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Abstract. Let L denote the discrete Dirac operator generated in ¢, (N, C?) by the non-selfadjoint difference
operators of first order

{ amy(?ll + bnyff) +payl) = Ay

0.1
anlyn1+byn +qy£,2) /\(2) ,neN, ©.1)
with boundary condition
P
Y (40 + v ) A =0, 02)
k=0

where (a,,), (b,), (p») and (g,), n € IN are complex sequences, y;, i € C,i =0,1,2,...,p and A is a eigenpa-
rameter. We discuss the spectral properties of L and we investigate the properties of the spectrum and the
principal vectors corresponding to the spectral singularities of L, if

Y (11 = gl + 11+ byl + [pa] + [ga]) < o0

n=1

holds.

1. Introduction

Spectral theory of difference equations is one of the main branches of modern functional analysis and
applications. Therefore, spectral properties of discrete boundary value problems has been intensively
studied in the last decade and the spectral analysis of the difference equations have been treated by various
authors in connection with the classical moment problem ([1-5] and the references therein). Moreover the
modeling of certain linear and nonlinear problems from economics, optimal control theory, engineering,
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medicine and other areas of study have led to the rapid development of the theory of difference equations.
Also, the spectral theory of the difference equations has been applied to the solution of classes of nonlinear
discrete Korteveg-de Vriez equations and Toda lattices ([6,7]).

Consider the discrete boundary value problem (BVP)

() (1)
Vil =Y+ pad) = Ay, (1.1)
{ B R

1
=0,

where (p,) and (g,) are complex sequences for n = 1, 2, ... and A is a spectral parameter. The spectral analysis
of the BVP (1.1) with principal functions has been studied in [8]. In this article, the authors have determined
that the spectrum of the BVP (1.1), the eigenvalues and the spectral singularities. They have proved that
it has a finite number of eigenvalues and spectral singularities with finite multiplicities. Also the integral
representation for the Weyl function and the spectral expansion of (1.1) was found in terms of the principal
functions. Some problems related to the spectral analysis of difference equations with spectral singularities
have been discussed in [9-16]. The spectral analysis of discrete Dirac equation which is eigenparameter
dependent was studied in [17-19].

In this paper, we consider a general form of the difference equation (1.1) with a boundary condition
which dependents on the eigenparameters in a polynomial form.

Before we precisely state our problem, we describe a few notations for convenience of expressing the
results about the properties of spectrum, resolvent operator and principal functions. Such problems are of
interest in Engineering, Optimal control and Biology.

Let L denote the discrete Dirac operator generated in ¢, (]N, Cz) by

O L A
(¢v) a1y + by +

and consider the non-selfadjoint BVP for the system of difference equations of first order

(Cy), = Ayn (1.2)
P
2 (y+ ) A =0, 43
k=0

(1)
where y, = (y(z)) n € N are vector sequences, a, # 0, b, # 0 for all n. Moreover Z (|yk| + |/3k|) # 0,
Y

Vp # ﬁz—;land yoP1 — y1Po # O where v, fr € C,i=0,1,2, ..., p. Inaddition, ifa, =1 and b, = -1 foralln € I,
then the system (1.2) reduces to

(1)
+
( y”(l) P”y”(z)) ( y’fz)), nelN (1.4)
—AY, Ly * GnYy Ay,

where A is a forward difference operator. The system (1.4) is the discrete analogue of the well-known Dirac
system

(5 ()6 o)) 1)

([20], Chap. 2). Therefore the system (1.4) (also (1.2)) is called the discrete Dirac system.
In this study, we analyze the properties of the spectrum and the principal vectors corresponding to the
spectral singularities of L under the condition

Y (11 = @l + 11+ bl + [pa] + [gu) < oo,

n=1
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2. Jost solution and Jost function of L

Let the complex sequences (a,,) and (b,) satisfy

(o8]

Y (11 = @l + 11+ bl + [pu] + ]gu]) < 0.

n=1

Under the condition (2.1), it is well-known from [15] and eq. (1.2), that the bounded solutions are

