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Abstract. In the present paper we define and study some vector valued spaces within the frame of
the Statistical Cesaro convergence and the Statistically Cesaro summability in normed spaces. Also, we
characterize the continuous, compact and sequential continuous summing operators on Statistical Cesaro
multiplier sequence spaces.

1. Introduction

The idea of statistical convergence which is independently introduced by Fast [12] and Steinhaus [26] has
been studied by various mathematicians. Over the years and under different names statistical convergence
has been discussed in the theory of Fourier analysis, ergodic theory and number theory. Later on it was
further investigated from the sequence space point of view and linked with summability theory by Connor
[9], Fridy [13], Salat [24] and many others [4, 7, §, 10, 11, 15, 16, 18-22, 25, 29].

A subset A of IN is said to have density 6(A) if

1y
8(4) = lim — )" xa(k)
k=1

exists, where x4 is the characteristic function of A. Then, any finite set has zero natural density and
0(A°) = 1 - 6(A), where A° is the complement of the set A. If a property P(k) satisfies for all k € A with
0(A) = 1, we say that P satisfies for “almost all k”, and we abbreviate this by “a.a.k”.

Let X be a real normed space. A sequence (x;) in X is statistical convergent to x € X, and we write
St — limy x; = x, if for every € > 0

o({ke N: |l —xll<e}) =1,

and also a sequence (x) in X is weak statistical convergent to x € X, and we write wSt — limy x; = x, if for
every € > 0 and every f € X*(dual of X)

5(k € N : [f(x) — ] < &) = 1.
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Analogously, a sequence (xx) in X is statistical Cauchy if for every € > 0 and n € IN there exists an integer
m > n such that

otk € N : [lxe — xmll < €}) = 1.

The Cesaro matrix C with Cesaro mean of order one, which is a well-known method of summability and is
defined by the matrix C = (c,) as follows

o i 1<k<n,
nk , k>n.

The C-transform of a sequence x = (x;) is defined by
Cx = [% Z ka
k=1

for all n € IN [6]. A series ) x in X is Cesaro summing [14] if there exists xy € X such that lim %(Sl + S, +
n

...+ Sy) = xo, where S, = Y}_; xx. We will denote it by C — Y, xx = x and this is equivalent to

lim [% Z(n —k+ 1xi
k=1

A series ) ; x is weakly Cesaro summing if there exists xg € X such that lim % f(S1+S2+...4+5,) = f(xo)
n

for each f € X*. We will denote it by wC — ), xx = xo.
The consept of statistically Cesaro summing also makes sense in the above. We will say that a series
Y Xx is statistically Cesaro summing [1] if there exists xy € X such that 5t — lim % Y1 —k+ 1)xe = xp. We
n

= Xp.

will denote it by StC — Y, xx = xp and this is equivalent to saying that there exists A € IN with 6(A) = 1 such
that hr? (% Yoo (n—k+ 1)xk) = xp. In the similar way, we denote StwC — ) x;.
ne.

The space of bounded sequences in X will be denoted as usual by €. (X). It is well known that if X is a
Banach space, then {.,(X) becomes a Banach space with the sup norm. The usual subspaces {«(X) are the
space of evetually null sequences, of null sequences and of convergent sequences in X denoted by c¢o(X),
co(X) and ¢(X), respectively.

Let Y be a real normed space and the usual space of continuous linear operators from X into Y will be
denoted by L(X, Y). If A be a vector space of X-valued sequences and T; € L(X, Y) for i € N, the series ) ; T;
is A-multiplier convergent (Cauchy) [28] if the series ) ; Tix; is convergent (Cauchy) in Y for every sequence
x=(x) € A. If A = €o(X), aseries ) ; T is said to be £ (X)—multiplier (Cauchy) convergent, and if A = ¢o(X),
a series ) ; T; is said to be co(X)—multiplier (Cauchy) convergent.

In [2, 3, 5, 17, 23, 27, 28], there are important results that relate the case of a convergence method to
classical properties of scalar and vector-valued multiplier spaces. However, in the case of the statistical
Cesaro convergence, such spaces have not yet been introduced. Only in [1] the authors give the Orlicz-Pettis
theorem associated to the statistical Cesaro convergence for scalar case.

