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A Riordan Array Approach to Apostol Type-Sheffer Sequences

Mumtaz Riyasat?

?Department of Mathematics, Aligarh Muslim University, Aligarh 202002, Uttar Pradesh, India

Abstract. In this article, the generalized Apostol type-Sheffer sequences are introduced and their prop-
erties including the quasi-monomiality, determinant form and series and conjugate representations are
derived via Riordan array techniques. The generalized Apostol-Bernoulli, Apostol-Euler and Apostol-
Genocchi-Sheffer sequences are considered as their special cases. Certain examples are framed in terms
of the generalized Apostol Bernoulli-associated Laguerre sequences, generalized Apostol-Euler-Hermite
sequences and generalized Apostol-Genocchi-Legendre sequences to give the applications of main results.
The numerical results to calculate the zeros and approximate solutions of these sequences are given and
their graphical representations are shown.

1. Introduction and preliminaries

Sheffer polynomial sequences arise in numerous problems of applied mathematics, theoretical physics,
approximation theory and several other branches of the mathematical sciences. Sheffer polynomial se-
quences contain their associated sequences as well as the Appell sequences as two subclasses. Sheffer
sequences are studied systematically by theory of modern umbral calculus (see, for example, [14], [15] and
[13]; see also several related recent works including [3], [18], [4] and [19]). Some definitions and results to
be used in this work are being recalled here from the work by Wang [23].

Let K be a field of characteristic zero and suppose that ¥ is the set of all formal power series in the
variable t over K. An element of # has the following form:

(o8]

f) = Z at",

k=0

where g, € K forallk € Ny :=INU{0} ={0,1,2,...}. The order 0<f(t)) of a power series f(f) is the smallest
integer k for which the coefficient of  does not vanish. The series f(t) has a multiplicative inverse, denoted
by [f M1 or by j%, if and only if 0( f (t)) = 0. In this case, f(f) is called an invertible series. The series f(t)

has a compositional inverse, denoted by ?(t) and satisfying the following condition:

f(F®) = F(f®) =t = off®)=1.
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The series f(t) with 0( f (t)) = 1is called a delta series.

Definition 1.1. Let g(t) be an invertible series and f(t) be a delta series of the following forms:
f(t) = Z ot (h=0£#0)  and  g=Yg s (9#0) M

Then the sequence (sn(x)) o, 18 called a Sheffer sequence for the pair (g(t), f (t)) if and only if
nelNo

GOLFOFIs2 (%)) = cu0ng,

for all n, k € INy, 0, x being the Kronecker delta.

We recall the concept of the Riordan arrays, which was introduced by Shapiro et al. [17] and further
studied by many authors (see, for example, [6] and [7]).

Definition 1.2. Let g(f) be an invertible series and let f(t) be a delta series. A generalized Riordan array
with respect to the sequence (c,)uen, is a pair (g(t), f (t)), which defines an infinite lower triangular array
(@1 f)osksn<oo according to the following rule:

[f (f)

g = [ ] (n L @)

k
where such quotients as 20O 4re called the column generating functions of the Riordan array. In articular,
ichqu c 8 8 y- Inp
the classical Riordan arrays correspond to the case when ¢,, = 1 and the exponential Riordan arrays correspond
Y % P Y p
to the case when ¢, = n!.

For any fixed sequence (cy)nen,, the set of all Riordan arrays (g(t), f (t)) is a group under matrix multipli-
cation and is called a Riordan group with respect to the sequence (¢,)nen,. The identity of this group is (1,t)
and the inverse of the array (g(t), f (t)) is

™)

where £(t) is the compositional inverse of f(t). Moreover, for any fixed sequence (c,)seN,, the Riordan group
and the Sheffer group are isomorphic [22].