éz\
( l.)emz, n €N,

(1) had

€y (Z) imz
n = =a,|L+ Anm
o) (ef?(z)) ¥ [2 2 Ame

[e9) (o)
(1) _ 11§ iz 11 imz ; 12 imz
ey (2) =ay €21+ ) Ay e™|—i) Ag.e
m=1 m=1

for A = 2sin 3 andz e C, := {z:z€C, Imz > 0}, where

all alz 1 0 All
ay = ( agl (XSZ ) ’ 12 = ( 0 1 ’ Anm = Agl: Agl%n

n n

Here, a;j and A;jm (i, j = 1,2) are expressed in terms of (a,,), (b,), (p») and (g,), n € N as

1 1 1

- D12 . 22
a, = ;o =05 a =
k=n+1 k=n+1

AR ==Y (p+av,

k=n+1

Ay = Z [ak+1ak + b = pidic + (e + GOAT — 2] ‘

k=n+1
2
2 _ 12 11
AZ = —1+apaa, + (A7) + AL,
oo

Al =- Z {(Qku + A,if) [ﬂk+1ak + Gt (Pt + Gient) + 1A

k=n
(o]
2 12
+ Z (qkAkl - bkpk)/
k=n+1
12 12 12 411 12 a21
Ay = —tpn(ua + Ay) + AR AL + AL - Ay,
[ee)
1 _ 2 11 124 412 2
Ap = Z {(bk - 1)Ak1 ~ Qg1 [(qkﬂ + ADAG T — Al
k=n+1

21, 412412 422
kA + A A — Akl} ,

22 _ 12\ 512 22
An2 - _an+1an(l7n+1 + Anl)A 1 + an+1anA

n+1, n+1, nl

0o

21 _ 12 411 21 _ 12 11 _ a1
Ap = Z {AklAkZ + Al — Ak [(qkﬂ + A Ak, Ak+1,1]}

k=n

00

= Y (e AR (A - AL+ AL) + 1242 — pA2

k=n+1

s = put Y, (Pt )
[T 1) *bar by 1 (=1)"*1brax

—1]- A2 (1+A})]

] = (e = A) [mAlt + A - A3

12 412 11
1TAJAS—A+A

6041

.1)

2.2)

2.3)
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and form >3

12 12 411 12 21
Ay = —n1ln [(q‘ﬂﬂ + Anl) +1 m—2t An+1 m— 2] + A Anm 1 An m-1 " An,mflf
(o) (e8]
1 _ 1 12 22 12 11 12 12
A = = Z Aje+105 [(qkﬂ +Ak1)Ak+1m 1~ A 1] Z (F’k _Ak1)<‘7kAkm 1+ A1 — Akm)
k=n+1 k=n+1
(o] (o] (9]
2 11 21 12 412 22
+ Z b Akm 1 Z qkAkm 1 Z AklAkm - Z Akm 1’
k=n+1 k=n+1 k=n+1 k=n+1
22 _ 12y 411 22 12 12 11 11
Anm = ~n+1fn [(q”"'l +A 1)An+1 m—1 An+1 M= 1] + A A An An ,m—17
(9]
21 _ 12 11 21 12 21 11 22
Anm - Z Afe105 [(qk"'l + A )Ak+1 m—1 Ak+1 m— 1] Z (qk - Ak—l,l) (qkAkm Ak m—1 Akm)
k=n k=n+1
(9] (o9 [e9]
2 12 12 22 22 12
- ) (6~ AWZA ZERD W YRS WIS Y
k=n+1 k=n+1 k=n k=n+1
Moreover
(e8]
i
Al <C Y (= aed + 11+ bl + [pi + [ae]) (2.4)
k=n+[|%]]

holds, where C > 0 is a constant and “%H is the integer part of 3. Therefore e, is vector-valued analytic

function in C, := {z:z € C, Imz > 0} and continuous in C, with respect to z ([15]). The solution ¢,(z) =

(1) )
(2(2)8) is called Jost solution of (1.2). Let gy(A) = ((E(ZZ)EA;) n € N U {0} be the another solution of (1.2)
subject to the initial conditions

4 p
PPN ==Yk, PP = ¥ gk,
k=0 k=0
If we characterize
#u2) = {Fu2sin )}, neNU 0],
then @, is an entire function and is 47 periodic.