In this manuscript we introduce and study spaces of vector valued sequences defined by the statistical
Cesaro convergence and statistical Cesaro summability, and following the lines suggested in the above
references we characterize classical properties such us completeness, compactness, continuity, sequentially
continuity in terms of the statistical Cesaro convergence.

2. Spaces of sequences defined by the statistical Cesaro convergent

In this section, we define the sets I'y;c(X) and s, (X), which are called the sets of all bounded statistical
Cesaro convergent sequences and of all bounded statistical weakly Cesaro convergent sequences in X,
respectively.
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For a sequence x = (x;) in a normed space X, the sets I'yc(X) and I'sypc(X) are defined by
Tyc(X) := {x = (%)) € lo(X) : stC — lilrn X; exists }
and
Tswc(X) = {x = (%) € loo(X) : stwC — li¥n X; exists },

respectively. Since the inclusion I's;c(X) C I'stc(X) C [0(X) is hold, we show that these spaces are complete
with the sup norm.

Theorem 2.1. Let X be a real Banach space. Then I'sic(X) and Tsnoc(X) are closed subspaces of 1 (X) endowed with
the sup norm.

Proof. We will only show the closedness of I's;yc(X). Let (x"),en bea Cauchy sequence in I'spyc(X) and then,
there exists x(© € 1,(X) such that x® — x©, We will show that ¥ € T,c(X). Since (x™),en € Tsrwc(X),
there exists x, € X for each n € IN such that stw — lim; % Zlle xE") = x,. On the other hand, there exists

1y € N such that ||x® — x@||, < § for ¢ > 0 and each p,q > ng. We consider a functional ¢ € Sx- such that
Ixy — x4ll = [p(xp) — P(xg)l. Fix p, g = ng, we have that

‘qb(xp) - %@(x({’)) + ) + o) + ..+ @(x,(f)))' < % aak

and

‘qb(xq) - %(qb(xgq)) + ) + o) + ..+ o))

If choose k € IN, we obtain that

< % a.ak.

IN

”xp _xq”

ox,) - %@(x(l”’) + o)+ ..+ (j)(x](f)))‘

1
oG] =) + o6 — D)+ + ol ~ )

+ Jotm) - oG + 96 + .+ 6

< e
Since X is a Banach space, there exists xg € X such thatx, — x¢. Finally, we will show that stwC—lim; xl(.o) = xp.
Now, we can fix p € IN satisfying |[xo — x,|| < § and Ix©@ — x®)| < §. Since stw — limy % Z?zl xl(.p) = xp, there
exists K ¢ IN with 6(K) = 1 such that for k € K
1 €
O+ 662+ 068 + ..+ 06 - o] < .
Therefore,
1
660) = HOED) + 96+ + 6| < 100 - 9005
1
b [0t - HOP) + 068 06 + .+ 06!
1
06 =) + o6 — 2+ 4 o 1)
< ¢

for each k € K, which completes the proof. [
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We give the following corollary:
Corollary 2.2. The normed space X is a Banach space if and only if Tsic(X) (Ustwc(X)) is a Banach space.

Proof. 1t is easy to check that if I'yic(X) (T'swoc(X)) is complete, then X is closed subspaces of I(X). O

In the following remark, we characterize the statistical weakly Cesaro convergence in co(X) by means of
the coordinate-wise statistical Cesaro convergence.

Remark 2.3. Let X be a real normed space, M be a dense subspace in X* and (x;)ien C co(X) with ||x;|| < L for each
i € N. Wetake ¢ € X" and ¢ > 0. Since M is dense in X", there exists a \p € M such that ||p — Y|l < 57. If
stC — lim; P (x;) = 0, then

1 k 1 k k
HE < (g e
i=1 =1 i=1
< Eik“% " Zk:xi]

i=1
e 1 d

= §+E ll)(le‘],
i=1

and hence stC — lim; ¢(x;) = 0. Since ¢ is arbitrary, we have that stwC — lim; x; = 0.

Now, we give the consept of statistical weak” Cesaro convergence.

Definition 2.4. We will say that a sequence (¢pi)ien C X is statistical weak® Cesaro convergent to ¢ if st —
limy £ Y di(x) = ¢o(x) for each x € X. We will denote by stw*C — lim; ¢; = .