It is shown by Wang [23] that the Sheffer sequences can be expressed as determinants. The determinant
form for the Sheffer sequences is given by

Let (S”(x))nEINU be a Sheffer sequence for the pair (g(t), f (t)). Then we have

s0(x) = ﬁ 3)
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1 x x1 x"
oo Ad10 20 An-1,0 an0
0 my a2 Ap-11 And
="
Sulx) = ————
) agoaiy - apy | 0 0 ap An-12  Anp
0 0 0 an—l,n—l an,n—l
—1)"
_ (-1) d ( X1 )’ (4)
ap,0 A41,1 *** Ann 5nx(n+1)
where
Xpe1 = (Lx, 2%+ X" 2" and  Suxguen) = (@j-1,i-1)15ism; 15j<n1
and a,, is the (1, k) entry of the Riordan array (g(t), f (t)).
The Sheffer sequences (sn (x))ndl\I defined by the equation (1.4) also satisfy the following condition:
0
n
Su(0) = ) by, (5)
k=0

where b,k is the (1, k) entry of the Riordan array ( ( ) f (t)] and (sn(x)) is a Sheffer sequence for the
f®

pair (g(t), f (t)) (see [22]).

For the pair (g(t), f (t)), the exponential generating function and conjugate representation for the Sheffer
sequences s,(x) are given by

_ 0 x Kk
! e(f0) = Y s Z— where (=) - ©)

and

wwm%qu)

s,,x—z xk. (7)

In particular, the Sheffer sequence for the pair (1, f (t)) is called the associated Sheffer sequence and the
Sheffer sequence for the pair (g(t), t) is called the Appell sequence for g(t) (see, for details, [14]; see also [20]).

The Sheffer sequences {s,(x)}sen, are shown to be quasi-monomial, for details see [2]. The Sheffer
sequences are also studied from algebraic point of view, see for example [4]. According to the monomiality
principle, there exist two operators ®* and @~ playing, respectively, the roles of multiplicative and derivative
operators for a polynomial set {s,,(x)},en,, that is, ®* and @~ satisfy the following identities for all n € INy:

O, () =sum1(x)  and D (s,(0)) = 15,1 (). ®
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The polynomial set {s,(x)}sen, is then called quasi-monomial. If ®* and ®~ have derivative-type
realizations, then the polynomial set {s,(x)}.en, satisfy the following differential equation:

DD {s,(x)} = 1 5,(x). )

Several important results for the Apostol-Bernoulli, -Euler and -Genocchi polynomials are derived
in [8, 21]. We give the following generalized unified form of the Apostol-Bernoulli, Apostol-Euler and
Apostol-Genocchi polynomials (see also [12]):

()

Fora, € C,a, b € R\ {0} and k € Ny, the generalized unified Apostol type polynomials Pn’ﬁ

defined by the following generating function:

(x;k,a,b) are

( Zl—ktk

P ’ = - (@) (.. ﬂ
p €(f>—a") &0 _;Pwﬁ(’“"'“'b)cn' (10)

In fact, the following special cases hold:

(@) (... @

Pm(x, 1,1,1) :=B,(x; A), (11)
(@) (... e @

Pm(x, 0,-1,1):=€,"(x; A), (12)
@ (1 L2\ p@,.

P 2 xrlr_§/1 - gn (X,A), (13)
”’E

where %;“)(x; A), (E;“) (x; A) and Q,@ (x; A) are the generalized forms of the Apostol-Bernoulli, Apostol-Euler
and Apostol-Genocchi polynomials (see [9-11]).

We also note that
BO(x;1) := BY(x), €W1):=EP@x) and V(1) := GV (x), (14)
where

BP(), EP(x) and G

are the generalized Bernoulli, Euler and Genocchi polynomials (see [5, 16]). Similarly, we have
BV(x) :=B,(x), EL(x):=E,x) and G(x):=Gu), (15)

where B, (x), E,(x) and G,(x) are the Bernoulli, Euler and Genocchi polynomials (see [5, 16]).

In this article, the generalized Apostol type-Sheffer sequences are introduced and their quasi-monomial
properties, determinant forms and series and conjugate representation are established via Riordan arrays.
As the special cases of these sequences, the generalized Apostol Bernoulli, Euler and Genocchi-Sheffer
sequences are deduced. The examples of some members belonging to the Sheffer sequences are framed to
give the applications of main results. The numerical results to calculate the zeros and approximate solutions
of these sequences are also given.

