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The Geometry of Contact Pseudo-Slant Submanifolds
of a Sasakian Manifold

Umit Yildirim?
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Abstract. In this paper, we study the geometry of the contact pseudo-slant submanifolds of a Sasakian
manifold. We verify some properties of the components of the tensor field acting on that kind of submanifold
and find out the necessary and sufficient conditions for them to be parallel. Also, necessary and sufficient
conditions are given for a submanifold to be a pseudo-slant submanifold, contact pseudo-slant product,
DY, D+ and mixed-geodesic in Sasakian manifold.

1. Introduction

B.Y. Chen [5, 6] in 1990 initiated the study of slant submanifolds of an almost Hermitian manifold as
a natural generalization of both invariant and anti-invariant submanifolds. In 1994, N. Papaghiuc [12]
introduced semi-slant submanifolds in an almost Hermitian manifold, which includes the class of proper
CR-submanifolds and slant submanifolds. A. Lotta [3] extended the idea of slant immersions in the setting
of almost contact metric manifold in 1996. Then several works have been done on these submanifolds in
various known spaces.

As a special case of bi-slant submanifolds, A. Carriazo [2] introduced the notion of pseudo-slant sub-
manifolds of an almost Hermitian manifold. Then in 2007, the contact version of pseudo-slant submanifolds
was defined and studied by V.A. Khan and M.A. Khan [17]. The idea of such submanifolds in (LCS)n-
manifolds was elaborated by M. Atceken and S.K. Hui [10] in 2013. Recently M. Atceken with S. Dirik has
worked on the geometry of contact pseudo-slant submanifolds of Kenmotsu manifold and Cosymplectic
manifold [9-11, 13].

2. Preliminaries

Given an odd-dimensional Riemannian manifold (]\7[, 9), let ¢ be a (1,1)-type tensor field, & is a unit
vector field and 7 is a 1-form on M. If we have

@*U = -U+ g, g(U, &) =n(U) (1)
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and
9(eU, oY) = g(U,Y) — n(t)n(Y) )

for any vector fields on M, then M is said to be have an almost contact metric structure (p,&,1,9) and it is
called an almost contact metric manifold.

Let ® denote the fundamental form 2-form in M, given by (U, Y) = g(U, ¢Y), for any vector fields U, Y
onM. If® = dn, then M is said to be a contact metric manifold. Furthermore, the contact metric structure
is called a K-contact structure if £ is a Killing vector field, that is, PVvué = —pU, for any vector field U on ]\71,
where V denotes the Levi-Civita connection on M.

The structure (¢, &, 7, g) is said to be normal if [@, ¢] + 2dn ® & = 0, where [@, ¢] is the Nijenhuis torsion
of ¢. A normal contact metric manifold is called a Sasakian manifold. So every Sasakian manifold is a
K-contact manifold. It is well-know that an almost contact metric manifold is a Sasakian if and only if

(Vup)Y = g(U, )& =N, ®)
for any vector fields U, Y on M.

Now, let M be a submanifold of an almost contact metric manifold M with the induced metric g. Also,
let V and V* be the induced connections on the tangent bundle TM and the normal bundle T*M of M,
respectively. Then the Gauss and Weingarten formulas are, respectively, given by

VyY = VyY + (X, Y) (4)
and
VxN = —AyX + ViN, ®)

where /1 and Ay are, respectively, the second fundamental form and the shape operator (corresponding to

the normal vector field N) for the submanifold of M into M. The second fundamental form h and shape
operator Ay are related by

g(ANX/ Y) = g(h(X/ Y)/ N) (6)

for all X,Y € I(TM) and N € I'(T*M). If h(X,Y) = 0, for each X,Y € I'(TM) then M is said to be totally
geodesic submanifold.