If we use the previous definition, then we have
Iv(X7) = {¢ = () € Lo(X") : stw'C — lim b; exists }
1
Theorem 2.5. If X is a real normed space, then T (X") is a closed subspace of lo(X").

Proof. Let (¢™),en be a sequence in I'Y(X*) with ¢ — ¢© € I(X*). Then, there exists (¢,) C X* such
that stw* — limy L Y, ‘?51(‘”) = ¢, for each n € N. We will check that (¢,) is a Cauchy sequence. Let ¢ > 0,

and since (¢) be a Cauchy sequence, there exists 119 € N such that for p,q > ng [|p® — ¢@|| < £. If we fix
p,q = ng, then there exists a vector x € Sx such that

I = byll = 5 <y = )] < iy = byl

Also, we have

B0~ 1@V + VW + VW) + .+ 67 (0)

< % a.ak

and

0100~ 1@V + 60 + 6000 + ..+ ¢ ()

< % a.ak.
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Therefore, we can choose k € IN such that

6y —all =5 < [0~ 26V@ + P00 + 6@ + .+ ¢ w)

IA

+ (((P(P) (P(l‘i))(x) +( (P) qb(q)) ) +...+ ((ﬁl(f) _ ](j))(x))

+ |00 - 100 + 000 + 6000 + ..+ 9 w)
€

< =

2

Thus, (¢,) is a Cauchy sequence in X* and hence there exists ¢y € X* such that ¢, — ¢9. Now, we will check

that stw*C — imy_eo ‘Pl(:)) = . Then we can fix p € N satisfying [lp©® — ¢®)|| < £ and [l (x) — Po(V)II < &

Also, since stw*C — limy_,e0 qbl(f) = ¢, there exists a K C IN with 6(K) = 1 such that

dp(x) -(cp(’“)(x) + P00 + ...+ P ()| <

Thus, for each k € K, it follows that

B0~ 1000+ 600+ + 9P| < 19o00) ~ 4y
+ @@—«W@+W%Hm+w@»
(P) ¢(0))(x) + . (P) (P(O)) (x))
< g

and hence ¢© e I (X*). O

The following remark shows that in £;(X") the statistical weakly Cesaro convergence can be characterized
by means of the coordinate-wise statistical Cesaro convergence.

Remark 2.6. As in Remark 2.3, X be a real normed space, M be a dense subspace of X and (¢py)ren be a sequence in
6(X7). If stC = limy o0 Pi(z) = 0 for each z € M, then we obtain that stw*C — limy_e ¢k = 0.

3. Spaces of sequences defined by statistical Cesaro summability

Let ) ; T; be a series in L(X,Y). We will let Fg‘;c(z,- T;) denote the vector valued multiplier space of

statistical Cesaro convergent of the series ) ; T}, that is,

K
rgc(z Ti) = {x = (x;) € loo(X) : StC — Z T;x; exists }

i=1

Likewise we can also consider the vector valued multiplier space of statistical weakly Cesaro convergent
of the series ) ; T, that is,

k
Sth(Z Ti) = {x = (%) € €o(X) : StwC — Z T;x; exists }

i=1

Notice that " g‘;c(z T;) c T, (X Ti) C £x(X). Also, we give a characterization of co(X)—multiplier Cauchy

series obtained in [28].

Proposition 3.1. Theseries }.; T; is co(X)—multiplier Cauchy if and only if the set E = { Y Tixi: lxill <1,ne ]N}
is bounded.
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A natural problem to wonder is on the completeness of the previous two spaces. We take care of this in the
following results.

Theorem 3.2. Let X and Y are normed spaces and ) ; T; is a series in L(X, Y). If

(i) X and Y are Banach spaces,
(ii) The series }; T; is co(X)—multiplier Cauchy,

then T

aic(X; Ti) is a Banach space.