2. Generalized Apostol type-Sheffer sequences

The generalized Apostol type-Sheffer sequences are introduced as the combination of generalized Apos-
tol type polynomials and Sheffer sequences via Riordan arrays. For this, we give the following definition:
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Definition 2.1. For the pair (g(t), f(t)) and forall x, «, p € C;a, b € R\ {0} and k € Ny, the generating function
for the generalized Apostol type-Sheffer sequences ps;‘z (x;k,a,b) is given by

. Zlik(?(t))k a 2\ =N @ n
g(?(t)) [ﬁbé’(?(t)) —qab ex(f(t)) - nZ:O Psn,ﬁ(xr k,a, b)a 16)

The following special cases of 7)551&; (x;k,a,b) can be deduced as:
Casel: Put § — A and k = a = b = 1 and using relation
Ps(51,1,1) = 551, ) (17)

in psff‘; (x;k,a,b), we find the generalized Apostol-Bernoulli-Sheffer sequences Qgsff‘) (x; A) defined by

1 f® ]“ = > (@) ')\ﬂ, .
9(?<f>)(f\e<?<t>>—1 () ZOQ‘S A, (18)

Case2:Putf —» Aandk =a+1=0b-1 = 0 and using relation

Psi (60, -1,1) = 5, (x; 1) (19)

in psfff; (x;k,a,b), we find the generalized Apostol-Euler-Sheffer sequences @sﬁ,“) (x; A) defined by

1 2 S~ = t
= — e(fB)) =Y @ 1)—. (20)
a(f®) (A e(f(t) + 1) 7o) Zﬁ €
Case3: Putf — 4,k =1,4 = -1 and b = 1 and using relation
ps (61,-3,1) = g7 e
n5 2

in psff; (x;k,a,b), we find the generalized Apostol-Genocchi-Sheffer sequences gs;“) (x; A) defined by

. 24 f @ t"
g(f®) [A e(]_fj((:))) + 1] e:(f) = ; s (x; /\)a. o)
We note that
35006 1) = ps0(¥), esW(%1) = psP(x) and  gsW(x;1) = o5 (x), (23)
where

ps (), es, (M and  os7()
are the generalized Bernoulli-Sheffer, the generalized Euler-Sheffer and the generalized Genocchi-Sheffer
sequences.
Similarly, we have

BSY () 1= psa(x), £S\)(X) == su(x) and  gs\(x) = gsa(), (24)

where
Bsu(¥), Esu(x) and  gsu(x)

are the Bernoulli-Sheffer, the Euler-Sheffer and the Genocchi-Sheffer sequences.

In order to show that the generalized Apostol type-Sheffer sequences are quasi-monomial, we prove the
following results:
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Theorem 2.2. The multiplicative and derivative operators for the generalized Apostol type-Sheffer sequences are
given by

+ _ g,(Dx) Ck_k _ aﬁbe(Dx) 1
o, = ((x 9Dy " D, (ﬁbe(Dx)—ab)) f’(Dx))’ (25)

P, = f(Dx). (26)

Proof. On differentiation of generating equation (2.1) with respect to t and after simplification of the resultant
equation, we obtain

e(f() 27)

n

fn { 21_k(?(t))k ]a 1

y sfﬁ) (x;k,a,b)— = — —
;P v | prefe) —at| g(f)

(fo be(F __
x- M _ok B U®) \mzg), (28)
a(f®)  F® @ e(fr) —at)

which on using generating equation (2.1) and the following identity:

L 2 Ge) ) - L 2 Fe) )
(D2){—= — (FO)p =t {— — (F() (29)
! {g(f(t)) [ﬁb Gy -a| d o) | preGoy-ar| © !

becomes

(o9

W ot [ (D) ak apreDy)
; P5n+1,ﬁ(x/ k, a, b)a = nZ:(; {[x g(DY) D_x (ﬂbe(Dx) _ ﬂb)

_ ” t”
f’(Dx)}ps;,;m ka,b)—. (30)

Equating the coefficients of the same powers of ¢ together with the use of the monomiality equation
(1.8), we get the assertion (2.10).

