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Semi-Parallel and Harmonic Surfaces
in Semi-Euclidean 4-Space with Index 2

Mehmet Yildirim?, Kazim ilarslan®

?Kirikkale University, Faculty of Sciences and Arts, Department of Mathematics, Kirtkkale-Turkey

Abstract. The present paper mainly deals with construction and investigation further properties of
semi-parallel and harmonic surfaces. The first part of the study shall be devoted to investigate and present
necessary and sufficient conditions of being semi-parallel surfaces by considering semi-parallelity condition
R(X,Y).h = 0. In the light of the condition, the fact of a part of semi-parallel surfaces can be created by
translation surfaces is captured. As a last result, we present that M must be a translation surface in the case
of it is a harmonic surface.

1. Introduction

In [7], ]. Deprez initiated the study of semi- parallel, or semi symetric submanifolds. Denote by R the
curvature tensor of the Vander Waerden-Bortoletti connection V of M and # is the second fundamental form
of M in E"*. The submanifold M is called semi-parallel (or semi-symmetric) if R- h = 0. This notion is a
direct generalization of parallel submanifolds, i.e. submanifolds for which Vh = 0. In [6], ]. Deprez showed
the fact that the submanifold M C [E" is semiparallel implies that (M,g) is semi-symmetric. For more details
on semi-symmetric spaces, we refer the readers to [12] and references therein. J. Deprez gave fundamental
equalities and achived local classification of semi-parallel hypersurfaces in Euclidean space. By using
these equalities several authors studied on semi parallelity of a surface in four dimensional Euclidean and
semi-Euclidean spaces and some space forms, see [6-9, 11].

It is well known that the Gauss map plays important role in determining geometry of a submanifold.
Denote by G the Gauss map of M, if AG = 0, then M is called a harmonic surface. On the other hand
harmonic functions have several properties in advanced analysis. Therefore, we aim to describe surfaces
having harmonic Gauss map in locally cases. In Euclidean spaces Gauss map have been used to classify the
surfaces by several authors, among the others we can refer some of them as [1], [8] and [13]. More detailed
information about harmonic surfaces see [2-4].

The present paper is organized as follows: we first recall some basic concepts and the notations of
submanifolds and we deal with geometrical properties of surfaces in semi- Euclidean space [E;. The third
section includes the first main results of the paper in which semi-parallelity conditions of a surface are
presented and shown that some special translation surfaces are satisfies the semi-parallelity conditions in
IE5. The fourth which is the last section consists of the investigation of harmonic surfaces. As a result of this
section, we get that harmonic surfaces in [E} are only translation surfaces.
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2. Preliminaries

Based on [5] and [6], we shall give some basic definitions, concepts and notions of Riemann submanifolds
and some auxiliary results will be presented, which will be necessary to prove our main results.

Lett: M — [E" be an immersion from an m—dimensional connected Riemannian manifold M into an
n—dimensional Euclidean space [E”. We denote by g the metric tensor of [E", which is also an induced metric
on M. Let V be the Levi-Civita connection of [E” and V be the induced connection on M. Then the Gaussian
and Weingarten formulas are given by

VxY

VY +h(X,Y),
1
VXN = —ANX + Vj(N,

where X, Y are vector fields tangent to M and N normal to M. Moreover, & is the second fundamental form,
V+ is a linear connection induced in the normal bundle T+M, called normal connection and Ay is the shape
operator in the direction of N that is related with & by

<h(X,Y),N>=< AyX, Y >. (2)

If the set {Xj, ..., X;,;} is a local basis for y(M) and {Nj, ..., N,_,} is a orthonormal local basis for y* (M), then
h can be written as

h= Zth;Na, 3)

where
h?} =< I’Z(X,‘,X]‘),Na > .
The covariant differentiation Vi of the second fundamental form % on the direct sum of the tangent
bundle and the normal bundle TM & T*M of M is defined by
(Vxh)(Y, Z) = Vxh(Y, Z) = h(VxY, Z) = h(Y, VxZ) (4)

for any vector fields X, Y and Z tangent to M. Then we have the Codazzi equation

(Vxh)(Y, Z) = (Vyh)(X, Z). (5)
We denote the curvature tensor by R associated with V;