Let us take the semi-strips S :={z:z€C, z=x+1iy, —n <x<3m, y>0}and S := Sy U[-7,37n]. Then
the wronskian of the solutions e,(z) and ¢,(z) does not depend on 7 is given by

Wlew(@), u(2)] = a0 [ @5in el (2) - €2, @) 2sin 3)|
=ao [@1 (2sin E)eél (z) - (2)(2)(p D(2sgin = )]
If we define

f@) =7 @sin el @) - P @5 @sin ),

then f is analytic in C,, continuous in C, and f(z) = f(z+4n). When f(z) # 0forall z € S, e,(z) and ¢,(z)
are linearly independent. Here

F2) = Wea(@), pu@)] = a0 f(2) 2.5)
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is called Jost function of L. Moreover, if we define g, = (gn , gn ) then,

(1)

(1) (1)

— ar <P M O e Pn
Ry(L)gn == ——— {Z(gk 1,gk ( (PQI)( ! ]( @ ) Z (gk 179 ( 6(2})( ! )( (p(z) )}

k n

k=n+1

is the resolvent of the operator L.

3. Eigenvalues and spectral singularities of L

From (2.5), we clearly obtain that the function

|4 4
f@)=a [e?(z) Y ik + eé”(z)ZﬁkAkl (3.1)
k=0 k=0

isanalyticin C,, continuous up to the real axis and is 47 periodic. Also if we denote the set of all eigenvalues
and spectral singularities of L by o4(L) and o,(L) respectively, then it is clear that

o4(L) = {)\ A =2sinZ, z €Sy, fl) = 0}, 3.2)
ou(L) = {)\ A =2sin2, z e [-7,3m, o) = o}. 3.3)
From (2.2), (2.3) and (3.1) we obtain

ﬂz) =4ap {ipﬁpa(l)le_j(%) + i~ 1(517 10(0 + ’)/palz)e_i(g)z

+Zzﬁkalle’(z 5z _ Z k+1)/k0¢22€l(1 Dz 4 l)/ka 21,i(3-4)z

3
I
—_

S

Mz

k
j _k
Z 1)° k+1( )Vk allA%i + a%ZA%i)el(m+s+1 )z
=1

S

3
I
—_

k=0 k=0
0o p 0 4
_ Z Z lk+1ﬁka(1)1A(l)i€i(m_§)z + Z Z ikﬁka(l)lA(l)}nei(nH%—g)z
m=1 k=0 m=1 k=0
Y SRy (a3 _k
_ Z Z ik+17/k< ZlAﬁ %zAzz 1(m+1 2)z Z Z ika (0431143,1 " a%zAﬁ) el(m+§—§)z
m=1 k=0 m=1 k=0
Pk X o Pk K ‘ .
+ Z Z( 1)sik(s)ﬁka(1)1€1(s+2—2)z _ Z Z(_l)s -k+1( )V a22€1(s+1—i)z
k=1 s=1 k=1 s=1
Pk X o Pk
+ Z Z( 1)sik(s)yka ez(s+2 z)z - Z Z Z( 1)5 k+1( )‘8 0(11A12 1(111+s— )z
k=1 s=1 m=1 k=1 s=
o Pk ’ )
+ )S k( )ﬁ 0(11A11 i(m+s+3-5)z
LLLt
p
f;

MS

k
UG "( )Vk (o' A5, + oA, )e i(””“g_é)z} G4

1 s=1

1]
P
Il

m

However ﬂz) is unbounded in C, when p is big enough. So, in order to overcome this difficulty, we take

F(z) = f(z)el( T ), (3.5)
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then, the function F is analytic in C., continuous in E+. Moreover zeros of f and F in S are same. Clearly
we can write,