Also, by using the equation (2.1) in the identity (2.14) and after some simplification, we find that

@) N @ £
£(Dy) Zg Ptk 0, D) - = Z; P, g K0, B) — (31)

Finally, by equating the coefficients of the same powers of t together with the use of the monomiality
equation (1.8), we get the assertion (2.11). Our proof of Theorem 2.1 is thus completed. [

Theorem 2.3. The generalized Apostol type-Sheffer sequences satisfy the following differential equation:

((x_ g,(Dx) + ak _ aﬂbe(Dx) ) f(Dx)

(@), _
9Dy D, (Bte(Dy) - a¥)) F/(Dy) ‘”)Psn,ﬁ("'k'“'b)—o- (32)

Proof. Use of equations (2.10) and (2.11) in equation (1.9) yields assertion (2.17). O

To express the generalized Apostol type-Sheffer sequences in a determinant form, we prove the following
theorem.
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Theorem 2.4. The generalized Apostol type-Sheffer sequences of degree n are given by

1
@y ke - 33
7’50,5 (x/ 4, b) 00 ( )
1 Powkab) PhEkab) - PO (vkab) Prka,b)
0,0 a1,0 2,0 T An-1,0 An0
0 a1 az1 e An-1,1 (2751
_1)71
@ (- — ( e
7’5,14;(x1 , 4, b) oo - Ay 0 0 azn Ap-12 (2%
0 0 0 e Ap-1,n-1 Apn-1
(34)
1\ () .
- ( 1) det ( Prﬁ-l,ﬁ (x/ k/ al b) ) , (35)
Ao, 10t Angn nx(n+1)
where )
Pi(::-)l,ﬁ(x; kl a, b) = (1r P(ﬁg (x/ k/ a, b)/ P(zo/tﬁ) (xr kr a, b)r Tty ngﬁ (x/ k/ a, b))
and

Musne1y = (@j-1,i-1)1gi<n, 1<j<n+1,
j j

anx being the (n, k) entry of the Riordan array (g(t), f (t)).

Proof. Upon replacing the powers x" (n = 0,1,2...) by the polynomials Pifﬁ)(x; k,a,b) (n =0,1,2...) in the
right-hand side and x by P(laﬁ)(x; k,a,b) in left-hand side of equations (1.3) and (1.4) and on appropriately
using the following relation:

Pk, a,0) = 50(PL (K, 0,b)) (36)
in the left-hand side of the resultant equation yields assertions (2.18) and (2.19). O

Theorem 2.5. The series and conjugate representations for the generalized Apostol type-Sheffer sequences are given
by

PS%(X} k,a,b) = Z bk Pﬁﬁ%(x; k,a,b), (37)
k=0
s ((G(FEN) T (FE)F 1 Pk a,b)
e v nf @)
Psn/ﬁ(xl k/ a/ b) - ; Ck Pk,ﬁ(x’ k, a, b), (38)

where b, . is the is the (n,k) entry of the Riordan array (m,?(t)) and (ps%(x; k,a,b))nen is Sheffer for the pair
(g, F1)).

Proof. By replacing the powers x" (n = 1,2...) by the polynomials P%(x; k,a,b) (n =1,2...) in both sides of
equation (1.5) and (1.7) with use of relation (2.21), we get assertions (2.22) and (2.23). O
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3. Examples

By choosing particular members of the Sheffer family, we explore some new special members belonging
to the generalized Apostol type-Sheffer family. The corresponding properties are also obtained.

