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Connections Between H,-S5-Act, GHS-Act and S-Act
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Abstract. The largest class of hyperstructures is the one which satisfies the weak properties and they are
called H,-structures. In this paper, the concept of H,-S-act is introduced and some of their properties are
investigated. The present paper establishes a possible connection between S-act, GHS-act and H,-S-act. It
is shown that the quotient of GHS-act with any equivalence relation is H,-S-act. The main tool to study all
hyperstructures is the fundamental relations. The study of fundamental relations in H,-S-act reveals some
interesting results. Specifically, these relations connect weak hyperactions with the corresponding classical
actions.

1. Introduction

Algebraic hyperstructures are a natural extension of classical algebraic structures. Theory of hyper-
structure is initiated in 1934 by the French Mathematician Marty [11]. In a classical algebraic structure,
the composition of two elements is an element, while in an algebraic hyperstructure, the composition of
two elements is a set. This particular character of hyperstructure attracted mathematicians and researchers
towards this direction. During last decades hyperstructures seem to have a variety of applications not
only in other branches of mathematics but also in many other sciences including the social sciences. These
applications range from biomathematics and hardonic physics to automata theory. Hyperstructure can
now be widely applied in industry and production. A recent book contains a wealth of applications [2].
Via this book, Corsini and Leoreanu presented some of numerous applications of the algebraic hyperstruc-
tures. Different hyperstructures are extensively studied from the theoretical perspective such as in fuzzy
set theory, rough set theory, optimization theory, cryptography, codes, analysis of computer programs, au-
tomata, formal language theory, combinatorics, artificial intelligence, probability, graphs and hypergraphs,
geometry, lattices and binary relations, see [5], [6], [7], [8], [9] [10] and [21].

H,-structures were introduced by Vougiouklis in Fourth AHA Congress. Vougiouklis defined the notion
of an Hy-group [18]. H,-structures satisfy the weak axioms, where the non-empty intersection replaces the
equality. Since then many papers concerning various H,-structures have appeared in literature, see [2].
Vougiouklis defined the concept of H,-vector space which is a generalization of the concept of vector
space in classical theory [18]. Davvaz introduced H,-module of fractions of a hypermodule which is a
generalization of the concept of module of fractions [3]. Davvaz surveyed the theory of H,-structures [4].
The reader will find some principal notions and theorems about H,-structures in book “Hyperstructures
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and their representations” [20]. Applications of H,-structures in other sciences can be seen in [6], [7] and
[20].

One of the very competent conception in many branches of mathematics as well as in computer science
is the action of a semigroup or a monoid on a non-empty set. A representation of a semigroup S by
transformation of a set defines an S-act. Sen et al. [13] and Shahbaz [14] have introduced the concept of
hyperaction. Their approach of defining hyperaction lacks perfection. Shabir et al., modified this conception
by introducing the notion of GHS-act [14].

In this paper we present the idea of weak hyperaction. This paper is arranged in the following manner.
Section 2 is a collection of definitions of basic terms and theorems concerning hyperstructure and semigroup
action. In Section 3, we introduce the action of H,-monoid on a non-empty set and call it H,-S-act.
Furthermore, some basic properties of H,-S-acts are investigated. Section 3 is devoted to the study of
congruences and quotients of hyperactions. It is shown that the quotient of a GHS-act with an equivalence
relation is H,-S-act. The main tools in the theory of hyperstructures are the fundamental relations. In
section 5, we study the fundamental relations in H,-S-act which relates weak hyperactions with classical
actions. In the end, some concluding remarks are given.

2. Preliminaries

In this section some basic concepts pertaining to hyperstructure and semigroup acts are given, which
will be required in later sections.

Definition 1. [2] Let S be a non-empty set and P* (S) be the set of all non-empty subsets of S. A n-hyperoperation on
Sisamap f : S* — P*(S). The number n is called the arity of f. A set S, endowed with a family T of hyperoperations
is called a hyperstructure or a multivalued algebra. If T is singleton that is T = {f}, where arity of f is 2, then the
hyperstructure is called a hypergroupoid.

Definition 2. [2]Ifo : SXS — P (S) is a hyperoperation or join operation, then the image of the pair (s,t) of SX S
is denoted by s o t and is called the hyperproduct of s and t.