Now, let M be a submanifold of an almost contact metric manifold ]\71, then for any X € I'(TM), we can
write

X = TX +FX, 7)

where TX is the tangential component and FX is the normal component of ¢X. Similarly for N € I'(T+M),
we can write

@N = BN +CN, 8)

where BN is the tangential component and CN is also the normal component of N. Thus by using (1), (7)
and (8), we obtain

T?=-1+n®&-BF, FT+CF=0 )
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and

C*=-1-FB, TB+BC=0. (10)

Furthermore, the covariant derivatives of the tensor field T, F, B and C are, respectively, defined by

(VxT)Y = VxTY — TVxY (11)

(VxF)Y = VxFY — FVxY (12)

(VxB)N = VxBN — BVyxN (13)
and

(VxC)N = VzCN — CVgN. (14)
Furthermore, for any X, Y € I'(TM), we have

g(TXY)=-9(XTY), (15)
N, U e I(T*M), we get

9(U,CN) = —g(CU,N). (16)

These show that T and C are also skew-symmetric tensor fields. Moreover, for any X € I'(TM) and
N € T(T+*M), we have

g(FX,N) = —g(X, BN), (17)
which gives the relation between F and B.
A submanifold M is said to be invariant if F is identically zero, that is, pX € I'(TM) for all X € I'(TM). On

the other hand, M is said to be anti- invariant if T is identically zero, that is, pX € [(T" M) for all X € T(TM).
By direct calculations, we obtain the following formulas;

(VxT)Y = ApyX + Bh(X,Y) + 9(X, Y)E = n(Y)X (18)
and

(VxF)Y = Ch(X,Y) - h(X, TY). (19)
Similarly, for any N € I'(T*M) and X € I'(TM), we obtain

(VxB)N = AcnX — TANX (20)
and

(VxC)N = —h(BN, X) — FANX. 1)

Since & tangent to M, making use of FV'XE = —pX, (4), (5) and (6) we obtain
Vx& =-TX, WX, &) =—-FX, Ané = BN, (22)
for all N € I(T*M) and X € I'(TM).

In contact geometry, A. Lotta introduced slant submanifolds as follows:

Let M be a submanifold of an almost contact metric manifold (M, ¢, &, 71, g). Then M is said to be a contact
slant submanifold if the angle 0(X) between @X and Ty(x) is constant at any point x € M for any X linearly
independent of £. Thus the invariant and anti-invariant submanifolds are special class of slant submani-
folds with slant angles 6 = 0 and 0 = 7, respectively. If the slant angle O is neither zero nor 7, then slant
submanifold is said to be proper contact slant submanifold. The slant submanifolds of an almost contact
metric manifold, the following theorem is well known [3].

For slant submanifolds of contact manifolds J.L. Cabrerizo et al. proved the following theorem.
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Theorem 2.1. [7]. Let M be a slant submanifold of an almost contact metric manifold M such that & € T(TM). Then
M is slant submanifold if and only if there exist a constant A € [0, 1] such that

T2 =A-I+1n®%), (23)
furthermore, if 6 is the slant angle of M, then A = cos? 6.

Corollary 2.2. [7]. Let M be a slant submanifold of an almost contact metric manifold M with slant angle 6. Then
forany X,Y € I'(TM), we have

g(TX, TY) = cos? 0 {g(X,Y) — n(X)n(Y)} (24)
and

g(FX, FY) = sin® 0 {g(X, Y) = n(X)n(0)} . (25)

3. Contact Pseudo-Slant Submanifolds of a Sasakian Manifold

In this section, we study on some geometric properties of contact pseudo-slant submanifolds of a
Sasakian manifold. Necessary and sufficient conditions are given for a submanifold to be a contact pseudo-
slant submanifold, contact pseudo-slant product, mixed geodesic, DY and D*- geodesic in Sasakian mani-
folds.

Definition 3.1. [17]. Let M be a submanifold of a Sasakian manifold M. M is said to be contact pseudo-slant

submanifold of M if there exist two orthogonal distributions D* and DY on M such that:

(i) TM has the orthogonal direct decomposition TM = D* & DY, & € T(Dy).

(ii) The distribution D+ is an anti-invariant i.e., (D*+) Cc T*M.

