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Generalized Hirano Inverses in Banach Algebras
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Abstract. Let A be a Banach algebra. An element a € A has generalized Hirano inverse if there exists
b € A such that ,
b = bab, ab = ba,a® — ab € A",

We prove that a € A has generalized Hirano inverse if and only if a — a* € A™!, if and only if a is the sum
of a tripotent and a quasinilpotent that commute. The Cline’s formula for generalized Hirano inverses is
thereby obtained. Let a,b € A have generalized Hirano inverses. If a%b = aba and b%*a = bab, we prove that
a + b has generalized Hirano inverse if and only if 1 + a?b has generalized Hirano inverse. The generalized
Hirano inverses of operator matrices on Banach spaces are also studied.

1. Introduction

Let A be a Banach algebra with an identity. The commutant of a € A is defined by comm(a) = {x €
A | xa = ax}. The double commutant of a € A is defined by comm?(a) = {x € A| xy = yx for all y € comm(a)}.
An element a € A has g-Drazin inverse (i.e., generalized Drazin inverse) in case there exists b € A such that

b = bab, b € comm(a),a — a’b € A",

The preceding b is unique, if it exists, and we denote it by a?. Here, A" denote the set of all quasinilpotents
of the Banach algebra A, i.e.,

AT = (g€ A|1+ax € Ais invertible for all x € comm(a)}.
Let v(a) = im0 ||a”||%. We use A~! to denote the set of all units in A. We note that

Amil = fae A|1+Aae€ A forall A € C}
= {2 € A|limye |la"]|" = 0,i.e.,v(a) = 0)(see [7]).

The motivation of this paper is to extend generalized Drazin inverses in Banach algebras to a wider case
by means of tripotents p, i.e, p> = p. An element a € A has generalized Hirano inverse if there exists b € A
such that

b = bab, b € comm(a),a® — ab € A",
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We may replace the double commutator for the commutator in the preceding definition for a Banach algebra
(see Proposition 2.9). Many elementary properties of generalized Hirano inverses were investigated in [2].

As it is well known, a € A has g-Drazin inverse if and only if there exists an idempotent e € comm(a)
such thata + e € A~ and ae € A™!. Here, the spectral idempotent e is unique, and it is denoted by a™. In
Section 2, we prove that a € A has generalized Hirano inverse if and only if a —a®> € A, if and only if a is
the sum of a tripotent and a quasinilpotent that commute.

Let a,b € A. Then ab has g-Drazin inverse if and only if ba has g-Drazin inverse and (ba)? = b((ab)?)?a.
This was known as Cline’s formula for g-Drazin inverses (see [10]). In Section 3, we extend Cline’s formula
for generalized Hirano inverses.

In Section 4, we are concerned on additive property for generalized Hirano inverses. Let a,b € A have
generalized Hirano inverses. If a?b = aba and b?a = bab, we prove that a + b has generalized Hirano inverse
if and only if 1 + a“b has generalized Hirano inverse.

Finally, in the last section, we investigate generalized Hirano inverses for operator matrices on Banach
spaces.

Throughout the paper, all Banach algebra are complex with identity 1. Let X be an arbitrary complex
Banach space and £(X) be the Banach algebra of all bounded operators on X.

2. Generalized Hirano inverses

The aim of this section is to present new characterizations of generalized Hirano inverses which will be
used repeatedly. We begin with

Lemma 2.1. [19, Lemma 2.10 and Lemma 2.11] Let ‘A be a Banach algebra, a,b € A, a?b = aba and ba = bab.
(1) Ifa,b e A™ thena+b e AM.
() Ifaorbe A™ then ab € A,

Following Mosic (see [12]) an element a € A has gs-Drazin inverse if there exists b € A such that b = bab,
b € comm(a) and a — ab € A 1t was proved that a € A has gs-Drazin inverse if and only if there exists an
idempotent e € comm(a) such that a — e € A (see [6, Theorem 3.2]. We have

Lemma 2.2. Let A be a Banach algebra, and let a € A. Then the following are equivalent:

(1) a has gs-Drazin inverse.
(2) a—a*e AM,

Proof. = Write a = e + w with ¢* = e € comm(a),w € A Thena —a? = (1 - 2e — w)w € AM, by Lemma

2.1.
& Letq :=a—a® Then 4g(4q — 1)! € A™!. Consider the infinite series

32 7 (-0,
k=1

where the coefficients are binomial coefficients. Clearly, v(4q(4q - 1)‘1) = (0. Hence the series converges
absolutely to an element z. Moreover, we have the formal relation

1-1-49(4q-1)"' =2z.