If S; and S; are non-empty subsets of (S, 0), then S 0S5, = U sos’.
SES
S/ESZ

In the pursuit, we state some basic notions related to hypergroupoids.

Definition 3. [2] A hypergroupoid (S, o) is called a semihypergroup if for all s1,s;,53 € S, (51052) 053 = 510 (52 053).
Definition 4. [16] A hypergroupoid (S, o) is called an H,-semigroup if

(s10s2)0s3Nsy0(sp083) #Dforall sy, sy, s3€8.
An Hy-semigroup is called an H,-group if

soS=Sos=SforallseSs.
Definition 5. [16] An element e in a semihypergroup (H,-semigroup) (S, o) is called an identity element if s €
eos=soe(s€eosnNsoe)forallseS. Ahypermonoid (H,- monoid) is the semihypergroup (Hy-semigroup) with

an identity element.

Definition 6. [16] An element 0 in a semihypergroup (H,-semigroup) (S, o) is called a zero element if 0 € 0 o s =
s00(0eso0N0os)forallses.

Definition 7. [2] A semihypergroup (H,-semigroup) (S, o) is commutative ifsot = tos (sotNtos # Q) for all
s,t €S.
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Definition 8. [9] A non-empty subset T of a semihypergroup (S, o) is called a subsemihypergroup of (S, o) if ToT C T.

The idea of representing an object by some other object which is better known at least in some respects
is quite familiar in mathematics. Representation of semigroups (monoids) by transformations of sets give
rise to the notion of action of semigroups (monoids).

Definition 9. [11] Let (S,-) be a monoid and A be a non-empty set. A right action of S on A is a function
&1 AX S — A (usually denoted by & (a,s) — as) such that

(1) a(st) = (as)t,

(ii) ae =4, foralla € Aands,t €S.

Definition 10. [15] Let (S, o) be a hypermonoid with identity element e and A be a non-empty set. A generalized
hyperaction of S on A is a function * defined as

* 1 AXS— P(A)
(a,s) +— axseP(A)

where P*(A) is the family of all non-empty subsets of A. A non-empty set A endowed with hyperaction * is called
right GHS-act if foralla € Aands, t € S

(i) ax(sot)=(axs)+t,

(ii) acaxe.
Example 1. [15] Let A be a non-empty set and T (A) be the set of all transformations from A to A. Define
0:T(A)XT(A) — P(T(A) by fog=1{f,g, fg}forall f,g €T (A), where fg represents the composition of two

maps. Then (7 (A), o) is a hypermonoid. Now define = : T(A) X A — P*(A) by f +a = {a, f (a)}. Then A isa
left GHT (A)-act. Indeed, for f,g € T (A)anda e A, g+ (f+a)={a, f(a),g(),g(f @)} =(go f)*a.

3. On Weak Hyperaction

In this section, we define the hyperaction of an H,-monoid on a non-empty set and call it H,-S-act. The
notion of an H,-S-act is a generalization of GHS-act in hyperstructure as well as S-act notion in classical
theory.

Definition 11. Let (S, o) be an H,-monoid and A be a non-empty set. A weak hyperaction of S on A is a function

s AXS — P(A)
(a,8) > axg s € P(A)

where P*(A) is the family of all non-empty subsets of A. A non-empty set A endowed with weak hyperaction =4 is
called right H,-S-act or right H,-act over Sif foralla € Aands,t € S

(i) axg (sot)N(@xgy )t #0,
(ii) a € axq4qe.
We write (As, *¢) to indicate that A is a right H,-S-act. Analogously, one can define a left H,-S-act,

written as (sA, *¢).
In order to understand the concept, consider the following examples.
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Example 2. Consider the H,-monoid (S, o), where S = {e,s, t,q} and o is defined in Table 1.

ole s t q

e|e S t q

s |s s {s,t} {s,t}

bt q q q

qglq st} st} {st}
Table 1

Let A = {a, b, c,d} and weak hyperaction +¢ of S on A is presented in Table 2.

e s t q

a |a {ab} {ab} {ab}

b | b b b b

c |c d d d

d |d f{cd {cd} |cd}
Table 2

Then (As, *¢;) is a right H,-S-act over H,-monoid (S, o).