RX,Y)Z = -VxVyZ + VyVxZ + Vixv1Z (6)
and denote the curvature tensor by R* associated with V+

RE(X, Y)n = Vi Vyin = Vi Vyn = Vi 1, (7)

where 7 is normal vector field to M .
The well-known Gauss and Ricci equations are given by

<R(X,Y)Z,W >=< i(X, W), (Y, Z) > — < (X, Z), h(Y, W) >, (8)
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<RX, Y)n,&> - <R X, Y)n,&>=< [A), AdX Y > 9)

for any vector fields X, Y, Z,W are tangent to M and &, ) are normal vector fields to M.
The Gaussian curvature of M is defined by

K =< h(Xy, X1), h(Xa, X2) > — (X1, Xa)I?, (10)

where the set {Xj, X5} is a linearly independent subset of x(M).
The normal curvature Ky of M is defined by
n—2 12
Ky = Z < R*(X1,X)Na, Ng >¢ (11)
1=a<p

where {Na, ng} is an orthonormal basis of x*(M). (11) directly implies that Ky = 0 if and only if V* is a flat
normal connection of M . .
Further mean curvature vector H of M is defined by

1 2

H-= EZtr(ANa)Na. (12)

a=1

Let us consider product tensor R.1 of the curvature tensor R with the second fundamental form # which
is defined by

(RX, Y)I)(Z,T) = Vx(Vyh(Z,T)) = Vy(Vxh(Z,T)) = Vixyi(Z, T)), (13)
forall X, Y, Z, T tangent to M.
Definition 2.1. ( [7]) A surface M is called semi-parallel if Rh = 0, i.e. R(X,Y).h=0.
As a result of this definition, one can directly obtain that
(R(X, Y).h)(Z,T) = R*(X, Y)h(Z, T) - l(R(X,Y)Z, T) — h(Z, R(X, Y)T). (14)

Lemma 2.2. ([7]) Let M C [E" be a smooth surface given with the patch X(u,v). Then the following equalities are
hold;

_ n-2
(R(X1, X2).1)(X1, X1) = ( Y b (hg, — h§y + ZK)) h(X1, X)
a=1

n-2
+ Zlh‘flh‘fz(h(xl, X1) — (X2, X2))

(R(X1, Xo).h)(X1, X2) = ("ﬁh@(hgz - hf;l))h(xl,xz)
a1 (15)

n-2
+ 2 h e, (h(Xq, Xa) — h(X2, X2))
a=1

n-2
(R(X1, X2).h)(X2, X2) = (Z_‘lhgz(hgz —hi, - ZK)) h(X1, X)

n-2
+ Zlhgzhllxz(h(xlr Xl) - h(er Xz))
a=

Now, let us also give Deprez’s result regarding with the classification of semi-parallel surfaces.
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Theorem 2.3. ([7]) Let M a surface in n-dimensional Euclidean space IE". Then M is semi-parallel if and only if
locally;

i) M is equivalent to 2-sphere, or

i1)M has trivial normal connection, or

iii) M is an isotropic surface in > C " satisfying ||H|[* = 3K.

Let G(n — m,n) denote the Grassmannian manifold consisting of all oriented (n — m)—planes through
origin of [E". Let M be an oriented m— dimensional submanifold of a Euclidean space E". The Gauss map
G : M — G(n —m,n) of M is a smooth map which carries a point p € M into the oriented m—plane through
the origin of [E” obtained by the parallel translation of the tangent space of M at p in [E".

Since G(n — m, n) is canonically embedded in A"™E" = EN, N = ("), the notion of the type of the
Gauss map is naturally defined. If {e;+1,€u+2,...,€4} is an oriented orthonormal normal frame on M, then
the Gauss map G : M — G(n —m,n) C EN is given by G(p) = (ems1AemsaA...Aey)(p). The inner product on
A"E" is defined for wq = us AupA...Auy_p, Wy = V1 A2A.. AV, by

<wy, wy >=det < u;,v; > . (16)

For n = 4, an orthonormal basis of A2E* with respect to above inner product is the set

{eiAej|1$i<jS4}-

For any real function f on M, the Laplacian of f is defined by

Af =- Z Ei(veiveif - vvt’ieif)' "

1

Let G be Gauss map of the surface M. If AG = 0, then M is called a harmonic surface.

