character in G and the
quotient space G/P is metrizable.

Proof. Let % be a symmetric neighborhood base at 0 such that gyr[x, y](U) = U forany x,y € Gand U € % .

Suppose that {U, : n € w} is a countable base for G at H. We define by induction a sequence {V, : n € w} of

open symmetric neighborhoods of the identity 0 in G such that V,, € % and V41 ® Vi1 € V,, N U, for each

n € w. PutP = (,¢, V. Then, by Lemma 3.10, P is a compact L-subgyrogroup of G, P € H, and {V,, : n € w}

is a countable base of G at P. Let ip : G — G/P be the quotient mapping of G onto the left coset space G/P.
Apply Lemma 3.12 to choose a continuous prenorm N on G which satisfies

N(gyrlx, yl(z)) = N(z)
forany x,y,z € G and
fxeG:N(x)<1/2"}cV,c{xe G:N(x) <2/2",

for each integer n > 0. It is clear that N(x) = 0 if and only if x € P.

We claim that N(x @ p) = N(x) for every x € G and p € P. Indeed, foreveryx € Gandp € P, N(x®p) <
N(x) + N(p) = N(x) + 0 = N(x). Moreover, by the definition of N, we observe that N(gyr[x, y](z)) = N(z) for
every x, Y,z € G. Since H is a L-subgyrogroup, it follows from Lemma 1.5 that

N@) = N(x@p)®gyrlx,plEp)
< N(x@p) + N(gyrlx, pl(ep))
= NEx®p)+N(ep)
= N@xop).
Therefore, N(x & p) = N(x) for every x € Gand p € P.

Now define a function d from G X G to R by d(x, y) = IN(x) — N(y)| for all x,y € G. Obviously, d is
continuous. We show that d is a pseudometric.

(1) Forany x,y € G, if x = y, then d(x, y) = IN(0) — N(0)| = 0.

(2) For any x, y € G, d(y,x) = IN(y) = N(x)| = [N(x) = N(y)| = d(x, y).

(3) For any x, y,z € G, we have

d(x, y) IN(x) = N(y)|
IN(x) = N(z) + N(z) - N(y)|
IN(x) = N(2)| + IN(z) — N(y)|
d(x,z) +d(z,y).

IA
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Ifx ex®Pand y’ € y® P, there exist p;,p2 € P such thatx’ =x®p; and iy = y @ p,, then
d(',y) = IN(x®p1) = N(y ® p2) = IN@) - N@)| = d(x, ).
This enables us to define a function ¢ on G/P X G/P by
o(my(x), mp(y)) = d(ex @y, 0) + d(ey & x, 0)

forany x,y € G.
It is obvious that g is continuous, and we verify that ¢ is a metricon Y = G/P.
(1) Obviously, for any x, y € G, then
omp(), (1) =0 & dEx®y,0) = dEy®x,0)=0

& N@Exey)=N@Eyoex)=0
© oxoyePand oy®xel
& yex+Pandxey+P
& 7mp(x) = 1p(y).

(2) For every x, y € G, it is obvious that go(rtp(y), tp(x)) = o(rtp(x), Tp(Y)).
(3) For every x,y,z € G, it follows from [18, Theorem 2.11] that

NEexey)+ Ny ox)

N((ex @ z) @ gyr[ex, z](ez @ y)) + N((8y & z) @ gyr[ey, z](Sz ® x))
N(ex @ z) + N(gyr[ex, z](ez @ y)) + N(ey & z) + N(gyr[ey, z](ez & x))
= NGxdz)+NEG©zoy)+ NOYydz)+ N©zdX)
dex®z,0)+dez®x,0)+dez®y,0) +dey & z,0)

o(rp(x), p(2)) + o(1tp(2), Tep(Y))-

Let us verify that p generates the quotient topology of the space Y. Given any points x € G, y € Y and
any ¢ > 0, we define open balls,

o(rtp(x), tp(y))