(iii) The distribution D is a slant, that is, the slant angle between of D? and (D) is a constant.

Let p =dim(D*) and g=dim(D?. Then we have the following cases: .

(i) If g = 0, then M is an anti-invariant submanifold.

(ii) If p = 0 and O = 0, then M is invariant submanifold.

(iii) If p =0and 0 < O < %, then M is a proper slant submanifold.

(iv) If 6 = 7 then, M is an anti-invariant submanifold.

(v) If pg # 0 and 6 = 0, then M is a semi-invariant submanifold.

(vi) If pg # 0and 0 < 6 < 7, then M is a contact pseudo-slant submanifold.

For a contact pseudo-slant submanifold M of a Sasakian manifold M, the normal bundle T*M of a
contact pseudo-slant submanifold M is decomposable as
T*M = F(D*)® F(D%) & u, F(D*) L F(DY). (26)
Moreover, for any Z,Y € T(D+) and U € T(TM), also by using (1), (3), (4) and (6), we have
9(ArzY — ApyZ, U) g(h(Y, U),FZ) — g(h(Z, U), FY)
= 9(VuY,92) - g(VuZ,¢pY)
= g(@VuzZ Y) - g(VugZY)

= —g(Vup)ZY)
= —g(U2Z)n(Y)+n(Z)gY) = 0.

It follows that
ArzY = ApyZ, (27)
forany Z, Y € T(D4).
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Theorem 3.2. Let M be a contact pseudo-slant submanifold in Sasakian manifold M such that & € T(DP). Then we
have

9(ArpyDY — TV D* — BW(D?, D), DY) = 0. (28)
Proof. For any Z € T(D*) and X, U € T(DY) from (1), (3), (4), (5), (15) and (17), we obtain
JAzIX) = —g(VupZ X) = ~g(Vug)Z + pVuZ, X)

= —g9(U 2)¢ + n(2)U X) - g(VuZ, ¢X)
= —g(VuZ + (U, Z), pX)

= —g(VuZ TX) - g(h(U, Z), FX)

= g(TVuZ X) + g(Bh(U, Z), X).

This proves our assertion. []

Theorem 3.3. Let M be a proper contact pseudo slant submanifold of a Sasakian manifold M. Then the tensor F is
parallel iff B is parallel.

Proof. For any X, Y € I'(TM) from (19)
(VxF)Y = Cl(X,Y) — i(X, TY).
Taking inner product with respect to N € T'(T+-M). On both sides, we get from (1),(6),(15),(16), (19) and (20)
g((VxF)Y,N) 9(Ch(X,Y) — h(X, TY),N)
= g(Ch(X,Y),N)—g(h(X,TY),N)
= —g(h(X,Y),CN) - g(AnX, TY)
= g(TANXY) - g(AcnXY)
= g(TANX —AcnXY)
= —g((VxB)N,Y) (29)

this proves our assertion. []

Theorem 3.4. Let M be a proper contact pseudo slant submanifold of a Sasakian manifold M. Then the covariant
derivation of C is skew-symmetric.

Proof. We know from (21)

g((VxOU,N) = g(-h(BU, X) — FAuX,N). (30)
Again from (6), we have
g(VxOU,N) = —g(AnX, BU) + g(AuX,N)
= g(BANX U) + g(h(X, BN), U)
= g(BAnX + (X, BN), U)
= —g((VxON, U) 31)

for any X € I'(TM) and U, N € I'(T*M). So we can say covariant derivation of C is skew-symmetric. [J

Definition 3.5. A contact pseudo-slant submanifold M of Sasakian manifold M is said to be Dg-geodesic h(X,Y) =0
forall X, Y € T(DY). Mis said to be D*+-geodesic when h(U, W) = 0 forall U, W € T(D*). We call M as mixed-geodesic
submanifold h(X, Z) = 0 for all X € T(D%) and Z € T(D*).