Definition 2.4. ([2]) A surface M defined as the sum of two space curves a(u) = (1,0, f3(u), fa(u)) and p(v) =
(0,0, g3(v), g4(v)) is called a translation surface in E*. So, a translation surface is defined by a patch

X(u,v) = (u,v, f3(u) + g3(v), fa(u) + ga(v)).
Let we define a semi-Euclidean metric with index two on E* as
g = 2(dx1dxs + dxpdxy).

As a usual representation, [E* with above metric is denoted by ]E%. Now, we consider a non-degenerate
surface in IE; and for this surface, a parametrization can be chosen as

E:UCR? > E,
5(1/1, Z]) = (M, o, E_l (M, Z))/ 52(“/ U)) (18)

Without loss of generality we can choose & as an orthogonal parametrization, i.e., &1, = —&3,. According to
this parametrization, an orthonormal tangent frame to M is given by

1
ep = méu
- 1,088
- \/E VY, G1urs S2u)s
(19)
1
e = mév

1 S
e — Or 1/ vr G20)r
\/25—2”( 10, E20)
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where & = |§1 L& = )5_2| . The normal space of M is spanned by

1

= 1/0/__M/__u/ 20
1 '_251u( Etur—Eou) (20)
= O/]-/__U/__U/
) ZEzv( E1o, —E0)
where
gle,e1) = —gng,m)=e¢y, (21)
gler,e0) = —gny,m)=e

and ¢; = ¥1, €, = ¥1. In addition, it is easily seen that {ej, e, 111, 12} is positively oriented frame along M.
By covariant differentiation with respect to e; and e, a straightforward calculation gives

V€1 = agyey — beyny —aeany,
Vele‘z = —ag&req +agng — cény,

Ve 1 = —bejer +agrep —agrny, (22)
Ve o = —ae1e — cerey + aeimy
and
qul = Cé&ney +aE1N1 — CEQNY,
V,,ex = —ce1e1 + ceqng — deany,
o (23)
Yeznl = a&1eq + cErey — CENY,
Ve, 1y = —cereq — degey + ceqiy,
where g, b, ¢ and d are Christoffel symbols given by
EZuu
a = T (24)
2 \/Eélu VEZU
Eluu
b= ——1—, (25)
2 \/E(élu)%
_Elvv
(= ————, (26)
2 \/55227 Vélu
éZvv
= =% (27)
2 ‘/E(EZU)%
By (3), second fundamental form of this structure is written as
2
h= Y hng, (28)
i,ja=1
where
hil = —11781 h§1 = —zasz
hi, =hy =aer hi, =h5 = —cez . (29)

17 _ 2
hy, = ce h5, = —dez
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Corollary 2.5. M is a totally geodesic surface in E} ifand only if a=b=c=d =0, ie.,
&1(u,v) —Av+ AMu+ Ay,
Eo(u,v) = Au+ o+ o,

for some real constants A, A1, Ay, u1, Ua.

The induced covariant differentiation on M can be stated as

Veer = a&e,

Veer = —aee,

Veer = cée,

Ve,e2 =  —cee.
1

Vong = —aeny,
1 — .

vean = agny,
1 —

Vean = —cé&xny,
1 —

Vi, 2 ce1ny,

where the equalities (31) and (32) define the normal connection on M.

Lemma 2.6. Let M be a surface in B} with patch (18). Then we have its shape operators as

—bey ae —ae1  —ceq
Am = - 7 Anz = - . M
agen Cé —C& —déz

With an elemantary calculation we get that Gauss and Ricci equations of M are identical and

ay Cy
\Y 2520 \% 2'5114

Codazzi equations of M are

= (2a% + bc)eq + (2¢% — ad)e,.

bo 4 = abey —acey,
V252v V2'£1u
d
© = aceq + cdes.

;
5

2520 26111

3. Semi Parallel Surfaces

5748

(30)

(31)

(32)

(33)

(34)

(35)

(36)

In this section we investigate semi-parallelity of a surface with patch (18). By considering (3), (4) and

(14) we determine semi-parallelity conditions of M.