2 -z=g49-1)""

This implies that

Here, z commutes with every element of A which commutes with g(4q — 1)7!. That is, there exists z € A
such that z2 — z = g(4g — 1) and z € comm?*(q(4q — 1)7!) (see [14, Lemma 2.3.8]).
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Let0# A € C. Set y = 2Az. Then y? — 2Ay = 4A%g(4q — 1)~ € A™!. Hence,

y=A? = y-20y+A
A2 +4A%(4g - 1)}
AL

It follows that y — A € A1, and so y € A™!. This implies that z = 1171y € A,
Let f =a— (2a—1)z. Thena — f = (2a — 1)z € A™!. Since a € comm(a), we see that a € comm(q(4q — 1)71);
hence, a € comm(z), and so az = za. We easily see that (1 — 2a)*(1 — 4¢)~! = 1; hence,

@—Qa-1)z)(1—a+ (2a—-1)2)
= (@a-a*)+(-Qa-1)(1-a)+aa-1))z—- (2a-1)*z22
(a—a%)+@a-1)>*z -7
q - (20 -1)*q(1 - 49)"!
= 0,

and so (a2 — (2a — 1)z)*> = a — (2a — 1)z. That is, f? = f € comm(a), as desired. [
Lemma 2.3. Let A be a Banach algebra, and let a € A. Then the following are equivalent:

(1) a has generalized Hirano inverse.
(2) a® € A has gs-Drazin inverse.
(3) There exists b € comm(a) such that
b = (ab)?,a® — a’b € AT

Proof. (1) = (3) By hypothesis, there exists ¢ € comm(a) such that c = c?a and a*> —ac € A™!. Letb = c>. Then
b € comm(a), b = c*a* = b*a* = (ab)>. Moreover, we have a?> — a?b = a> — ac € A, as desired.

(3) = (2) By assumption, we have b € comm(a) such that b = (ab)?,a*>—a?b € A™!. Hence b € comm(a?),b =
ba*b. Therefore a* € A has gs-Drazin inverse.

(2) = (1) Since a*> € A has gs-Drazin inverse, then there exists ¢ € comm?(a®) such that ¢ = c%a* and
a? — a’c € AM (see [6, Remark 2.2]). Set b = ac. Since a € comm(a?), we see that ca = ac; hence, ab = ba.
Moreover, b = b%a and a®> — ab = a> — a’c € A™!. Therefore a has the generalized Hirano inverse, as
asserted. [

2

Theorem 2.4. Let A be a Banach algebra, and let a € A. Then the following are equivalent:

(1) a has generalized Hirano inverse.
() a—a® e AmM,

Proof. => In view of Lemma 2.3, 4> € A has gs-Drazin inverse. It follows by Lemma 2.2 that, a(a — a%) =
a* —a* € AM and so (@ — a®)? = a(@a — a®)(1 — a?) € A™! by Lemma 2.1. If x € comm(a — a®), then
x% € comm(a — a®)%; and so 1 — (a — a®)?>x?> € A~'. Thus, 1 — (a — a®)x € A~'. We infer that a — a® € A", as
required.

= Setb = “2% andc = ‘% Then we check that

bi -b= ili(a: +2a§ —ai —-20) = i%(11 +2)(a: —-a);
¢t —c=g(a* —2a° —a® +2a) = 3(a—2)@ - a).

Hence b2 —b,c*—c € A™!. Clearly,a® = T2+ 22 = p+c,and soa®—a* = (b+¢)—(b+c)? = (b—b)+(c—c)—2bc.

On the other hand, bc = “42“2 , and so

%(ﬁ —a= -+ (- c*) e AM.

In light of Lemma 2.2, 4> € A has gs-Drazin inverse. This completes the proof by Lemma 2.3. [
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Corollary 2.5. Let A be a Banach algebra, and let a € A. If a € A has generalized Hirano inverse, then a" € A has
generalized Hirano inverse for any n € IN.