F(z) =ag {zpﬁp + 7 1(,B,, 109! + ypatt)e's
L p—l ka1 27 4(pfk+1) P 2 21 .(pfk+2)
+Zzﬁk0¢ (2 Z—Xz*ykal AN Z+Zzyka1 ARV

k=0

o P
1k+1ﬁka61Aéznei(m+¢)z + Z Z ikﬁka(l)lAll ei(m.;.’“;k)z

I T

[ [ 2D 0D 20 1 T

M» TEM»

Om
m=1 m=1 k=0
© P
lk+17/k (a21A12 n alezz) i(m+ ) + Z Z lka (ailA%l " a12A21 ) i(m+ P52 )2

m=1 k=0

Pk -

+ ( 1)5 k( )‘3 0( 6 ZZ(_l)s k+1( )7/ a%z 1(s+ )z
k=1 s=

+

k o P K . p=k-1
( 1)5 k(s)y 0‘1 Z ZZ( 1)5 k+1( )ﬁ a[l)lA(ljilez(m-#HT)z

=1 k=1 s=

k
Z( 1 s k( )ﬁ a(l)lAl}nei(MHerT_k)z

s

+

M 1 1 1 1 i

I
—_

( 1) k+1( ) 1A12 + alezz) z(m+s+¢)z

(-1 k( )yk( AL + oA e l(m+s+”‘“2)z} (36)

3
Il

—_
o~
Il

—_
m
,_.

and
F(z + 4m) = F(2).

Also, from using (3.2)-(3.5),

oa(L) = {A ‘A =2sinZ, 2 €Sy, F2) = o}, 3.7)

oue(L) = {)\ A =2sinZ, 2 [-7,3], ) = o}. 3.8)

Definition 3.1. The multiplicity of a zero of F in S is called the multiplicity of the corresponding eigenvalue or
spectral singularity of L.

From (3.7) and (3.8), in order to investigate the quantitative properties of the eigenvalues and the spectral
singularities of L, we need to discuss the quantitative properties of the zeros of F in S.
Let us define

P1:={z:z€8Sy, F(z) =0},

Py :={z:z€[-7n,3n], F(z) =0},

P := {All limit points of M1},

P, = {All zeros of F with infinite multiplicity}. (3.9)
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So from (3.2), (3.3) and (3.9) we find that

oa(L)={A: A =2sin}, ze Py},
(3.10)
0ss(L) = {/\ :A=2sin3, z€ Pz}.
Theorem 3.2. Under the condition (2.1),
(i) The set P is bounded and countable.
(i) Py NP3 =@,P1 NPy = @.
(iii) The set Py is compact and u(P,) = 0, where u denotes the Lebesque measure in the real axis.
(iv) P;cPyC P2;H(P3) = H(P4) =0.

Proof. From (2.4) and (3.6), we have

o) i"’+2‘3pa%2 +o0(e7Y) 1 , B £0, a1)
zZ) = . - z _ .
"la? [ﬁp—l +ypar’ (0‘(1)1) ]eli +o(e™), pp =0,

when z € S and y — oo. Eq. (3.11) shows that P; is bounded. By using the uniqueness theorems of analytic
functions ([21]) and the continuity of all derivatives of F on [, 311] we complete the proof. O

Theorem 3.2 and the sets (3.10) lead to the following;:

Theorem 3.3. Under the condition (2.1), the following hold:
(i) the set of eigenvalues of L is bounded and countable and its limit points can lie only in [-2, 2].

(ii) 05s(L) C [-2,2], 0ss(L) = 0ss(L) and U[GSS(L)] =0.
Theorem 3.4. If the condition

(o)

Zexp(en) (ll —au + 11+ byl + (pnl + |q,,() < o0 (3.12)

n=1
holds then L has a finite number of eigenvalues and spectral singularities and each of them is of finite multiplicity.

Proof. From (2.4) we find that

AT | < £
nm —Cexp[ p+2

m+m)];i,j=1,2, n,meN, (3.13)

where C > 0is a constant. Additionally, using (3.6) and (3.13), we observe that the function F has an analytic

continuation to the half-plane Imz > —p13- Since F is a 47 periodic function, the limit points of its zeros in S

cannot lie in [-7t, 37t]. Also from Theorem 3.2 we find that the bounded sets P; and P, have a finite number

of elements. Using analyticity of FinImz > —ﬁ, we get that all the zeros of F in S are of finite multiplicity.