Example 3.1. Taking
1 -

t
g(t) = At and — f(t) = f(t) = 1

of the associated Laguerre sequences L,(Z)(x) [14] in generating function (2.1), we find that the resultant generalized
Apostol-Bernoulli-associated Laguerre sequences %Lf’y) (x; A) are defined by

el t LR o B N
1-ty ((t—l)(/\e(t%l)—l)) ex(f—l)_ngaBL” P (39)

The multiplicative and derivative operators and differential equation for the generalized Apostol-Bernoulli-
associated Laguerre sequences are given by
alA e(Dy) 1

+ | _ (1_Dx) i_— B -
%L—( (x+ y+1 ' D, (/\e(Dx)—l))(D" 1)2), R SR IE (40)

(1-Dy)  a  aleDy) o
(” y+1 E‘m‘”)%%}(x,m—o. .

Taking

nl(n+
e (—1)"F(n i i)

and then using relations (1.11) in the right-hand side and (2.2) with s,,(x) = LS/)(x) in the left-hand side of equations
(2.18) and (2.19), the following determinant form for the %Lia’)')(x,‘ A) is obtained as:

sLY7 (1) =1,

1 8901 BV B (x;1) BY(x; 1)
1 G+ y+2) - (y+n-1)4 (y + 1)
sy | © -1 =2(r+2) 0 =D Hn=1un  —n(y + ) (42)
L) = ()7
0 0 1 I e A )
0 0 0 e (-1 (=D nn +vy)

The series and conjugate representations for the sequences Q;LE,:XI}’) (x; A) are given by

n _1\k
oLV (x51) = ﬂ(” * V)%i:"(x; ), 3)
— k' \n—k

LD (3 1) = Z (a-77() 1906 0)
BLy ; =

k=0

B(x; ). (44)

Ck
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Example 3.2. Taking
gy =€ and  f(t)=fit) =t

of the Hermite polynomials HY (x) of variance v [14] in generating function (2.1), we find that the resultant generalized
Apostol-Euler-Hermite sequences cH (x; A) are defined by

—v2/2 2 ‘ — . H(“fv) . ﬁ 4
) <0 D eHi T o)

The multiplicative and derivative operators and differential equation for the generalized Apostol-Euler-Hermite
sequences ¢H"" (x; A) of variance v are given by

v (. B aAe(Dy) _
(I)@H—(x vD, D+ D) ®gy = Dy, (46)
_opr_ _areDy) N gy -
(xDx vD; ey + 1) n|eH, " (x;A) = 0. (47)
Taking
I n
nk = k Tn—ks
where
0 if k is odd,
“Ju (z)m (48)
3 ﬁ if k is even,
£

and then using relations (1.12) in the right-hand side and (2.4) with s, (x) = HY(x) in the left-hand side of equations
(2.18) and (2.19), the following determinant form for the sequences cH™"(x; A) is obtained as:

cHy () =1,

@) (e ) (- @) (e @) (4
1 g &wd) - €A €6 1)
n-1/2 n/2
(n-1)! ‘7') n!(%)
1 0 1 —_—
) )
n-2/2 n-1/2
_ (n—Z)!(%) " (n—1)! %) 4
H o) = | 0! S = ) )
n-3/2 n-2/2
— n=-3)! | ¥ n n-2)!'| ¥
0 0 1 (7 j) () j)
() ()
0 0 0 1 0
The series and conjugate representations for the sequences H(x; A) are given by
[%]( 1)k koo (@)
D nt €7 (x; A)
() = = (50)

L 2k KL (n — 2K
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n (e €00 1))
HY (1) =Y o € x; ). (51)
k=0

Example 3.3. Tuking

(;)1/2 f(t) = -t and  f(t) = 2t

1+vi-g) ' 1+ Vi-£ 1+

of the Legendre polynomials P,(x) [1] in generating function (2.1), we find that the resultant generalized Apostol-
Genocchi-Legendre sequences gPﬁ,“)(x; A) are defined by

g(t) =

! —4t : )
e 52
m)[(l+t2)(2\e(1+tz)+1)] 1+t2 Zg (x; ) -

The multiplicative and derivative operators and differential equation for the generalized Apostol-Genocchi-
Legendre sequences gP,(f‘)(x,' A) are given by

o - ( _(1+ V1D L aleDy) ) (V1-Di-2Di+ 1)) . _ -2D: (53)
o\ VD a-py D20+ D) pyiop: ) O 1+D:

_ 12)\3/2 _ —_ N2 3 _
((x _A+NIZDO)P a adeDy) ) (22D, y1 - Dy +4D, —2D) n)gp;“>(x,- 1) =0. (54)

4y-D,1-D? D: 2(Ae(Dy)+1) (D% + D} /1 -D2

Taking
0 (n —k is odd)
fx = 1 ) 55
7 ey [(2 + n)} (r1 — k is even) >
cx 2" (2n+1) n—k
2
where

cn=% and ( )—( 1)k(n+k 1)

and then using relations (1.13) in the right-hand side and (2.6) with s,(x) = P,(x) in the left-hand side of equations
(2.18) and (2.19), the following determinant form for the gPEf‘)(x; A) is obtained as:

PO ) =1,

1 67xA) 60w - GxA) 0 )
too TR a ey
PO 1) = (1) 52 5 0 -3 0 0 . (56)
00 i 0 2(()1)3()())
0 0 0 (2)" 0
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The series and conjugate representations for the sequences gP,(;X) (x; A) are given by

& (D D2 G0, ()

(@) (. _
PO ) = kZ:O‘ =20 , (57)

n-1
where (x), == [I(x —k) = x(x = 1)(x = 2)...(x — n + 1) being the falling factorial and
k=0

Py 1) = Zn: (a+ t2)_1(%)k |G )
P () =

k=0

G (x; ). (58)

Ck

In the next section, we give the numerical results to compute the zeros and approximate solutions for
the generalized hybrid Sheffer sequences.

4. Numerical Results

Recently, the computing environment is making more and more rapid progress. By using numerical
investigations and computer experiments, we find the real zeros and observe the phenomenon of distribu-
tion of the real zeros of some hybrid Sheffer sequences for certain values of index 1, which seems to be an
interesting approach.

By taking @« = A = y = v = 1 in the generalized Apostol-Bernoulli-associated Laguerre sequences,
generalized Apostol-Euler-Hermite sequences and generalized Apostol-Genocchi-Legendre sequences, we
find

sLa(@) = oLy (1), pHa(x):i=H{(1)  and  GPu(x) = gPY(x; 1),
where
L (%), eHu(x) and GPn(x)

are the Bernoulli-Laguerre, Euler-Hermite and Genocchi-Legendre sequences.

To investigate the zeros of above sequences, we need the expressions of first few Bernoulli polynomials
B, (x), Euler polynomials E,(x) and Genocchi polynomials G,(x). These are given in Table 1:

Table 1. Expressions of first six B, (x), E,(x) and G, (x).

n 0 1 2 3 4 5
1,2 1 ,3_3,2.2 ,4 3,2 _ 1 5_ 5.4 5,3 _x
Bu(x) 1 x—35 x"—x+4+z xX—-3x"+5 xX-2+x" -5 X343 %
_1 2 _ 3 _ 34241 4 _ 243 4 2 5 _ 5444 542_1
Eqx) 1 x—-5 x*-x ¥o3xt+ e X -2x0 4 5x XY= 3x+3x -5
Gulx) 0 1 2x—1 3x? - 3x 4x3 - 6x2 +1 5x* — 10x° + 5x

From Table 1(111), it is to be noted that the degree of G,(x) is n — 1. Therefore, G,(x) is considered in the class of
polynomial sequences which are not Apostol type in the strong sense.