Example 3. Consider the classical differential ring of real valued functions C'(R) with the usual differentiation. For
any f,g € CH(R), define a hyperoperation on the ring C}(R) by

feg=1{fg gl
where fg is defined as (fg) (x) = f (x) g (x) for all x € R. Then for f,g,h € CY(R)
(fog)oh=1fgh fg fhgh (fg)h} = fo(goh)

and also I( identity function)e C'(R) and I € 1o f = f o L. Therefore, (Cl(]R), o) is a hypermonoid. Define
*q1 - R X CHR) — P*(R) (described as (a, f) —> a ¢ f) by

axy f=Aa, f(a), f (@)}
Here axq I ={a, 1}, for all a € R. Also

(a*e g = fa, f@), f@)}* g
= a, f(a),9(a), f'(a), g’ (@), g(f (@), g(f' @), 9’ (f(@)), 9’ (f(@))}.
ax(fog) = axif,g fg)

= {a f(@),9@), (f9) @, f @),9 @, (f9) @)}
As, (a*g f)*q g N a*q (f 0 g) # 0, therefore R is an H,-C'(R)-act.

Remark 1. As every hypermonoid is an H,-monoid, we can compare generalized hyperaction and weak hyperaction
of a hypermonid on a non-empty set. For a hypermonoid (S, o), every right GHS-act is an H,-S-act but the converse
is not true in general. Consider the hypermonoid (S, o), where S = {e, s, t,q} and o is defined in Table 3.

o e S t q
e e s t q
s s s st} s
t | {st} s t 5
q q 5 5 q
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Let A = {a, b} and hyperaction =4 of S on A is presented in Table 4.

w|le s t g

a a a b A

b |lA a A A
Table 4

Then (As, *4¢) is a right H,-S-act over hypermonoid (S, o) which is not a GHS-act because a +¢; (s o t) # (a#q( ) *¢( L.
All properties of H,-S-acts are also true for subsets. Therefore, we have the following result.

Proposition 1. Let A be a non-empty set, (S, o) be an H,-monoid and +¢; be a weak hyperaction of S on A. Then
(As, *4¢) is an H,-S-act if and only if for all A’ € P*(A) and S1, S, € P*(S) the following conditions hold:

(1) A g (510 52) N (A %94 51) 290 S2 # 0,
(ii) A’ C A’ =g
Proof. Suppose (As, *¢() is an H,-S-act. Then for A’ € P*(A) and 51, S, € P*(S), we have

A’ *q{ (51 o 52) = aekzjﬁ’a *q{ (51 o Sz)

51,52€S

(A5 S1) xSz = U (@ % 81) % 2.

51/52€S

As (As, *¢) is an H,-S-act, therefore A’ #¢; (51 0 S3) N (A’ #gy S1) #q¢ Sz # 0. Also A’ C A’ #¢ e for A’ € P*(A).
Converse is obvious. [

Remark 2. If (S, 0) is a commutative H,-monoid, then every left H,-S-act can be considered as a right H,-S-act.
Indeed, if (sA, #4¢) is a left H,-S-act, we may define a right multiplication by elements of S as:

axs=s*yaforacA,;seSs.
Thenacaxe=exqyaforallac Aand (axs;)%s; Nax(sy08y) #0forallsy,s; € Sanda € A.

Proposition 2. Let (Ag, *¢) and (Bs, *:H) be two right H,-acts over an H,-monoid (S, o). Then A X B can induce an
H,-S-act.

Proof. Define the weak hyperaction ® of S on Cartesian product A X B by
(a,b)®s = (a*4Ss) x(b*,’Hs) for (a,b) e AxBands € S.

Then for all (a,b) € AX Band s, t € S, we have
(a,b)®s)®t (@,b)®t

U
(a’,b")e(a,b)®s
a’eLaiHs (a H t) X (b “H t)

b’ €bsgys
= ((@rg9)sp )X (b4 5) g t).
@,0)@(s 0 1) = @ (50 1) x (b4} (s 01).

As (a*q;S) *q tNa*q  (s0f) ;t(Z)and(b*sz)*q{tﬂb*(H (sot)#0,wehave ((a,b)®s)®@tN(a,b)@(sot) #0.
Alsoa € axq eand b € b, e imply that (a,b) € (a*ye) X (b4 €) = (a,b) ®e. Hence ((A X B)g,®) is an
H,-S-act. O
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Sen et al. (2011) defined the Cartesian product of two hypermonoids. In a similar way, we can define
Cartesian product of two H,-monoids.