Therefore, we obtain the finiteness of eigenvalues and spectral singularities of L from (3.10). [

We can see that the condition (3.12) guarantees the analytic continuation of F from the real axis to lower
half-plane. So the finiteness of the eigenvalues and spectral singularities of L are obtained as a result of this
analytic continuation.

On the other hand, let us assume that

(o)

3 explen®) (11— aul + 11+ bal + |pu] + [q]) < 00, € >0, 5 [%1) (3.14)

n=1

which is weaker than (3.12). Under this condition, the function F is analytic in C, and infinitely differentiable
on the real axis. But it does not have an analytic continuation from the real axis to lower half-plane.
Therefore, the finiteness of eigenvalues and spectral singularities of L could be shown in another way by
using Theorem 3.4 under the condition (3.14). For that we will use the following:
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Theorem 3.5. ([8]) Let the 47 periodic function g be analytic in Cy, all its derivatives be continuous in C, and
sup |g(k)(z)) <B;, ke NU{0}.
Z€S

Moreover, if the set G C [—m, 3nt] with Lebesque measure zero is the set of all zeros of the function g with infinite

multiplicity in S and if

flnM(s)dy(Gs) = —o0o, (3.15)

0
where M(s) = irk1f B,ﬁ—fk and 1(Gs) is the Lebesque measure of s-neighborhood of G and w € (—m,3m) is an arbitrary
constant, then g = 0 in C,.

Under the condition (3.14), we find from (2.4) and (3.6) that

[FO@)| < By, ke NU {0},

where
€

_ . _ 5
Bik=(p+2) sz_lm exp( p+2m ),

and C > 0 is a constant. Also we can get the following estimate,

o]

Bi<(p+2)C f xF exp(—p i 2x5)dx < DK%, (3.16)

where D and d are constants depending C, ¢ and 0.
Theorem 3.6. Under the condition (3.14), Py = @.

Proof. From using Theorem 3.5 we obtain that the function F satisfies the condition

w

f In M(s)dpi(Pys) > —oo (3.17)
0
instead of (3.15), where M(s) = ir]}f B,ﬁ—fk, k € N U {0}, u(P4s) is the Lebesque measure of s-neighborhood of P,
and By is defined by (3.16). Then we get
o
by (3.16) and it follows from (3.17) and (3.18) that
f s 5 du(Pyy) < oo, (3.19)

0

M(s) = Dexp {— e_ld_l%bs_ﬁ}. (3.18)

However, since % > 1, we see that (3.19) holds for arbitrary s if and only if (Pss) = 0,ie. P, =@. O

Theorem 3.7. L has a finite number of eigenvalues and spectral singularities and each of them is of finite multiplicity
under the condition (3.14).

Proof. By using Theorem 3.2 and Theorem 3.6 we find that P; = @. So the bounded sets P; and P, have
no limit points, it means that the function F has only a finite number of zeros in S. Moreover because of
P4 = @, these zeros are of finite multiplicity. O
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4. Principal Functions of L

Let Ay, A2,..., Ay and Ay, Aks2,..., Ay denote respectively the zeros of F in Sp and [-7, 3] with
multiplicities my, my, ..., my and My, Myyo, ..., My,

Definition 4.1. Let A = Ag be an eigenvalue of L. If the vectors y,,, %yn, %yn, ..., %yn;
dl d/ .
d_/\f {d)\fy"} N,]—O,l,...,v,nelN
satisfy the conditions
(€y), — Aoyn =0,

di d di-1 .
(Z(ﬁ ))n _/\Oﬁyn - myn =0,j=12...,v;neN

then the vector y, is called the eigenvector correspending to the eigenvalue A = Ag of L. The vectors ﬁ Yn, %yn, ey

4=y, are called the associated vectors corresponding to A = Ag. The eigenvector and the associated vectors corre-
sponding to A = Ag are called the principal vectors of the eigenvalue A = Ag. The principal vectors of the spectral
sinqularities of L are defined similarly.