Proof. In view of Theorem 2.4, a — a® € A™!. Then a" — (a")® = a" — (@®)" = (a — a®)f(a) € A™ for some
polynomial f(t) with integral coefficients. According to Theorem 2.4, a" € A has generalized Hirano
inverse, as asserted. [

Lemma 2.6. Let A be a Banach algebra, and let a € A. Then a has generalized Hirano inverse if and only § ”2% and

2_ . .
* have gs-Drazin inverses.

Proof. = Setb := ”2% Then
P-b = }I(ajl-Z)(a3—a)
c ﬂqml.

In light of Lemma 2.2, b € A has gs-Drazin inverse. Likewise, “ZT_“ has gs-Drazin inverse, as desired.
—Setb = “2% and ¢ = ”% Then a2 = b + ¢. In view of Lemma 2.2, b2 — b, ¢? — ¢ € A", Since be = ¢b,
as in the proof of Theorem 2.4,

%(aZ - = -V + (c—c*) e AM.

Hence a* € A has gs-Drazin inverse. This completes the proof by Lemma 2.3. [J
We have accumulated all the information necessary to prove the following.
Theorem 2.7. Let A be a Banach algebra, and let a € A. Then the following are equivalent:

(1) a € A has generalized Hirano inverse. ,
(2) There exists e® = e € comm(a) such that a — e € A,

Proof. = Letb = ‘% andc = “ZT_“ In view of Lemma 2.6, b and ¢ have gs-Drazin inverses. According to [6,

Theorem 3.2], for a Banach algebra A, we indeed have 2 = f € comm?*(b) and g? = g € comm?(c) such that
b-f,c—geA™.

As ab = ba and ac = ca, we see that fa = af and ga = ag. Hence gb = bg and fc = cf. This implies that
fg=gf. Thereforea=b—-c=(f-g)+ (b - f)—(c—g). Clearly, (b — f)(c —g) = (c— 9)(b — f). In light of
Lemma 2.1, (b— f) — (c — g) € A™!. Moreover, we check that (f —g)*> = f —g. Sete = f —g. Thena—e € AT,
as required.

& By hypothesis, there exists ¢> = e € comm(a) such that w := a — e € A™!. Hence, a = ¢ + w, and so
a* = € + (2¢ + w)w. Then a? — ¢ = (2¢ + w)w € A", In light of [6, Theorem 3.2], #> € A has gs-Drazin
inverse. Therefore we complete the proof, by Lemma 2.3. [

Corollary 2.8. Let C be the field of complex numbers, and let A € M,,(C). Then the following are equivalent:

(1) A has generalized Hirano inverse.

(2) A is the sum of a tripotent and a nilpotent matrices that commutate.
(3) The eigenvalues of A are only —1,0 or 1.

(4) A is similar to diag(J1,-- -, J;), where

Ji= - ,A=-1,00r1.
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Proof. In view of Lemma 2.3, A € M,(C) has generalized Hirano inverse if and only if A? € M,(C) has
gs-Drazin inverse. We note that M, (C)7" is just the set of all n X n complex nilpotent matrices over C.
Therefore we are done by [15, Example 2.5]. [

We close this section with a characterization of a generalized Hirano inverse in terms of its double
commutant.

Proposition 2.9. Let A be a Banach algebra, and let a € A. Then the following are equivalent:

(1) a has generalized Hirano inverse.
(2) There exists 2 = e € comm?(a) such that a — e € A,
(3) There exists b € comm?(a) such that
b = (ab)?,a® — a’b € AT

Proof. (1) = (2) Inview of Lemma 2.6, ‘% and ‘% have gs-Drazin inverses. As in the proof of Theorem 2.7,
we can find idempotents f, g € comm?(a) such thata — (f — g) € A Lete = f — g. Then & = e € comm?(a),
as required.

(2) = (3) Set b = (a> + 1 — €2)71¢2, as in the proof of Theorem 2.7, we have b = (ab)?,a? — a?b € A™M!. Since
e € comm?(a), we check that b € comm?(a), as desired.

(3) = (1) This is obvious by Lemma 2.3. O

3. Multiplicative property

Let A be a Banach algebra, and let a,b € A. In [10, Lemma 2.2], it was proved that ab € AL if and only
if ba € A™!. We generalized this fact as follows.