By making use of expressions given in Table 1 with « = A = y = v = 1 in equations (3.5), (3.12) and
(3.19), we find the expressions of Bernoulli-Laguerre, Euler-Hermite and Genocchi-Legendre sequences for
n=0,1, 2, 3, 4, 5. These are given in Table 2:
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Table 2. Expressions of first six gL, (x), eH,(x) and gP,(x).

n 01 2 3 4 5
443 2 _7x L 19 2,92 9.2 A 113 |, 15142 X0 . 13.4_217.3
pln@® 1 ARl S S I i1 TrIY-TB YT mo v in w7
_185x | 7799 L5362 _ 18899x | 1819
V2 20 4 20 * 120
EHn(x) 1 xf% XZ,X,] x37%x273x+% x472x376x2+2370x+3 x57%x4710x3
+@x2+15x+%
2 3 2 4 3 2
. o1 3x° 3x 5x 15x° 3x .1 35x° 70 15x 50 , 3
cPnty 01 r+ g T3 ! Tt T2 ts 8 8t 4 t§TE

The manual computation of zeros is difficult, so we use “Matlab software” to compute the zeros of gL, (x),
eHy(x) and Py (x). The zeros of these sequences are given in Table 3.

Table 3. Zeros of 3L, (x), H,(x) and gP,(x)

Degree n pln(®) £Hn(x) GPn(®

1 1.5000 0.5000

2 6.5139, 0.4861 -0.6180, 1.6180 0.5000

3 8.2896, 3.8214, 1.3890 2.4475,-1.4253, 0.4778 1.4574,-0.4574

4 11.4879, 6.2582, 3.0799, 1.1741 3.1379, -2.0836, 1.2989, -0.3533 0.8873, 0.5000, 0.1127

5 14.7958, 8.9308, 5.1342, -2.7385, 3.6502, 2.3150 1.1125 + 0.2318i, 1.1125 - 0.2318i
2.6132, 1.0260 -0.3634 + 0.3137i, -0.3634 - 0.3137i -0.1125 + 0.2318i, -0.1125 - 0.2318i

In order to make the above discussions more clear, we draw the graphs showing shapes with scattered
zeros of the sequences gL, (x), eH,(x) and ¢P,(x) by making use of corresponding expressions from Table 2.
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Figure 1

Note 1. It is to be noted that in Figure 1 there is no any complex zero and all five real zeros are located on real line Im(x) = 0.
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Note 2. It is to be noted that in Figure 2 out of total two complex zeros only one with positive imaginary part is visible, due to the absence of negative imaginary axis in these graphs.
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Note 3. It is to be noted that in Figure 3 all the four are complex zeros and out of this only two with

positive imaginary part is visible, due to the absence of negative imaginary axis in these graphs.

We note that the real zeros of the sequences gL, (x), cH,(x) and cP,(x) give the numerical results for the

approximate solutions of these sequences. These solutions are given in Table 4.

Table 4. Approximate solutions of gL, (x) = 0, cH,(x) = 0 and cP,(x) =0, x € R

Degree n Real zeros of pLy(x) Real zeros of pHp(x) Real zeros of GPn(x)
1 1.5000 0.5000 X

2 6.5139, 0.4861 -0.6180, 1.6180 0.5000

3 8.2896, 3.8214, 1.3890 2.4475,-1.4253, 0.4778 1.4574, -0.4574

4 11.4879, 6.2582, 3.0799, 1.1741 3.1379, -2.0836, 1.2989, -0.3533 0.8873, 0.5000, 0.1127

5

14.7958, 8.9308, 5.1342, -2.7385, 3.6502, 2.3150 X

2.6132, 1.0260

Remark 4.1. From Table 3, the following general relation is observed: denoting by m the number of
Complex zeros of (gL,(x), eHu(x), cPn(x)), the number of Real zeros of (gL,(x), gHu(x), cPn(x)), ie. the

zeros lying on the real plane Im (x) = 0 is given by n — m, where n is the degree of polynomial.
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5. Conclusion

A hybrid family of generalized Apostol type-Sheffer sequences is introduced and their properties com-
prising the quasi-monomiality, determinant form and series and conjugate representations are investigated
by making use of Riordan arrays. Several examples are framed in terms of the members of the Sheffer
sequences. The numerical results to calculate the zeros and approximate solutions of these sequences are
given and their graphical representations are shown. With a view to further generalize the hybrid families
associated with Sheffer sequences to their g-analogues and studying their properties via g-Riordan arrays
is a subject of new research work.
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