Proof. We suppose that (i) is hold and let (x™) be a Cauchy sequence in Iy (¥,; T;) with lim,, x™ = x@ in
lo(X), where x = (xgm)). Then, there exists sequence y,, € Y for each m € N such that

k
St - lim % z(k —i+DTa™ =y, 1)
i=1

First, we show that (y,,) is a Cauchy sequence. By (ii) and Proposition 3.1, there exists M > 0 such that
M = sup {“Zi‘le T,x,«” Sl < 1L,k e ]N}. If ¢ > 0 is given, then there exists my € N such that ||x(p) - x(q)” < 37
for p,q > my. Therefore, 34 ||x(f”) - x(q)” < 1, and hence

k

1

p Z(k — i+ DT, = +?)
i=1

< % ()

€

=1
<3}

€

—3|=1
<3}

If we take A = A, N A, then 6(A) = 1. If pick k € A, then we have

for p,q = mp and k € IN. From limit in (1), we obtain

k
L : )
6(Ap)=6 {kGNI E;(k_l-'-l)’rixip Y

and

~l =

5(A) =6 {kelN:

k
Y (k—i+ )T —y,
i=1

lyp = yll +

k
1 i D
Yq p ;:1 (k—i+1DTix;

k
1 .
W g E (k—z+1)Tix§p)
i=1

k
1 : D@
+ E;(k—z+1)Tl(xi — )
< S48 8-
37373

foranyp > q > mg. Hence, (y,,) is a Cauchy sequence, and thus there exists yy € Y such thatlim,, y,, = yo € Y.
Next, we show that St — limy + Y5, (k — i + 1)Tixl(.0) = yo and so x¥ € Iy (X, T;). From (2), there exists
m € IN such that
k
(k—i+ DT = 2%

< &
i=1 3

k

Also, we can choose m € IN such that

ly = yoll < 5
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On the other hand, since St — 1 Z;‘:l(k —i+ DT™ = Ym, we have

k

1

. Y (k= i+ )T~y
i=1

6(K)=6[{ke]N:

Consequently,
1 ) (0) 1y ; (m) _ .0
E;(k—z+1)Tixi —yl| < z;(k—z+1)T,-(xi )
1w, . )
vz ;(k — i+ DTA™ =yl + Iy — ol

< L8 8
3 3 3

for each k € K. Hence, the proof is complete. [J

Theorem 3.3. Let X and Y be Banach spaces. If the series }.; T; is co(X)—multiplier Cauchy, then Tg, (Y;T) isa
Banach space.

Proof. Let us suppose that (x™) be a Cauchy sequence in T, (Y; T;) and x™ — x0 € £ (X). We show that
xO eTy (X, T). If we take f € Sy (unit sphere in Y*), then there exists sequence y,, € Y for each m € N
such that

k
1 ) m
St lim - ;ac — i+ DAT™) = f(ym). (3)

To show that

a. (ym) is weak convergent to 1o in Y.
b. St —lime 2 Y (k- i+ DF(T”) = f(yo).

a. Since the series ) ; T; is co(X)—multiplier Cauchy, by Proposition 3.1, there exists M > 0 such that
M =sup {”Zf:l Tixi” il <1,k e ]N}. If given ¢ > 0, then there exists mg € IN such that

1 €
k £ <3 @)

1

k
(k—i+ AT - 7))
=1

for p,q > my and k € N. From (3), we have

k
s 6[{k €N |7 Y k= i+ DAT) - fly) < %}] B
i=1
and
k
s 6[{k N |2 Y (k- i+ DATA?) - flyy)| < 2}] -
i=1
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Let A=A, N Ay and so 6(A) = 1. If we choose k € A, then
|f(yp) = f(yy)l

k
= |- ¢ Y k=i AT
i=1

lyp = yll

k
+ |fyy) - % Y (k- i+ AT
i=1

k
1 .
+ Zl(k — i+ DAT P -2
< Si8 -,
3 3 3

for any p > g > my. Therefore, (v,,) is a Cauchy sequence, and we have lim,, f(y.) = f(yo)-
b. From (3), we obtain that

€

—+=1

Since ¥ — x© and from (4), there exists m € N such that

1y, "
5(K) =6[{ke]N: E;(k—z+1) FT™) = F(y)

&
<§,

~l =

1

k
(k= i+ DfTix" = x))
=1

and also we can choose m € IN such that

€
Fm) = Flw0)l < 3.
Then, for each k € K,

- k
kL (k =i+ DAT”) - fyo)| < % ;(k — i+ DATE™ - 20
I .
* k ;(k -t 1)f(Tin(~ )) - f(ym) + |f(ym) — f(y0)|
& & & _
< 3tztz=e