Lemma 3.1. Let A be a Banach algebra, and let a,b,c,d € A. If

(ac)’a = (db)’a,
(ac)d = (db)d,

then the following are equivalent:

(1) (ac)?> € AMI,
@) (bd)? € A,

Proof. As (ac)*a = (db)®a, we have acacaca = dbdbaca. Let aca = a,c = ¢,dbd = d and b = b'. Then we
have a'c'a = dba’. Also by (ac)’d = (db)*d we have acacdbd = dbdbdbd which implies a'c'd = db'd’. Let
(ac)? € A then acac € A™! which implies thata'c¢’ € A, By applying [11, Lemma 3.1] we conclude that
db € Al and so (bd)* € AT, The converse follows by a similar way. [

Under the hypothesis of Lemma 3.1, we note that ac € A7 and bd € A" are equivalent. Also we easily
prove that ac € A? if and only if bd € A?. We come now to the main result of this section.

Theorem 3.2. Let A be a Banach algebra, and let a,b,c,d € A. If

(ac)’a = (db)?a,
(ac)d = (db)d,

then the following are equivalent:

(1) ac € A has generalized Hirano inverse.
(2) bd € A has generalized Hirano inverse.
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Proof. (1) = (2) In view of Theorem 2.4, ac — (ac)®> € A™!. By Lemma 2.1, ac(ac — (ac)®) € A™! which
implies that (ac)? — (ac)* € A™!. Thus we have, ((1 - acac)ac)* = ((ac)* — (ac)*)(1 — acac) € A™M. Let
a =(1—acac)a,c =c,b =bandd = (1 — dbdb)d. Then (a'c')?> € A Also

(@c)’a = ((1-acac)ac)*((1 - acac)a)
= (ac)?® - 2(ac)* + (ac)®)(a — (ac)*a)
= (ac)’a — 3(ac)*a + 3(ac)a — (ac)®a
= (db)2a — 3(dby*a + 3(db)oa — (db)°a
= (1 - dbdb)dbyd
= (b)Y

By the same way we can prove that (a'c')?d = (d'b')%d . Then by Lemma 3.1, (b'd')? € A™! which implies
that (bd — (bd)®)* € A" and so bd — (bd)> € A™!. Then by Theorem 2.4, bd has generalized Hirano inverse.
(2) = (1) This is similar. [

Corollary 3.3. Let A be a Banach algebra, and let a,b,c,d € A. If

aca = dba,
dbd = acd,

then the following are equivalent:

(1) ac € A has generalized Hirano inverse.
(2) bd € A has generalized Hirano inverse.

Proof. Let aca = dba and dbd = acd. Then (ac)*a = (db)*a and (ac)*d = (db)*d. So the result follows from
Theorem 3.2. O

Corollary 3.4. Let A be a Banach algebra, and let a,b,c € A. If aba = aca, then the following are equivalent:

(1) ac € A has generalized Hirano inverse.
(2) ba € A has generalized Hirano inverse.

Proof. Letd = a. It is easy to show that (ac)a = (db)a and (ac)d = (db)d. So the result follows from Theorem
32. O

In particular, ab € A has generalized Hirano inverse if and only if ba € A has generalized Hirano inverse.
Corollary 3.3 and Corollary 3.4 are just special cases of Theorem 3.3 in [13].

Corollary 3.5. Let A be a Banach algebra, and let a,b,c,d € A. If acac = dbdb, then the following are equivalent:

(1) ac € A has generalized Hirano inverse.
(2) bd € A has generalized Hirano inverse.

Proof. 1t is easy to show that (ac)*a = (db)?a and (ac)*d = (db)*d. So the proof is true by Theorem 3.2. []
We note that if aca = dba, dbd = acd, then (ac)*a = (db)?a, (ac)®d = (db)?d. But the converse is not true.
Example 3.6. Let o be an operator, acting on separable Hilbert space I,(IN), defined by
o(x1,x2,x3, %4, ) = (0,%1,%2,0,0,---),

and let A = Mz(L(lz(lN))). Choose

0 o 0 1 0
(3 e[} e} 2o

Then (ac)*a = (db)?a, (ac)*d = (db)?d, but aca # dba. In this case, ac € A has generalized Hirano inverse.