We define the vectors for A = 2sin g

g ( FlEES @,
WV,,()L,-)_[ {M 22)()\)} ,neN 4.1)

and

()
E,(A) = ( ggz) 8; ) =ey (2 arcsin %)

_ ( e;l) (2 arcsin ’5‘) ) 42)

eff) (2 arcsin %)

o

wherej=0,1,...,m;—-1;i=1,2,...,k k+1,...,v. Moreover, if y (1) = {y, (1)} := ( ]/;(12) g; ) is a solution
Yn

of (1.2), then

([ d (&) >(A>
d)\]y( )= {(dAf)y” (A)}nem '_{ (Z/) ') }

satisfies the following system of equation
( Ayl 2 dN yn+1 (A) +bu s yn YA+ p L dN y,,2 (1) ) ( /‘,ﬂ/ W 1) + Jdd;(]ll yﬁ}) (A) ) 43)
] ] . .
O~ 1d/\/ ]/n 1 (A) + by d[i\/ W)+ Gn g y; oy /\dd/\] D)+ ]d/\/ 1]/11 P
Using (4.1)-(4.3) we obtain that
(EV (Ai))y = AV (A1) =0,

dA ar dAi-1
i=12,....m-1,i=1,2,...,v

(f(iV(Ai))) /\odV(/\) le(/\) 0,neN

In here, the vectors 24~ M V (A) fori=1,2,...,kand dd}i/ Vio(A)fori=k+1,
k+2,...,v are respectively the pr1nc1pa1 vectors of eigenvalues and spectral singularities of L where

i=0,1,2,...,m—1.
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Theorem 4.2. For j=0,1,2,...,m; =1,

%Vn M) ek (N,C?),i=12,..k
and
dl N
5V (4) ¢6(N,C), i=k+1,k+2,...,v

Proof. From (4.2) we obtain that

d t
{@E”(A)} i ZQ{M 1’(z)} ,neN

Z=Z;

and

d j
{ﬁE(z) (/\)} . Z {d)\t ? (Z)}Z:Zi ,neN,

=0

where A; = Zsm 4,zi€S5=5VU[-n3n]fori=1,2,...,kand C;, D; are constants depending on A. Using
(2.2) we get that

d (1) 11 t( 1)t izi(n+l)
{d/\t (z)}Z:Zi a, i'n+ > e 2

t
N Z‘all {A};ﬂit (m 4 %) Gt D)z A12 4651 e ei(m+n)zz} (4.4)

m=1

d 1V
{dAte( )(Z)} — aili’ (I’l + E) elzi(""'i) l(l?’l)t 22 mzl

[ee)
] 1\ . 1), , ; .
+ Zaﬁl {Arlz}nlt (m 4+ E) ez(m+n+2)z, _ Agnltu (m + Tl)t pilm+n)z;

m=1

R t
+ Z 22 {Arzzlnlt (Ti’l +n+ %) ei(m+n+%)z,- _ AﬁfniHl (1’}’1 + Tl)t ei(m+‘rl)z,'} . (45)
1

For the principal vectors d}UV A) = {M (A )} forj=0,1,...,m—1;i=1,2,...,k corresponding to
the eigenvalues of L, we have

1 £ _lj d
plar o) = Lot @) @
aen), -Eo(gen)

SinceIm A; > 0 fori = 1,2,...,kfrom (4.6) and (4.7) we find that
2 2w (| 2
)
il -G) Bl fime el -
1 20 o ]
< (F) [ZZ max (ICi|, IDi) x(

n=1 t=0

d]
dAj Vi

2
el

dt
{Wf}) <zi>}
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or
a1V (& [{ 1
‘ an < (F) {Z {Z max {|C|, |Dy|} [((Uc},l( + |Oéﬁ1|)(n +3 e—(n+1/2)lmz,-) + |04%2| Inf e—nlmz,]
n=1 | t=0
+Z max {|C|, |Dt|}{Z (‘a}ll‘ + |a$l1|) (|A}llm| m4+n+ % te—(m+n+;)lmz,»)
m=1