This completes the proof of the theorem. [

Remark 3.4. If T, .(3; Ti) is a Banach space, then co(X) C T',-(2.; Ti). We suppose that co(X) € T'¢,-(2; Ti). Then,
there exists x©) = (xgo)) € co(X) such that the series }; T,-xgo) is not statistical Cesaro convergent. On the other hand,
there exists a sequence x™ = (xfm)) in coo(X) such that lim,, x™ = x©. Also, it is clear that coo(X) C Ty (X, Ti),

and hence x" = (xl(.m)) inTg-(X; Ti). Thus Ty (X, T;) is not complete.
By the previous theorems and remark above, we can give the following corollary:

Corollary 3.5. Let X be a Banach space and ) ; T; is a series in L(X,Y). If Y is a Banach space, then the following
are equivalent:

(i) The series Y.; T; is co(X)—multiplier Cauchy.

(ii) Tg,

ac(X; Ti) is a Banach space.
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(iii) co(X) C Ty (X; T)).
(iv) Tg, ¢
(0) co(X) ST, (X T).

(X.; T;) is a Banach space.

Remark 3.6. In the above corollary, if Y is not complete, then we can show that there exists a co(X)—multiplier

Cauchy series }; T; such that T'¢,-(3.; Ti) (Fg‘;wc():i T,-)) is not complete. Indeed, let Y; y; be a series in Y so that

lyill < 3% and },; yi = y* € Y*\Y forevery i € IN. Clearly, it will be StC-); y; = y**. We take xo € X with ||xol| = 1.
By Hahn-Banach theorem, we choose x;, € X" such that x(xo) = |[xoll. Now, we consider the series }.; T; defined as
Tix = xg(x)3iyifor each i € N. Let x = (x;) € ¢o(X). Then,

q
)T
i=p

for p < q, and hence }; T; is co(X)—multiplier Cauchy series. On the other hand, if consider sequence x = (xg /3 €

co(X), then x™ = Y1, 9 @ x0/3' € T3 (X,; Ti) and x™ — xo/3" in ||.||w. But, since we have that

q q
< Y Tkl < sup lll Y ITi— 0
i=p i=p

p<i<q

StC- ) T =StC-) %xg(xo)e;fyi =StC-Y yi=y",
i i i

(x0/3") ¢ IS (X, Ti). Therefore, T, (X, T;) is not complete.

For the case of T3, -(X; Ti), it is also enough to observe Lo (X)—multiplier Cauchy of the series }.; T; and to use

the following proposition.

Proposition 3.7. Let X and Y be normed spaces. If }.; T; is {o(X)—multiplier Cauchy series, then T'g,(3.; Ti) =
re (2 Th).
StwC\e=t =1

Proof. Let us suppose that x = (x;) € I'y;

arwc(2i Ti)- Then there exists y € Y such that

v,
St~ ;(k —i+1)f(Tix) = f(y)

for every f € Y*. On the other hand, {Zle Tixi}
(second dual of Y) such that

Lo 182 Cauchy sequence in Y, and hence there exists F € Y*

k
1 .
St—E;(k—z+l)Tlxl—F.

Therefore, we have y = F beacuse of the uniqueness of limit, that is x = (x;) € I'5;-(X; T7). O

Remark 3.8. Let }; T; be a series in L(X,Y). The following spaces endowed with the sup norm have been studied in
[5]:

i=1

k
ME"(Z T) = {x = (%) € {eo(X) : Z Tix; is Cesaro convergent}
and

k
M;"C(Z T) = {x = (%) € €eo(X) : Z Tix; is weakly Cesaro convergent}.
i i=1

It is well know that the inclusions MZ(X; Ti) C T'g-(2; Ti) and M, (X Ti) € T, (X, Ti) are provided, but we

do not know what conditions allow us to obtain the equality of both spaces. On the other hand, in order to obtain
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a relative between the spaces I's;-(X; Ti) and My -(3.; Ti), we will need extra conditions. Let us suppose that X and