O =



H. Chen, M. Sheibani / Filomat 33:19 (2019), 6239-6249 6245
4. Additive property

Now we are concerned on additive property of generalized Hirano inverses in a Banach algebra A.
Since every generalized Hirano invertible element in a Banach algebra has g-Drazin inverse, we now derive

Lemma 4.1. Let A be a Banach algebra, and let a,b € A have generalized Hirano inverses. If a*b = aba and
b%a = bab, then ab has generalized Hirano inverse.

Proof. One easily checks thatab— (ab)® = ab— (aba)bab = ab—a?(b*a)b = ab—a?(bab)b = ab—a(aba)b?® = ab—a’b®.
Setx = (a—a®)band y = a®>(b — b®). Thenab — (ab)® = x + v
Letc =a —a®. Then
b = (a-a®b
= (a®>-2a*+a%Db
= a*h—2a*b +a
= (a—a®)b(a-a)
= cbc.

Likewise, we have b’c = beb. In light of Theorem 2.4, a — a® € A™M Tt follows by Lemma 2.1, that
x € AM!. Similarly, y € A™!. The reader could check ¥’y = xyx and y*x = yxy. By using Lemma 2.1 again,
x +y € A Therefore ab — (ab)® = x + y € A™!. This completes the proof by Theorem 2.4. []

Lemma 4.2. Let A be a Banach algebra, and let a,b € A have generalized Hirano inverses and ab = ba. If 1 + a’b
has generalized Hirano inverse, then a + b has generalized Hirano inverse.

Proof. Sincea € Ahas generalized Hirano inverse, it has generalized Drazin inverse. It follows from ab = ba
that a’b = ba, and then 1 +a%b — (1 +ab)® = a®b — (ab)® — 3a?b(1 + a’b) € A™!. By virtue of Theorem 2.4 and
Lemma 2.1, we have

ﬂd _ (ﬂd)3 — (ﬂd)4113 _ (ﬂd)4{1 — (ad)4(a3 _ 11) c ﬂqnil.

Hence a? € A has generalized Hirano inverse. In light of Lemma 4.1, a'b € A has generalized Hirano
inverse, and so a?b — (a%b)? € A, In view of Lemma 2.1, we have 3a?b(1 + a?b) € A", and then

3ab(a + b) 3(a — a?a®)b(a + b) + 3a2b(aa® + ab)
= 3(a —a%a®)b(a + b) + 3a®b(aa” + a(a®)?b)
3(a — a*a®)b(a + b) + 3a%a’b(1 + a’b)

c ﬂqnil

Consequently, (a + b) — (a + b)® = (a — a®) + (b — b®) — 3ab(a + b) € A™!. Accordingly, a + b has generalized
Hirano inverse, by Theorem 2.4. [J

Let p € A be an idempotent, and let x € A. Then we write
x=pxp+px(l—p)+ (A —pap+ 1 -p)x( -p),

and induce a representation given by the matrix

= PP px(1-p)
A=-pxp A-pxd-p) )’

and so we may regard such matrix as an element in A. For any idempotent e in A, (eAe)™! ¢ AL,
We now ready to prove the following.

Theorem 4.3. Let A be a Banach algebra, and let a,b € A have generalized Hirano inverses. If a’b = aba and
b%a = bab, then a + b has generalized Hirano inverse if and only if 1 + a“b has generalized Hirano inverse.
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Proof. = Write 1+ ab = x + y where x = 1 —aa? and y = a%(a + b). Then x?> = x € A has generalized
Hirano inverse and xy = 0. Since a(ab) = ab = aba and a € comm?(a), we see that a“(ab) = (ab)a”. Hence
yx = a’(a + b)(1 — aa) = a’(aa)b(1 — aa®) = a’(ab)a’(1 — aa’) = 0.

In light of [19, Lemma 2.5], one checks that (a4)?b = (a?)(a’b) = (a’b)a“, and so (a?)*(a + b) = a’(a + b)a“.
Moreover, we have aba? = aa’b and b?*a® = ba®b. Thus (a + b)?a® = (a + b)a(a + b). As in the proof of Lemma
4.2, a% has generalized Hirano inverse. In light of Lemma 4.1, a(a + b) € A has generalized Hirano inverse.
Since 1+ x%y =1+ xy = 1, we see that, 1 + ab = x + y € A has generalized Hirano inverse, by Lemma 4.2.