Let (S5, 0) and (T,0") be two H,-monoids with identities e and ¢’, respectively. Then their Cartesian
product S X T can induce an H,-monoid with respect to the hyperoperation ® defined as:

(s1,£1) ®(s2,t2) = (51 082) X (t1 0" t2) = {(s,t)|ls € 51 053, € 1 o £r}.

Identity element of S X T is (¢, ¢’). The H,-monoid S x T is called the direct product of S and T, written as
(SXT, Q).

Proposition 3. Let (Ag, *¢) and (BT, *ﬁH) be an H,-S-act and an Hy-T-act, respectively. Then A X B can induce an
H,-(S X T)-act.

Proof. Define® : (AXB)x(SxT) — (A XB) by
(a,b) @ (s, ) = (a+g5) X (b +), t) forall (a,b) € (Ax B) and (5,t) € Sx T.
Then for all (a,b) € A X Band (s1,11),(s2,t2) € SX T, we have

((a,0) ® (s1,11)) ® (52, 2) U (@,b)@(s2,12)

a’ €axq sy
g Eb*:’].(“l

U (@’ #4 87) X (b’ *:H tz)
a’eaxq sy
b’eb*l’Hfl

= ((@rg51) w0 52) X (b4 1) % 12) -

(a,b) ®((s1,t1) ® (52, 12)) = (a,b)®((51082) X (520" 1))
= (@2 (5109)) % (b (11 o' 1)

As(As, *41) isan H,-S-actand (BT, *;{) isan H,-T-act, wehave (((a, b) ® (s1, t1)) ® (s2, t2))N(a, b)®((s1, £1) ® (52, t2)) #

0. Also,a € axgeand b € b+, ¢ imply that (a,b) € (a*gre) X (b %0 e') = (a,b) ® (¢,¢’). Hence, A X B is an
H,-(S x T)-act. [

Definition 12. Lef (Xs, *) be an Hy-S-act. An element O of X is called an absorbing element of X if 0 € O s for all
s€S.

Note that an H,-S-act may have several absorbing elements, it may also have no absorbing element. In
order to understand the concept, consider the following example in which every element is an absorbing

element.

Example 4. Let (S, o) be an H,-monoid, where S = {e, p, q,s,t,v} and o is defined in Table .

p q S t 4

e | lep)|leq) | les) | {et}) | {e0)
p {s, t} t p {s, v}

is,90 | q | {pt) | fet)

t

lgst | t |{pgh| ¢t

{s,t} | {s,t} | {s,t} | {s,t}

)
~

)
~

—_
)
~

QlrlnT|(s| 0
| ] =
)
N x
Q|+ n Q3

—_
o
~

| | —— | —| =
¥2]
—_
~~
~
—
v2)




S. Shaheen, M. Shabir / Filomat 33:18 (2019), 5777-5789 5783

Let X = {x, y, z} and the weak hyperaction + of S on X is exhibited in Table .

* | e p q S t %

x| x| {xy {x,z} x {x,y,2} {x,z}

yiy| eyt [y [y | vyl {x, z}

z |z | {xyz} z z z {x,y,2}
Table 6

Then (x;,+) is an Hy-S-act and X € X +s forall x € x and s € S.

Proposition 4. Let (Ag,*4) and (Bs, %) be two Hy-S-acts. If O and O’ are absorbing elements of A and B,
respectively, then (0, 0) is an absorbing element of A X B, which is an H,-S-act with weak hyperaction ®.

Proof. As O and 0’ are absorbing elements of A and B, we have 0 € Oy sand 0’ € 0’ s foralls € S
which implies (8, 0") € (0 #¢;5) X (0" 41 5) = (0,0’) ®s for all s € S. Hence (0, 0’) is an absorbing element of
AXB. O

Proposition 5. Let (Ag, *4() and (BT, *’7’{) be an Hy-S-act and an H,-T-act, 4. If 6 and 6’ are absorbing elements of
A and B, respectively, then (0, 0") is an absorbing element of A X B, which is an H,-(S x T)-act with weak hyperaction
®.

Proof. Directly follows from Proposition 3. [

Definition 13. Lef (Ag, *¢1) be a right H,-S-act. A subset A’ # 0 of A is called an H,-S-subact of Aif A’ ¢ S C A’,
that is, a’ *¢ys C A’ foralla’ € A’ and s € S.