Y are Banach spaces and }; T; is co(X)—multiplier convergent series. From Corollary 3.5, co(X) C T',-(2; Ti) and

hence x = (x;) € Tg,-(X; Ti). Then, x = (x;) € T, (X; T;), and we suppose that StC -}, f(Tixi) = f(yo) for yo € Y
and every f € Y*. Therefore, we obtain the following equalities

c- Z F(Tix)) = StC - Z F(Tix)) = f(yo)-

This means that x = (x;) € M7 (X; Ti), that is T, -(32; Ti) € M5, -(2; Th).-

4. The summing operators for operator valued series

In this section we introduce and study the summing operators related to the series }; T; defined on
rgc(Zi Tz) and rgiwc(Zi Tl)
Let ) ; T; be a series in L(X, Y). We define the summing operator ¢ by

0:Tgc Z T)—Y, o(x)=StC- Z Tix;.
Also, we define the summing operator u by

e F?ch(z T)—Y, u(x)=StwC- Z Tix;.
i i

Now, we give a characterization of the continuity of summing operators ¢ and p.
Theorem 4.1. Let X and Y be normed spaces. Then, the following are equivalent:
(i) Y.; Tiis co(X)—multiplier Cauchy series.

(ii) 0:Tg-(X; Ti) = Y is continuous.

(iit) p:Tq ~(X;Ti) — Yis continuous.

Proof. (i) = (ii). If the series ) ; T; is co(X)—multiplier Cauchy, then from Proposition 3.1, the set
(Y, Tixi : |lxill < 1,n € N} is bounded. We suppose that

k
Z Tixi

i=1

HZsup{ :||x,-||Sl,k€]N}.
k

Also, by Theorem 3.2 and Remark 3.4, it is easily see that x = (x;) € I'5~(); T;) and hence StC — Yr T

) StC
exists. Therefore,
k
StC — Z T,-x,-
i=1

okl = <H

for k € IN. This part is complete.
(i) = (iii). Since o is continuous and co(X) C I'g;-(X; T;), there exists H > 0 such that

o (Xk: e xi] StC — Z Tixi|| <H
i

i=1
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for |lxi|l < 1 and k € IN, where ¢) ® x denote the series with x in the ith coordinate and zero in the other
coordinates. If we take x = (x;) € T’ Y.; Ti) and y* € By-, then

StwC — Z Tix;
i=1

k
SC ~ lim Z. y(Tixy)

i=1

Sth(

el = |8tC= ) y'(Tix)
i=1

< Hlxl.

That is, i is continuous.
(iif) = (i). We consider the sequence x = (x;) € cpo(X). Since coo(X) C I'g;

aroc(Xi Ti) and p is continuous,
we obtain the following inequality

StwC — i T;x;

i=1

< el

k
2, Tix
i=1

Then, }’; T; is co(X)—multiplier Cauchy series by Proposition 3.1. [J

In the following theorem, we characterize the compactness of summing operators ¢ and p.
Theorem 4.2. If Y is a Banach space, then the following are equivalent:
(i) ).; Ti is €oo(X)—multiplier convergent series.

(i) 0: T

oc(X: Ti) = Y is compact.

(iii) p:Tg, (X;Ti) — Y is compact.

Proof. (i) = (ii). Let }; T is {oo(X)—multiplier convergent series. Then, by Corollary 11.11 in [27] the series
Y. Tix; is uniformly statistical Cesaro convergent for ||x;|| < 1, that is for every ¢ > 0 there exists A ¢ IN with
0(A) = 1 and there exists N = N(¢) € A such that

1 o ,
P Z(k—z+1)T,~xi <e (5)
i=k+1
for all k > N with k € A and ||xi|| < 1. Now, we define the finite rank operators oy : I';(2.; Ti) — Y by

k
or(x) = StC — Z Tix;
i=1

for k € N, by Theorem 4.1, (0y) is bounded, and hence is compact. Then, by (5)

k
log—oll = [StC =) Tx - StC - Z Tix;
i=1 i=1
1 (o)
= st-¢ Z —i+1)Til| > 0
i=k+1
for ||x;|| < 1. This means that ¢ is compact.
(i) = (iii). Let x = (x;) € Tg;-(2; Ti) and

i€n

M = {Z e @ x; : 7 finite , ||xi|| < 1}.
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Then, since the set M C I'Y

e Y.; Ti) is bounded and ¢ is compact, the set

a@®={&c—2:Tm:nﬁmewmsl} ©)

ien

is relatively compact. On the other hand, we take x = (x;) € T'g; (X; T;) and also, since M C I'g; -(2; Th),
we obtain that (M) = {StwC — Y ;.. Tix; : 7 finite , ||x;]| < 1}. Therefore, by (6), one can easily see that u is a
compact operator.