We suppose that M is a semi-parallel surface, i.e., R.h = 0. The equalities (15) and elementary calculations

yield

(ad — abc — a® — ac®)eq — (2ad* + 2ac?)e &0 + 2abc + 243 =

(bc? + b%c — abd + a*b)ey — (2bc* + 2a%c)e1 o + 2adc + 23

(acd — ®b — a’c — c®)eq — (abd + bc? + acd + )&y ey + bPc + a?b + bc* + a’c
(a*d — abc — a® — ac?)es + (=bed — a*d + abe + a®)eq e + ad® + c*d — a*d — ac?
(ad? — a*d — bed — dc*)eq + (2a%d + 2ac?)e1 ey — 2abe — 2a°

(acd — c*b — a’c — )&y + (2bc? + 2a%c)e1ep — 2adc — 2¢® =

Il
SO OO oo
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Theorem 3.1. Let M be a surface given with the surface patch in (18). Then M is a semi parallel surface if and only
i i) For &1 = €5 =1, a and c must be zero or equivalently to this, following equalities are satisfied,

&1(u, ) —Av — Au),

&(u,v) = Au+B(v),
where A’(u) < 0 and B'(v) > 0,

ii) For €1 = —ep = 1, either a and c must be zero or equivalently to this, following equalities are satisfied,
ci(w,0) = -Av-Aw),
&, v) = Au+ B(v) where A'(u) <0, B'(v) <0

or a and d must be zero and b = —c or equivalently to these, following equalities are satisfied,

§ 3
ci(u,v) = _Al% - A — 8_)’:\11()\114+1’1)g +ca,
E(u,0) = Muv+ Au+ro+rn

where A1, Ay, c1, €, 11, 72 are real constants and (u,v) € (_A—?, 00)XR,c; <0.
iii) For —e1 = &5 = 1, either a and c must be zero or equivalently to these, following equalities are satisfied,

él(ul U) = —-Av- A(I/l),

&(u,v) = Au+ B(v), where A’'(u) >0, B'(v) >0
ora =0,b = —cequivalently,
uA3

k
a1 B
A kko+1) o
where a, 3, A, k, 1, m, u are real constants (u,v) € (—o0,0) X R.
iv) For €1 = &y = =1, a and ¢ must be zero or equivalently to thesethe, following equalities are satisfied,

él(ul 'U) —Av - A(I/l),

52(1’[/ U) = Au+ B(U)/
where A’(u) > 0 and B'(v) < 0.

4
A

)2u +m,

‘Sl (M, U)

v+ (

52(1’[/ U)

Example 3.2. A translation surface with coordinate patch
&(u,v) = (u,0,=A(u), Au) + (0,0, =Av, B(v))

which is given in [2], is a semi- parallel surface in IE;.

4. Harmonic Surfaces
In this last section, we focus on harmonic surfaces and their properties.

Lemma 4.1. ([8]) Let M be an n- dimensional submanifold of Euclidean space B"*2. Then the Laplacian of the Gauss
map G = ey41/\ep4 is given by

AG = [|hIPG+ ZZkRL(ej, € Cna1, Env2)ej N
]<
n
+n Z‘lej;(ej)ejAH + V(trAp)Aenn — V(trA, ) Neps,
]:

where ||h||* is the squared length of the second fundamental form, R* is normal curvature tensor and V(trA,) is
gradient of trA,.
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Using (12) and (33), we immediately have

H= %[(8117 — &0)n + (e1a + e2d)ny],

V(trA,,) = [b—u + €1€2C—M]€1 + [C—v - 8152%162,
p p q q

a, dlt dz; ay
V(trA,,) = [-— —e1ea—le1 = [= + e162—=1]ey,
p p q q

where p = 2&;, and g = V2&, . Furthermore, considering (22) we obtain
wsy(e1) = —aez, ws4(e2) = —cez,
Rt(eq,e0;11,1) = —aeq — c2ey — beeq + adey,
> = =3a%¢, — 3c?e1 — bPeq — des.

Thus Laplacian of the surface M can be stated as

AG = (=2a%ey —2c%e1 — 2bces + 2ader e Aey

a d
+(—= + e169— + abey — aceq)e; Any
p p
b, Cy 5
+(—— + e160— +a“er +ader)e; Any
p p
d a
+(;v + 816250 + beeq — cer)er Amy

c b
+(§ - 6162;0 +aceq + cdey)es Any

+(=3a¢y — 3c%e1 — VPe1 — d?er)n Any.