Proposition 6. Let (Ag, *¢) be an H,-S-act and Ay and A, be any two H,-S-subacts of A. Then A1 N Ay is also an
H,-S-subact of A if A1 N Ay is non-empty.

Proof. The proof is straightforward. O
By the definition of an H,-S-act and the product of H,-S-acts we have the next proposition.

Proposition 7. Let (Ag, *¢1) and (Br, *;{) be two H,-S-acts and A’ and B’ be H,-S-subacts of A and B, respectively.
Then A’ X B is an H,-S-subact of A X B, which is an H,-S-act with weak hyperaction ®.

Definition 14. Let (Xg, *) and (Ys,+’) be two Hy-S -acts. A mapping f : X — Y is called
(i) weak S-homomorphism, if f (X *s) N (f(X)+"s) #0 forallx € X,s € S.
(it) inclusion S-homomorphism, if f (X +s) C (f (x) " s) forall x € X,s € S.
(iii) strong S-homomorphism, if f (x+s) = f(X) %, s forallx € X,s € S.

Obviously, every s-S-homomorphism is i-S-homomorphism and every i-S-homomorphism is w-S-
homomorphism. But the converseis not true in general. Anw-S-homomorphism (resp. i-S-homomorphism,
s-S-homomorphism) f : A — B is called w-S-isomorphism (resp. i-S-isomorphism, s-S-isomorphism) if f is
bijective and in this situation it is denoted by As ~ Bg (resp. As ~ Bs, As=Bg).

Proposition 8. Let f : (As, *¢) — (Bs, ) be an i-S-homomorphism of H,-S-acts. If 6 is an absorbing element of
As, then f(0) is an absorbing element of Bg.

Proof. As 0 is an absorbing element, we have 0 € 0 +¢; s for all s € S. Then
f(O) € f(Ox45) C f(O)* sforalls€S.

Therefore, f (6) is an absorbing element of (Bs, - O
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Proposition 9. Let f : (As, *¢) — (Bs,*,’H) be an s-S-homomorphism of H,-S-acts. Then the followings are
satisfied.

(i) If A’ is an H,-S-subact of A, then f (A’) is an H,-S-subact of B.
(i) If f is surjective and B’ is an H,-S-subact of B, then f~' (B’) is an H,-S-subact of A.
Definition 15. Let (X, *) be a right H,-S-act. An element s € S acts on X weakly injective if
xxs=x"+s=x=x"forallx,x’ € X.
And s € S acts on x strongly injective if
x*sNx' *s#0=x=x"forallx,x" € X.

Remark 3. Clearly, an element which acts strongly injective also acts weakly injective but the converse is not true
in general. Let (S, o) be an H,-monoid, where S = {e, s, t,q} and o is defined in Table .

o s t q

e e {a,t} t le,q}

s | {s,t} | {s,t} | {s,t} | {s, 1}

t t t t

q | teq | {sq) [leqt | ¢
Table 7

Let x = {x1, Y1, X2, Y2, X3, Y3} and weak hyperaction = of S on X is defined in Table .

*qq e S t q

X X1 121 Y1 {x1, 11}
N n n n n

x2 | {xo,x3} | {y2, 3} | {y2, 3} | {x2, X3, 3}
Y2 Y2 Y2 Y2 Y2

x3 | {yr,x3} | {y,x3} | {y,x3} | {y1, x3}
Y3 Y3 Y3 Y3 Y3

Txble 8

Then (xg,*) is an H,-S-act. The elements e and q of S acts on x weakly injective but not strongly injective because
(y1*re)N(xzxe) #0and (x1xq) N (y2+q) # 0.

Proposition 10. Let (As, %) and (Bs, %) be two Hy-S-acts. If s € S acts strongly injective on A and B, then s also
acts strongly injective on A X B, which is an H,-S-act with weak hyperaction ®.

Proof. If (a,b)®s N (a’, ") ®s # 0 for all (a,b), (@', V") € A X B, then (a 3, 5) X (b}, 5) N (@' *315) X (U %, s) # 0

which implies a *¢ s Na' *¢ys # 0 and b« sNV %, s # 0. Ass € S acts strongly injective on A and B, we
havea =4’ and b = b’. Therefore, s acts strongly injectiveon A X B. [

Proposition 11. Let (Ag, *¢1) be an Hy-S-act and (BT, *:H) be an H,-T-act. If s and t acts strongly injective on A and
B, respectively, then (s, t) acts strongly injective on A X B, which is an Hy-S X T-act A X B with weak hyperaction ®.