+ |A%12m| |m + nlt e—(m+n)1mz,v }

2

e R)Imz A2 [ 4l e W*”"“)H}. (4.8)

1t
m+n+=|e
2

+ZJ‘ Dyl
=0

Using (4.8), if we say

=( ) iZmax {ICtl, IDsl} {(|0‘11|+‘“21|)(

then

< é((]];l)z[( ) ~(n+1 Imz,+nje—nlmz,]

n=1
< 00 (4.9)

holds, where
& =max {|C/, Dy} max {(|a}!] + |o2']), |22}

o2

n+1
2

e—(n+%)lmz ) |0(22) |1’l| e—nImz }

Now we define the function

]
W, (2) = ) max{IC, D)
t=0
x {Z (o + )
m=1
j o]
+) Dl {Z o2 (IAE,lﬂI
t=0 m=1

m+n+1
2

t
e—(m+n+%)lmzi + |A1113n| |m + nlt e—(m+n)1mz,-)}

].t
+n+ =
m+n

e—(m+n+%)lmz |A22 | m + 1’l|t —(m+n)Imz; )}
So we get

()L

n

; o]
X{Z( 11|+|a21| nm'
m=1

2oily; |a22|(»Am
(g

]
[Z max {Ci|, 1Dyl

t=0

1t
m+n+
2

e—(m+n+%)1mz,- 4 |A111%n| I + nlt e—(m+n)1mz,-)}

2

m+n+

(m+n+%)1mz ‘AZZ ‘ |m + nlt —(m+n)Imz; )}l
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Also, using the boundedness of A;jm and afj fori,j = 1,2, we obtain that

t
T}’l+1’l+

] o]
W, (z) < max {|Ci|, D} MZ { e—(m+n+%)lmzi + |m+n|te—(m+n)lmzz}l
t=0 m=1

where
M = max (jalt | + o JAI | [a22][A2L ]l + o2} AR Ja22] JAZ2 )
If we take max {|C;|, |D;|} M = N, we can write
j sl 1 t
—nImz; - —m Im z; t _—mlImz;
‘I’n(z)SNZe Z{(m+n+2)e +(m+n)e }
t=0 m=1
Ne~"'mzi {ZZe‘mImz*‘ + Ze"” fmz; ((m +n+ %) +(m+ n))
m=1 m=1
o ie”“mzf (m +n+ 1)] + (m+n)
5
m=1
©0 ] 1 t
—nImz, mImz; _ t
ZZ@ ((m+n+2)+(m+n))
m=1t=0
< Ke—nlmz,
where
j t
K= NZE‘”’I"‘Z" ((m +n+ ) + (m + n)t)
=0
Hence we have
2
[ Z‘I’ (Z)J [ Z ‘”Imzf] < oo,
n=1
Using (4.9) and (4.10), £V, (A) € &2 (N, CZ) forj=0,1,...,m—1;i=1,2,...,k

On the other hand; since Imz; = 0for j =0,1,...,m; — 1, i=k+1,k+2,...,vfrom (4.4) we find that

>

n=1

2

= 00.

alllt ( ) 1zi(n+%)

However the other terms in (4.4) belongs ¢, (]N, C2) d E(1 A) ¢ 6 (]N, Cz) . Likewise using (4.5) we get

0 an
d’ﬁ, EP (1) ¢ & (]N Cz) and so we obtain that

LV, (M) ¢ 6(N,C)forj=0,1,...,m-Li=k+1,k+2,...,v. O

Let us introduce the Hilbert space

H-j(IN) = {y = [ Y e ([ [ )] < oo}
nelN
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forj=0,1,2,..., where

Iol?, = X+ (2 + 522

neN

Then, we can obtain the following result:

Theorem 4.3. MV(A)GH( (N)forj=0,1,2,...,mi—=1, i=k+1,k+2,...,v

d ]+1)