Theorem 3.6. Let M be a proper contact pseudo slant submanifold a Sasakian manifold M. If B is parallel, then
either M is a mixed geodesic or an anti-invariant submanifold.
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Proof. By theorem 3.3, if B is parallel then F parallel, from (19),(20), we obtain
Ch(X,Z) =0 (32)

for any X € T(D?) and Z € T(D*). Replacing X and Z in (19) and taking into account of F being parallel, we
have

Ch(X,Z) - h(Z,TX) = 0.
Thus we have

h(Z,TX) = 0. (33)
Replacing TX in place of X in (33) we get

W(Z, T*X) = —cos*6h(X, Z) = 0.

So, cos*60 = 0 or h(X, Z) = 0. If cos?0 = 0, then 6 = &, so M is anti invariant submanifold. If #(X, Z) = 0, then
M is a mixed geodesic submanifold. O

Theorem 3.7. Let M be a proper contact pseudo-slant submanifold of a Sasakian manifold M. If B is parallel, then
either M is a D+ -geodesic or an anti-invariant submanifold of M.

Proof. If B is parallel, then making use of (20), we obtain
AcryZ - TAryZ =0,
for any Y, Z € T(D*), which implies that
TApyZ = 0.
This tell us that M is either anti-invariant or AryZ = 0. So we obtain
g(h(Z,W),FY) =0,
for any W € I'(D*). Also by using (20), we conclude that
9(AcNZ,Y) = g(TANZY) = g(h(Y, Z),CN) = 0,
for any N € I'(T*M). This tells us that M is either D*-geodesic or it is an anti-invariant submanifold. [J

Theorem 3.8. Let M be a proper contact pseudo-slant submanifold of a Sasakian manifold M. If F is parallel on D?,
then either M is a D°— geodesic submanifold or h(X,Y) is an eigenvector of C* with eigenvalue — cos* 6, for any
X,Ye I(DY).

Proof. If F is parallel, for any X, Y € T(D?), from (19), we have

Ch(X,Y)-h(X,TY) =0. (34)
On the other hand, since DY is a slant distribution, we obtain

Ch(X,Y = n(Y)&) — h(X, T(Y —n(Y)&)) =0
that is,

Ch(X,Y —n(Y)E) = h(X, TY). (35)
Now, applying C to (35), we have

Ch(X,Y = n(Y)&) = Ch(X, TY).
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On the other hand, by interchanging of Y and TY in (34), we have
Ch(X, TY) = h(X, T?Y).
Hence, by using (23), we obtain
Ch(X,Y = n(Y)&) = Ch(X, TY) = h(X, T*Y) = — cos? Oh(X, Y — n(Y)&).
This implies that either  vanishes on DY or  is an eigenvector of C> with eigenvalue —cos? 0. [J

Theorem 3.9. Let M be a proper contact pseudo-slant submanifold of a Sasakian manifold M. If F is parallel, then
either M is a mixed-geodesic or an anti-invariant submanifold.

Proof. From (19) we obtain
Ch(X,Y) =0,

for any X € I'(DY) and Y € T(D*). Replacing X by Y in (19) and taking into account of F being parallel, we
have

Ch(X,Y)-h(Y, TX)=0.
Thus we have

h(Y,TX) = 0,
which is equivalent to

h(Y, T?>X) = — cos® Oh(X,Y) = 0.
This proves our assertion. []

Theorem 3.10. Let M be a contact pseudo-slant submanifold of a Sasakian manifold M. Then the anti-invariant
distribution D* defines totally geodesic foliation in M if and only if

—ArzTX + AprxZ € T(DY), (36)
for any X € T(D%) and Z € T(D%).
Proof. For any X € I'(D% and Y, Z € T(D*), we have
9(VyZ, X) 9(PVyZ,¢X) + n(VyZ)n(X)
= geVyZ pX) — g(Vy&, Z)n(X)
= 9(eVyZ ¢X) + 9(TY, Z)n(X)
= gp(VyZ - (Y, 2)), pX)
= 9(VyZ ¢X) - g(gh(Y, 2)), pX)
= g@VvZ @X) = g(Vy9Z - (Vyp)Z, 9X)
= g(Vy9Z, ¢X) - g(9(Y, 2)& = n(Z)Y, pX)
= 9(VypZ ¢X).