Proof. The proof is straightforward. O
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4. Relationship Between H,-S-Act and GHS-Act

This section is devoted to the study of congruence and quotients of hyperaction which relates H,-S-
act and GHS-act. Throughout this section, unless otherwise stated, (S, o) is a hypermonoid with identity
element e.

Definition 16. [21] An equivalence relation o on a right GHS-act (As, *) is called a congruence relation if for every
a,beAandse S

ach = [ax*s], = [b=*s],
where, for B C A, [Bl, = {[bl, : b € B} and [b], is the equivalence class of b with respect to o.

Note that for every Ay, Ay C A, [A1]s = [A2]s if and only if for every a; € A; there exists a, € A, such that
ai0a; and for every a, € A, there exists a; € A; such that a;0a,.

The set of all equivalence relations on Ag is denoted by Eq(As) and the set of all congruences on Ag is
denoted by Con(As).

Define hyperaction ® of S on A/o = {[a], : a € A} by

[al, ®ms= U [x=*s],forallac Aands € S.

x€[al,
Firstly, we prove that ® is well-defined. Suppose that [a], = [b], imply thatacb. Let[y], € [a],®s = L[J] [x%s],.
x€la],
So
[yls € [x * 5], for some x € [a],.

As ¢ is an equivalence relation, we have xob which imply that [y], € [b]; ® s. Similarly, [b], ®s C [a], R s.
Therefore, ® is well defined. Also, (A/0, R) is an H,-S-act. Indeed, [a*s], C [a], ®sfora e Aands € S. So

[(axs)*t]l, S ([al,®s)Wt,
[a+(s0t)], C [al,m(sot)fors,teS.

Thus, (([a], ®s) ®t) N ([a], ® (s o t)) # O and [a], € [4], ® e which implies that (A/o, ®) is an H,-S-act.
Notice if ¢ is a congruence on (Ag, *), then

[a]l, ®s =[a=*s], foralls € S.

If ¢ is a congruence relation, then (A/o, ®) is a GHS-act.
The above arguments have been summarized in the following theorem.

Theorem 1. Let (A, ) be a right GHS-act. Then
(i) (A/o,m)is an H,-S-act if 0 €Eq(As).
(ii) (A/o,®)is a GHS-act if 0 €eCon(Ag).

The above theorem establishes a link between GHS-act and H,-S-act. If (Asg,*) is a right H,-S-act and
o €Con(As), then we have the following result.

Lemma 1. Let (As, *) be a right H,-S-act and 0 €Con(Ag). Then (A/o, ®) is an H,-S-act.
Theorem 2. Let (Xs,+) be a right GHS-act and ¢ €Eq(As). Then we have the following:
(i) The natural map n : X — X/o given by n (x) = [x], for x € X is an i-S-homomorphism.

(ii) The natural map n : X — X/o is an s-S-homomorphism if and only if o €Con(Xs).
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Proof. (i) Forae Aandse S, m(axs)=[a*s], C L[J] [x*s]y, =[a]l, ®s =7(a) ®s.
x€la],
(ii) For 0 €eCon(As), a € Aand s € S m(a*s) = [a*s], = [a]l, ®s = n(a) ®s. Thus 7 is strong
S-homomorphism.
Conversely, suppose that 7t is a strong s-S-homomorphism, a,b € A, achb and s € S. Then [a *5]; C
L[i] [x#s]; =[blo ®s =m(b)®s =1 (b*s) = [b*s],. Similarly, [b*s]; C [a+5], and hence 0 €Con(Ag). O
x€[b],

Theorem 3. Let (Xg,*) and (Xs,+") be two GHS-acts and f : (Xs,*) — (Xs,*") be w-S-homomorphism, then
o ={(x,x"): f(x) = f(x)} is an equivalence relation on X. If f is an s-S-homomorphism, then ¢ is a congruence on
X.