IA

B(x,e) ={x' € G:d(x,x) < &}

and
B'(y,e)={y' €G/P: oy, y) < ¢}

in X and Y, respectively. Obviously, if x € G and y = mp(x), then we have B(x, ¢) = n;l(B*(y, €)). Therefore,
the topology generated by ¢ on Y is coarser than the quotient topology. Suppose that the preimage
O = ;' (W) is open in G, where W is a non-empty subset of Y. For every y € W, we have 7, (y) = x&P C O,
where x is an arbitrary point of the fiber nljl(y). Since {V, : n € w} is a base for G at P, there exists
n € w such that x @ V,, € O. Then there exists 6 > 0 such that B(x,6) C x @ V,,. Therefore, we have
nl‘,l(B*(y, 0)) = B(x,0) cx@V, C O. It follows that B*(y, 6) C W. So the set W is the union of a family of open
balls in (Y; p). Hence, W is open in (Y, ), which proves that the metric and quotient topologies on Y = G/P
coincide. [J

The following theorem gives a characterization for a strongly topological gyrogroup being a feathered
space.

Theorem 3.14. A strongly topological gyrogroup (G,t,®) is feathered if and only if it contains a compact L-
subgyrogroup H such that the quotient space G/H is metrizable.

Proof. Let ¢ be the natural homomorphism from G to G/H. Suppose that G contains a compact L-
subgyrogroup H such that the quotient space G/H is metrizable. Then, by Theorem 3.8, the mapping
¢ : G = G/H is perfect. We now claim that the subgyrogroup H C G has countable character in G. Indeed,
let {U,, : n € w} be a countable base for G/H at the point ¢(0). Then the family {V,, : n € w} is a base for G at
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H,where V,, = (p’l(U,,) for each n € w. Indeed, for every open neighborhood O of H in G, F = G\O is closed
in G and the image ¢(F) is a closed subset of G/H which does not contain ¢(0). Hence, U, () ¢(F) = 0 for
some 1 € w, which in turn implies that V,, (| F = 0. Therefore, H c V,, C O. Therefore, x(H, G) < w. Since H
is compact, the gyrogroup G is feathered.

Conversely, if the strongly topological gyrogroup Gis feathered, then it contains a compact L-subgyrogroup
H of countable character in G by Theorem 3.11. Hence it follows from Theorem 3.13 that the quotient space
G/H is metrizable. O

The following two corollaries give partial answers to Questions 3.5 and 3.6, respectively.
Corollary 3.15. Every feathered strongly topological gyrogroup is paracompact.

Proof. Let (G, 7,®) be a feathered strongly topological gyrogroup. By Theorem 3.14, G contains a compact
L-subgyrogroup H such that the left coset space G/H is metrizable. Moreover, it follows from Theorem 3.8
that the quotient mapping ¢ : G — G/H is perfect. Then since paracompactness is an inverse invariant
under perfect mappings, it follows that G is paracompact. [

Corollary 3.16. Every feathered strongly topological gyrogroup is a D-space.

A Tychonoff space X is called Cech-complete if X is homeomorphic to a Gs-set in a compact space.
The class of Cech-complete spaces is stable with respect to taking closed subspaces, countable products
and perfect images [5]. A Cech-complete gyrogroup is a topological gyrogroup whose underlying space is
Cech-complete. Moreover, all Cech-complete gyrogroups are feathered.

Theorem 3.17. A strongly topological gyrogroup (G,,®) is Cech-complete if and only if it contains a compact
L-subgyrogroup H such that the quotient space G/H is metrizable by a complete metric.

Proof. Suppose that the strongly topological gyrogroup G is Cech-complete. Then G is feathered, thus
Theorem 3.11 implies that G contains a compact L-subgyrogroup H of countable character in G. Furthermore,
the quotient mapping ¢ : G — G/H is perfect by Theorem 3.8, then it follows from Theorem 3.13 that the
left coset space G/H is metrizable. Since G is a Cech-complete space, it follows from [5, Theorem 3.9.10]
that G/H is Cech-complete, then G/H is completely metrizable by [5, Theorem 4.3.26].