Thus, we obtain
9VWZX) = g(Vy@Z eX) = g(Vy@Z FX) + g(VypZ, TX)
= —g(ApzTX,Y) - 9(VyZ,BFX) - g(VyZ, CFX)
= —g(A(pZTX, Y)+ sin? 09(VyZ, X — n(X)&) + g(ArrxY, Z),
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that is,
cos® 09(VyZ, X) = g(ArrxZ — ApzTX, Y).

This proves our assertion. [

Theorem 3.11. Let M be a contact pseudo-slant submanifold of a Sasakian manifold M. The slant distribution D°
defines totally geodesic foliation in M is if and only if

A(pzTY —ArryZ € F(DJ'), (37)
forany Y € T(DY) and Z € T(D*).

Proof. By using, (2), (4) and (5), we have

g9(VxY, 2) 9(eVxY, 9Z) + n(VxY)n(Z)

= g(pVxY,pZ)

= g(@VxY,0Z) - gph(X, ), pZ)

= g(VxpY-(Vx9)Y, ¢Z)

= g(VxpY,9Z) - 9(9(X, V)& = n(V)X, 9Z)

= g(Vx@Y,0Z) = —g(VxpZ,¢Y).

Thus, we obtain

gVxY,Z) = -g(VxpZ pY)
= —g(Vx@Z, TY) - g(Vx@Z FY)
= g(ApzTY, X) + g(VxZ, BFY) + g(VxZ, CFY)
= g(ApzTY, X) - sin? 09(VxZ, Y — n(Y)E) + g(Acry X, Z),

for any X, Y € (DY) and Z € T(D*). This implies that
cos? 09(VxY, Z) = g(ApzTY — ArrvZ, X).
|

Definition 3.12. Let M be a contact pseudo-slant submanifold of a Sasakian manifold M. M is said to be contact
pseudo-slant product if the distributions D* and DY are totally geodesic in M [10].

From Theorems 3.10 and 3.11, we have the following statement.

Proposition 3.13. Let M be a contact proper pseudo-slant submanifold of a Sasakian manifold M. Then M is a
contact pseudo-slant product if and only if and only if the shape operator of M satisfies

Apr)T(DY) = AprpoyD*. (38)

Theorem 3.14. Let M be a contact pseudo-slant submanifold of a Sasakian manifold M. Then M is a contact
pseudo-slant product if and only if the shape operator of M satisfies

AF(DL)T(DQ) = AFT(DH)DJ'. (39)
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Proof. By using (18), we have

VxTY = TVxY = ApeX + Bi(X, Y) + g(X, V)& = ()X,

for any X, Y € I'(Dy). This implies that

g(VXTY, W) = g(Ar X, W) + g(Bh(X, Y), W), (40)

for any W € I'(D*). Replacing Y by PY in (40) and taking into account of (24), we obtain

cos? 0g(VxY, W) = g(ArwTY — ArryW, X). (41)

Also, from (11) and (18) we have

=TVwU = AryW + Bh(W, U) + g(W, U)¢,

for any U, W € I'(D*), from which

—g(TVwU, TX) = g(AruW, TX) + g(Bh(W, U), TX),

that is,

— cos? 0g(ViwlU, X) = g(ApuTX — AprxU, W), (42)

for any X € I'(Dg). (41) and (42) imply that (39). O

Theorem 3.15. Let M be a proper contact pseudo-slant submanifold of a Sasakian manifold M. If the tensor field B
is parallel, then M is a contact pseudo-slant product.

Proof. Since B is parallel, from Theorem 3.3., (19) and (20), we have

TArzU =0, UeT(TM), ZeT(DY).

This implies that A,zU € I'(D+) and Bh(U, Z) = 0. The proof is completes. []
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