Proof. The proof is straightforward. [

Theorem 4. Let (Xs,*) and (Ys,+") be two GHS-acts, f:(X,*) — (Y,+') bea w-S-homomorphismand o = {(x,x’) :
f(x) = f(x")}. Then there exists a unique w-S-homomorphism o : X/o — Y defined by a([x];) = f(x) forall x € X
such that ¢ om = f.

A > B

Al/c
Figure 1

Proof. Let [a], = [b]s in A/o. Then, acb implies f(a) = f(b). Therefore, a([al,) = f(a) is well-defined. Also,
is w-S-homomorphism. Indeed, for [a], € A/cand s € S

a([a]; ®s)

a( U [x=s],)

x€lals

U a([xx*sls)= U f(x=xs).
x€lal, x€lal,

And
a(lale) ¥ s = f(a) +"s.
So a(lal,®s) Na([al,)* s # 0. O
Corollary 1. If f:(As,*) — (Bs,*’) be a w-S-epimorphism, then A/o ~ B.

The above result remains valid if (As, *) and (Bs, *) are H,-S-acts and f is an s-S-homomorphism.
Theorem 5. Let (Xs,*) be a right GHS-act and p €Eq(Xs) and o €Con(Xs) such that p C 0. Then o/p =
{([x]p, [x']p) € X/p X X][p : (x,x") € o} is a congruence relation on X/p and (X/p)/(c/p)=X/o.

Proof. From Theorem 1 (A/p, ®) and (A/o, R’) are H,-S-acts. Definea : A/p — A/o by a([a],) = [a],. Firstly,
we show that the map «a is s-S-homomorphism. Leta € A and s € S. Then

allal, @5) = a( Y [rs])

Ua ([x * s]p)

xelal,

= U [x=*s],

x€[al,
a(lalp))®'s = [a],®'s
= U [x=5],.

x€lalo
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But o is a congruence on As. So we have a([a], ® s) = [a *s], = [a], ®' s = a([a],) ®" s which implies a is an
s-S-homomorphism. Obviously, « is a bijection. Now it remains to prove that

a/p = {(laly, [bly) € A/p x A/p : alalp) = a([b],)}-

Let ([al,, [b],) € A/p x A/p such that a([a],) = a([b],) = [a], = [b], & acb < ([a],, [b],) € o/p. Thus
o/p is a congruence by Theorem 3. Hence by Corollary 1 (A/p)/(c/p) ~ Alo. O

5. Actions Obtained from H,-S-Acts

The main tools in the theory of an H,-structures are fundamental relations. These relations were
introduced and first studied by Vougiouklis [17]. In this section, we studied the fundamental relations for
H,-S-act. This establishes a link between weak hyperactions and the corresponding classical actions.

Let (S, o) be an H,-monoid and V be the set of all expressions consisting of finite hyperoperations of
elements of S. Define a binary relation  on S by

spt & there exists v € V such that {s,t} C v

and denote by B the transitive closure of the relation g [2].
Proposition 12. [2] Let (S, o) be an H,-monoid. Then  is the smallest equivalence relation such that S/ is a monoid.

The relation p is the fundamental equivalence relation on S and S/ is the fundamental monoid.
Following the similar technique.

Let (As, *¢1) be an Hy,-S-act and U denote the set of all finite hyperactions of elements of S on A.

Define the relation y on A as follows:

ayb < {a,b} C uforsomeu € U.

Clearly, y is reflexive and symmetric but not a transitive relation. Let us denote y the transitive closure of
relation y. The relation y is an equivalence relation and [a]; is an equivalence class of the element 4.
We can rewrite the definition of y on A as follows:
ayb < 3day,a,.., 0,11 € Awitha =ay1, b = a,4q and
Auq,up, uz, ..., U, € U such that {a;,a;41} Cu;fori=1,2,...,n.

Theorem 6. Let (As, *¢() be an H,-S-act. Then y is the smallest equivalence relation defined on A such that A/y is
an S/B-act.