Corollary 4.2. The surface M is harmonic if and only if one of the following statements is hold

(i) For &1 = &y, it is totally geodesic,

(ii) For e1 = —& = 1, by considering fundamental equations (Gauss, Ricci and Codazzi) we have

> —c*+bc+ad =0,

302 =32 - +d>=0.

5750

(37)

(38)

(39)

From (38) and (39) it is easily seen that a> — ¢* = —(bc + ad). If it replaces in Gauss equation, from (34),

(35) and (36) we get the following system;
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a, d
——-—= = ab+ac,
p P
b, ¢
—~+ = = —a*+ad,
p P
d, a
e
9 49
o b
= += = -ac+d,
q 4
b _Cu  _ 22
9 P
b, a
—+— = ab+ac,
q9 P
o d
= -= = ac—cd
9 P
Now, if we put
I — &: Cu — @:
=X / y 5=z v w
b — 5 =7 “L=35 4u_mp’
;=X T=7 z =W

then we obtain the following linear equation system in order (x,X,y,¥,2,Z,w,W)

[ 1 0 0 O 0 0 -1 o0 ab + ac ]
0 0 1 0 1 0 0 0 —a? +ad
0 -1 0 0 0 0 0 1 : —bc—c?
0 0 0 1 0 1 0o 0 cd — ac
0 1 0 0 -1 0 0 0 : a% — c?
1 0 0 1 0 0 0 0 : ab + ac

| 0 0 0 O 01 -1 0 : ac—cd |

After some elementary operations, this system turns to

1 0 0 0 0 0 -1 0 : ab +ac
01 0 0 0 O 0o -1 be + ¢?
0 01 0 1 0 0 0 : ad — a?
0 001 0 1 0 0 : cd — ac
0O 00 01 O 0 -1 : 2c%+bc—a?
0O 0000 1 -1 0 : cd —ac

| 0 0 0 0 0 O 0 0 : —ac+cd |

Consequently, this system is compatible if and only if d —a = 0 or ¢ = 0. Then we will consider following
two cases:
i)Ifa =d, then M is a totally geodesic surface in IE;, i.e. M becomes a plane or a part of plane.
ii) If ¢ = 0, either M is a totally geodesic surface in IE; or M has following parametrization
61 Av + f (u)l
52 = —-Au+ g (U)/
such that, f and g satisfy the following differential equations
fEpr = o,
g #pg* = 0.
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For —¢; = € = 1, by considering fundamental equations (Gauss, Ricci and Codazzi) we have

(40)

c2—a?—bc—ad =0,
3c2-3a>+b*-d*>=0.

From first equation of 40 it is easily seen that a*> — ¢* = —(bc + ad). If it replaces in Gauss equation,from (34),
(35) and (36) we get the following system;

Oy _ = -—ab-ac,
p
o —ad +a?,
p P
LN be + 2,
9 9
b—v+c—” = ac—cd,
9 4
o G _ bc +ad,
q P
@+& = —ab-ac,
p 4
Co_du = cd—ac.
q P

Now, as in previous case, if we put

du — b—“ = Cu — ﬂ =
[ S S B
q - Ay q - y/ q = 4 p = Wy
then we obtain the following linear equation system:
1 0 0 0 0 0 -1 0 —ab —ac ]
00 101 00 O a* —ad
0O -1 0 00 00 1 be + ¢?
00 o010 1 0 O ac —cd
o1 00 -1 0 0 O bc +ad
10 01 0 0 0 O -ab —ac
| 0 O 0 0 O 1 -1 0 cd —ac

After some elementary operations, this system turns to the following system,

1 0 0 0 0 0 -1 O : -ab—ac
01 0 0 0 0 O -1 : -bc-c?
0 01 01 0 O 0 : a?—ad
0 001 0 1 0 0 : ac—cd
0 0001 0 O -1 : 2bc—c?—ad
00 0 0 0 1 -1 0 i cd—ac
| 0 0 0 0 0 0 O 0 : ac—cd

This system is compatible if and only if d —a = 0 or ¢ = 0. Thus we see that this case is same with
previous case.
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