Proof. From (4.1), (4.6) and (4.7), we have

2
)-2(7+1) M 1(d o
;;‘V(lﬂnl j [ {dNE (A)}Mi +‘] { i (A)}mf

2(j+1) j
Z(1+Inl) ! {Z {ﬁe(l)(zl}

)
ZDt{W(Z @ >}l2}

2 i 2
{ﬁem Z)}U +[; Dt{ﬁe(Z) =) }n } (4.11)

forj=0,1,2,...,m—1;,i=k+1,k+2,...,v.Since Imz; =0, using (4.11), we obtain
j
Y @+ 200 L (
(j t=

2
o)
o |) - C {d}\te (Zz)}U

o (]
<— {Z“*'”“ ) (4 5 )la“(lct|+2|ct|loc“l<1+|n|> (1)

nelN (]') =0

< %i 1+ 20 {[

(]')2 n=1

[ oo

2
X Z|Anm|(m+n+ ) (A}lm((m+n)tl}

| m=1

-y Z]l L+ 0 (n+ 1)t o' 1C B 21+ ) 20 a1 i (s l)t -
_ (j!)z 5 n t n 2 t

n=1 =0 t=0

x |C|Z( n (m+n+%)t+|A;,2n|(m+n)t

m=1

2
+ |ct|(1 + ) 0D |all|Z|A (m+n+ %)t + |A},%1|(m+n)t] } (4.12)

=0

From (4.12), (2.1) and (2.4), we first get
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2
j o
[Z el (@ + nl)” (7+1) Z (|Ailm| (m +n+ %)t +]AR2 | (m + n)t)]

t=0 m=1

/ . 1 t
< 4{2 ICel |ay| Z A + )" 0+D) (m a4 E)

t=0 m=1

(o]

2
Py <I1—af|+|1+bf|+1pj|+|q,-|>e—ef°e“'°]

j=n+[1%1]

<4{Z|a11‘2(1+|n| -(j+1) (m+n+ )Cexp( s((n+m)/4)6)

2
x Y, (=gl +[rep]+lp]+ W)}
2
1\
(m+n+§) exp e((n+m)/4) )]

2

< i (1+1n|) (7+1) (m +n+ %)t exp —&((n+m) /4)1/2)]
t=0 m=1
j o I >
<G Z 1+ |n|)_(]Jr1 Z (m +n+ 5) exp 1/2 1/2) /4)]
t=0 m=1

2

] oo
= Cy (1 + |n)20*) exp e\/_n1/2/2 ZZ m+n+ exp g\/iml/z/4)]

t=0 m=1

= Yexp (e V202 /2) (1 + [n) 2041, (4.13)
where

(o8]

2
C1=[2C|0433| Y, efﬁ(h‘“f(+|1+bf|+)Pf|+|‘7f|)]
j=n+[1%1]

2

Y=C (22 (m+n+1/2) exp (—e \/§m1/2/4)] :

t=0 m=1

So we get from (4.13)

2
Y, (Z ICA (1 + [l 0D || Z AL (m T+ ) +|A2) m + n)t]

n=1 \ t=0

< YZ exp (—6 \/Enl/z/Z) 1+ Inl)_z(j+1)
n=1

< oo (4.14)
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Finally, using (4.12) and (4.13) we find

) j t
Y2 d| Y 0| 1Cl @ + ) ) (n + %)
n=1 t=0

j

X Z ICil a2 Z A + [np)~0*D) ((m tn+ ;) AL, ) +(m +n) |AZ|
t=0 m=1

< Ti ]0 1+ |n|)_2(j+1) (n + %)t exp (—e \/§n1/2/4)

n=1 | t=l
< oo, (4.15)

where

T = |ail| G'? max |G|

and also expression of the left side of (4.13) is obviously convergent. Therefore, we get from (4.14) and
(4.15)

2

(1)
c{pe e <=

Y (gl 200D 12 ZJ‘

nelN t=0

and similarly

2
1
Y i) 20“) ‘ o @ )}' <o,
nelN
As a result dNV (A;) e H_ (]+1)(N)for j=0,1,2,. -1Li=k+1,k+2,...,v. O
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