Conversely, if the strongly topological gyrogroup G contains a compact L-subgyrogroup H such that the
left coset space G/H is metrizable by a complete metric, then G/H is Cech—complete by [5, Theorem 4.3.26].
Since the quotient mapping ¢ : G — G/H is perfect, and Cech-completeness is an inverse invariant under
perfect mappings by [5, Theorem 3.9.10], we have shown that the space G is Cech-complete. [

Corollary 3.18. Every Cech-complete strongly topological gyrogroup is paracompact.

4. NSS-Gyrogroups and P-Gyrogroups

In this section, we mainly discuss the NSS-gyrogroups and P-gyrogroups, and prove that every locally
compact NS§5-gyrogroup is first-countable and every Lindeldf P-gyrogroup is Raikov complete. Let (G, 7, ®)
be a topological gyrogroup. We say that G is a gyrogroup with no small subgyrogroups or, for brevity, an
NSS-gyrogroup if there exists a neighborhood V of the neutral element 0 such that every subgyrogroup H
of G contained in V is trivial, that is, H = {0}.

It is well known that each topological group with a countable pseudocharacter is submetrizable. There-
fore, we have the question.

Question 4.1. Let (G, 7, ®) be a topological gyrogroup with a countable pseudocharacter. Is G submetrizable?

This question is still unknown for us. However, we have Theorem 4.3. First, we prove a lemma.
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Lemma 4.2. Let (G, 7, ®) be a topological gyrogroup, and let F be a non-empty compact Gs-set in G. Then there
exists a subgyrogroup P such that P is a Gs-setin G,0 € Pand F& P C F.

Proof. Let F = ,_; U,, where U, is open and U,.41 C U, for each n € N. By induction, it follows from [12,
Lemma 2.3] that there exists a sequence {V,, : n € IN} of open neighborhoods of 0 such that the following
conditions hold:

(1) Fe Vv, c U, for eachn € IN;

eV, =V, foreachn € N;

BG)VyaeV,y CcV, foreachn € N.

Let P = (,~; V. Obviously, 0 € P, P is a Gs-set and F@ P C F. It suffices to prove that P is a closed
subgyrogroup. By Theorem 2.6, P is closed by (3) above. We only prove that P is a subgyrogroup. Indeed,
take arbitrary x,y € P. Thenx,y € V,, foreachn € N, thenx® y € V,, and &x € V,, since V41 ® Vi1 C V),
and ©V,, = V,,. Therefore, x ® y € P and ©x € P. By the arbitrary, we see that P is a subgyrogroup. [

Theorem 4.3. If a topological gyrogroup (G,t,®) is an NSS-gyrogroup, then the following two conditions are
equivalent:

(1) there exists a non-empty compact Gs-set F in G;

(2) the identity element 0 of G is a Gs-point in G.

Proof. 1t is clear that the second condition implies the first one. Let us show that the first condition implies
the second one. Since the space G is homogeneous, we can assume that 0 € F. By the regularity of G, we can
also assume that F C U, where U is an open neighborhood of 0 such that all subgyrogroups of G contained
in U are trivial. By Lemma 4.2, there exists a Gs-set P in G which is a subgyrogroup of G such that0 € P C F.
Since F C U, it follows that P C U. Therefore, P = {0} since G is a NSS-gyrogroup. Since P is a Gs-set in the
gyrogroup G, we are done. [

Theorem 4.4. Every locally compact NSS-gyrogroup (G, T, ®) is first-countable.

Proof. 1t is clear that every locally compact regular space contains a non-empty compact Gs-set. Therefore,
by Theorem 4.3, the identity element 0 of G is a Gs-point in G. Since the space G is locally compact and
Hausdorff, it follows that G is first-countable at 0. Hence, by homogeneity, the space G is first-countable. [J

Finally, we discuss P-gyrogroups, and prove that every Lindeldf P-gyrogroup (G, 7, ®) is Raikov com-
plete. Recall that X is a P-space if every Gs-set in X is open. Similarly, a P-gyrogroup is a topological
gyrogroup whose underlying space is a P-space. It is well known that every regular P-space is zero-
dimensional.