Proof. First we prove that the quotient set A/7 is S/B-act. On A/y, the operation ® using f3 classes in § is
defined as follows:

[x]; ®[slp = {lcls:c€lals*[s]gl
for [x]; € X/oand [s]; € S/p.
Firstly, we prove that [a]; ® [s]; is a singleton. For this, leta’ € [a]; and s” € [s]3. We have
aya = Jay,a, .., 0041 € Awitha =ay,a =a,41 and
Aug,up,uz,...,u, € U such that {a;,a;4.1} C u;, fori=1,2,...,n.
And
s'Bs = 51,82, ..., Sm+1 € Swiths’ =51, s =sy41 and
d01,02,03,...,vm €  Vsuchthat{s; s} Cojforj=1,2,..,m.
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From these we obtain
{a;,ai41} *gr 81 C Uj*qq Vg, i=12,.,n-1

An1 *w {8j, 8741} C Uprq0j, j=1,2,..,m.
Here the sets

Uj *q( 01 = ti, i= 1,2,...,71 —1and Uy *q4 U]' = i’n_1+]‘, ] = 1,2,...,m
are elements of U. Now, pick up elements zj, z, ..., Zy+m such that

zi €ai*qs1,1=1,2,..,nand z,4j € Aps1 *4 Sjs1, ] = 1,2,...,m.
Using the above relation, we have

{zk,zkm1) C e, k=1,2,...,.m+n—1.

Thus, every element z1 € a; %4 51 = a’ ¢ 8" is 7 equivalent to every element zy,., € a %4 5. Thus [a]; ® [s]p is
singleton. So, we can write

[a]}; ® [s]p = [c]y forallce [a])—, *q¢ [s]3-

Obviously A/7 is an S/f-act.
Let 0 be any other equivalence relation on A such that A/o is an S/B-act. Then [a], ® [s]; are singletons,
that is

[a]; ® [s]g = [c], for all ¢ € [a]; *4 [s]p-
Thus, we can write fora € A,se€ Sand A’ C [a],, S’ C [S]E
[als @ [s]g = [A" *91 S']6 = [a %94 S]o.

Let aya’. Then {a,a’} C u for some u € U. Take u = x x¢; s for some x € A and s € S. Then, using relation
0, X *¢ 5 is a subset of one class, say [u;],, for some i, so u = x *¢; s C [u;]o = [a], = [a'], = aoa’and as ¢ is
transitive, we have

aya’ = aoa’.
Therefore, y is the smallest equivalence relation such that quotient is an S/B-act. [J

Remark 4. From Theorem 6, we conclude that y is the smallest equivalence relation such that A/y is an S/B-act.
The relation y is a fundamental relation on A and the quotient is said to be a fundamental S/B-act.

Theorem 7. Let (As, *4() and (Bs,+),) be two Hy-S-acts, f : A — B be an s-S-homomorphism and y, 7, and B

be the fundamental relations on A, B and S, respectively. Then the map f : (A/71,8) — (B/72,®’) defined by
f(laly,) = [f(a)]y, is an S/p-homomorphism of S/B-acts.

Proof. Clearly, A/y1 and B/y, are S/B-acts. First we show that f is well-defined. Suppose that
[a]}71 = [b]y’l-
Then ayj1b = I ay,ay, ..., 0441 € Awitha’ =a1,a = a,1 and I uy, up, u3, ..., u, € Uy such that {a;, a;41} C 1,

fori=1,2,..,n. Since f is an s-S-homor_norphism_and u; € ”LIA,_ we get f(u;) € Up. Therefore f(a)y,f (D)
which implies [f(a)],, = [f(b)];,, and so f([aly;,) = f([bl,). Thus f is well-defined. Now,

fllaly, ®[s]y) fla*gs]y)
= [flaxs)ly,

(@) )y sl

(

[

[f
[f
- J

ﬂ)]yz *;_( [S]/;
(laly,) & [s];
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Theorem 8. Let (A, *x) and (B, *ﬁH) be H,-S-acts, f : A —> B be a s-S-homomorphism and 1,7, and B be the
fundamental relations on A, B and S, respectively. Then the diagram

x Loy
L9y R
X/o L v
Figure 2.

is commutative, where g,, g, are the natural projections of (A, *¢() and (B, +,), respectively.

6. Conclusion

The class of hyperstructures called H,-structures has been studied from numerous aspects as well as
in association with many other topics of mathematics. Here, in this paper, we introduced the concept of
H,-S-act and investigated some basic properties. A link between H,-S-act, GHS-act and S-act (action notion
in classical theory) have been established.

In future, we will focus on application of H,-S-act in biology, chemistry, physics and social sciences
mainly the use of H,-5-act in questionnaire. We will also characterized H,-S-act in term of primeness.
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