(iil) = (i). We take a sequence x = (x;) in {w(X). Since u(M), defined in (6), is weakly relatively
compact set, the series }’; T;x; is subseries statistical weakly Cesaro convergent ([28, Theorem 2.48]). From
Orlicz-Pettis theorem for statistical Cesaro convergence, the series }; T; is £« (X)—multiplier convergent. []

Now, we denote the weak topology on X by (X, X*). Since 7({w(X),{1(X")) is a dual pair and

e Ti), T3, Ti) € leo(X), T[T Ti), (X)) and t(I'g;, ~(2; Ti), €1(X*)) are also dual pairs. In

the two next theorems we obtain some results for sequential continuity related to ©(I'5~(}; T7), €1(X*)) and
(Tg,c(X: Ti), t1(X")) of the summing operators o and p, respectively.

StC

Theorem 4.3. Ifo : '
Cauchy series.

Y. Ti) = Yissequentially t (TS - (Y; Ti), (1(X*))— continuous, then Y ; Ti is Loo(X)—multiplier

StC StC(

Proof. Let x = (x;) € €w(X) and we consider the set '™ = xy12._mx = (x1,%2,...,%,0,0,...). Then, it is

clearly that x™ € I'g-(X; T;) for each m € IN. On the other hand, let us take f = (f;) € £1(X"), then we have

(G =Y o) = Y (o,
i=1 i=1

Thatis, x™ is T(Fg‘;C(Z Ti), £1(X"))-Cauchy. Since o is sequentially 7(I'g tC(Z ;. T)), t1(X*))—continuous, 7(x™) =
StC—Y.i2; Tix; is norm Cauchy. By the monotonity of £ (X), the series ) -, T;x; is subseries statistical Cesaro

Cauchy, and hence ) ; T; is £o(X)—multiplier Cauchy series from Orlicz-Pettis theorem. [

Corollary 4.4. Under the same hypotheses of the last theorem, if Y is complete, then ) ; T; is {o(X)—multiplier
convergent series.

Next, we consider the converse to the previous theorem using completely continuous operators.

Theorem 4.5. Let T; be completely continuous operators for each i € IN and ) ; T; is €o(X)—multiplier convergent
series. Then, 0 : T, -(X; Ti) — Y is sequentially ©(T'g,-(; Ti), €1(X*))—continuous.

Proof. Let us suppose that ¢ > 0 and 7(I'g,-(¥; T)), £1(X*)) — lim; x¥ = 0. By Lemma 1.16 in [28], we suppose
that [|x?| < 1 for every i € IN. Since ) ; T; is {w(X)—multiplier convergent series, the series }; Tix; is
uniformly statistical Cesaro convergent for ||x;|| < 1. Thus, there exists m € IN such that

StC — i Tixi

i=m

&
< —
2

for |lxj]] < 1. By Lemma 1.17 in [28], ©(X, X*) — 11m1 ) = 0 for each j € N, and hence, by hypothesis,
lim; ||zj§.l)|| = 0. Then, there exists my € IN such that
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for i > my. Consequently, we obtain that
) m—1 00
O = _ LD < _ D) _ D
lox®|| = ||stC ZlT]xj < |lstc Z;T]xj +|[stc ZT]x]. <e
j= j= j=m

for i > my, and hence the proof is complete. [J
Finally, we give the following corollary as a result of the above theorems.

Corollary 4.6. Let Y be a Banach space and T; be completely continuous for each i € IN. Then, the following are
equivalent:

(i) Y.; Tiis Loo(X)—multiplier convergent series.

(ii) 0:Tg-(2; Ti) = Y is sequentially T(T'g-(X; Ti), (1(X*))— continuous.

(iit) w:Tg (X;Ti) — Yis sequentially ©(T's; ~(3; Ti), (1(X*))— continuous.
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