Lemma 4.5. Suppose that (G, T, ®) is a P-gyrogroup. Then:
(a) G has a base at the identity element O consisting of open subgyrogroups.
(b) If H is a L-subgyrogroup of G, then the coset space G/H is also a P-space.
(c) If G is a dense subgyrogroup of a topological gyrogroup H, then H is a P-gyrogroup.

Proof. (a) It suffices to prove that for each neighborhood U of 0 there exists an open subgyrogroup V such
that V C U. Indeed, take an arbitrary neighborhood U of the identity element 0 in G. Then there exists a
sequence {U, : n € w} of open symmetric neighborhoods of 0 in G such that Uy ¢ U and U,;4+1 & Uy C U,
for each n € w. Then V = (;_, U, is a subgyrogroup of G lying in U. Since G is a P-gyrogroup, V is open
in G. Every open subgyrogroup of G is closed by [3, Proposition 7], so G has a base of closed and open sets
at the identity element 0.

(b) By Theorem 3.7, the natural homomorphism ¢ : G — G/H is a continuous open. Assume that Q
is a Gs-set in G/H, then ¢~1(Q) is a Gs-set in the P-gyrogroup G, so that ¢~ 1(Q) is open in G. Therefore,
Q = ¢(¢1(Q)) is open in G/H. This proves that G/H is a P-space.

(c) Let U = N,en Uy, where {U,, : n € w} is a sequence of open neighborhoods of the identity element 0
in H. Next we prove that U is open in H. Indeed, there exists a sequence {V,, : n € w} of open symmetric
neighborhoods of H such that V41 ® V.1 € V,, € U, for each n € w. Then N = (,;,V, is a closed
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subgyrogroup of H by Theorem 2.7. Since G is a P-gyrogroup, P = NN G = (,~,(V, N G) is a clopen
subgyrogroup of G. Therefore, we can take an open set W in H such that WN G = P. It is clear that 0 € W,
and the density of G in H implies that clyW = clyP c N. Since N c U = (,, U,, we conclude that U
contains the open neighborhood W of 0 in H. Therefore, H is a P-gyrogroup. [

Lemma 4.6. Let (G, T, ®) be an w-narrow P-gyrogroup. Then every gyrogroup homomorphic continuous image K of
G with Y(K) < w is countable.

Proof. Consider a continuous homomorphism 7 : G — K onto a gyrogroup K with countable pseudochar-
acter. Since G is a P-gyrogroup, the kernel N of 7 is an open subgyrogroup of G. By assumption, the
gyrogroup G is w-narrow, so it can be covered by countably many gyrotranslations of N. Therefore, the
quotient gyrogroup G/N is countable. Finally, it follows from [14, Theorem 28] that the gyrogroups K and
G/N are algebraically isomorphic, and it follows that |[K| < w. [J

Lemma 4.7. ([1, Lemma 4.4.3]) A Lindelof subset Y of a Hausdorff P-space X is closed in X.

Corollary 4.8. Let m: G — H be a continuous onto gyrogroup homomorphism of Lindelof P-gyrogroups. Then T is
open.

Proof. By Lemma 4.7, the homomorphism 7 is closed and, hence, quotient. Let U be an open subset of G.
Then 7~ }{n(U)} = UK is open in G, where K is the kernel of 7. Since 7 is a quotient mapping, the set 7t(U)
has to be open in H. So 7 is an open homomorphism. [

Theorem 4.9. Every Lindelof P-gyrogroup (G, T, ®) is Ratkov complete.

Proof. Suppose that G is a dense subgyrogroup of a topological gyrogroup H. By (c) of Lemma 4.5, H is a
P-gyrogroup. Then Lemma 4.7 implies that G is closed in H, whence it follows that G = H. Therefore, the
gyrogroup G is Ratkov complete. [J
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