& Choose p = aa®. In view of [19, Lemma 2.5], aa?b(1 — aa®) = aba®(1 — aa) = 0. Then

(2 se( 1),
2P 2P

where a1 = pap, a; = (1 — p)a(1 —p), by = pbp and b, = (1 — p)b(1 — p). Hence,

a+b:(a1+b1 0 )
* 612+b2

Step 1. By using [19, Lemma 2.5], we have

(aa®)?b = a(aa®)ab = a(a?b)aa® = (aa®)b(aa?),
b2(aa?) = b(ba®)a = (ba?)(ba) = b(aa®)b.

It follows by Lemma 4.1 that (aa?)b has generalized Hirano inverse. Clearly, we have 1 + (a%a?)%aa’b =
1+ a% € A has generalized Hirano inverse. Since (a%a%)(aa’b) = (aa’b)(a’a”), by Lemma 4.2, we have
a*a® + aa’b = aa’(a + b) € A has generalized Hirano inverse. In view of Corollary 3.4, we see that a; + b; =
(aa™)(a + b)(aa?) € A has generalized Hirano inverse.

Step 2. b € A, Clearly, a, = a — aa’ € A, In view of [19, Lemma 2.5], we compute

(b — baa®)(b — baa®)

b? — b*aa® — baa®b + ba(ab)aa’
b? — b*aa® — baa®b + baaa’ (ab)
= (1 -aa%).

(b(l - aad))z

By induction, we have (b(l - aad))n = b"(1 — aa*) for any n € IN. Since lim, .« IIb”Iﬁ = 0, we easily check that

lim [|(b(1 - aa®))"||* = 0.
n—00
Hence b(1 — aa?) € A™!. Then by = (1 — aa”)b(1 — aa’) € A™!. We easily verify that a3b, = a:b,a, and
bgaz = boayby. In light of [19, Lemma 2.10], a, + b, € AL n light of [2, Lemma 5.1], a + b € A has
generalized Hirano inverse.

Step 3. b ¢ A™!. Since b - b> € A™!, by the argument in Section 2, we have (b — b®)(1 — aa) € A™!. Then
we check that R

(1 - aa®)b - ((1 —aa®)b(1 - aad)) = (1 —aa®)(b - b*)(1 - aa”) € A™

By virtue of Theorem 2.4, (1 — aa?)b € A has generalized Hirano inverse. It follows by Corollary 3.4 that
by = (1 — aa®)b(1 — aa?) € A has generalized Hirano inverse. Clearly, a, = a — a%a? € A™!. We easily verify
that asb, = a;bya; and byay = byazbs. By Step 2, a; + by € A has generalized Hirano inverse.

Accordingly, a + b € A has generalized Hirano inverse by [2, Lemma 5.1]. O

Corollary 4.4. Let A be a Banach algebra, and let a,b € A have generalized Hirano inverses. If ab = ba, then a + b
has generalized Hirano inverse if and only if 1 + a®b has generalized Hirano inverse.
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Proof. This is obvious, by Theorem 4.3. [
For further use, we record the following.

Proposition 4.5. Let A be a Banach algebra, and let a,b € A. If a, b have generalized Hirano inverses and ab = 0,
then a + b has generalized Hirano inverse.

Proof. In view of Theorem 2.4, a — a%,b — b> € A™!. Tt follows by [3, Lemma 2.1] that a + b — (a + b)® =
((a —a%) —b(a+ b)a) +b—b® € A By using Theorem 2.4 again, a + b has generalized Hirano inverses. [J

5. Splitting approach

We are now concerned on the generalized Hirano inverse for a operator matrix M. Here,

A B
M —( cCD ) (1)
where A,D € L(X) have generalized Hirano inverses and X is a complex Banach space. Then M is a
bounded linear operator on X @ X. Here, £(X) denotes the Banach algebra of bounded linear operators on

X. Using different splitting of the operator matrix M as P + Q, we will apply preceding results to obtain
various conditions for the existence of the generalized Hirano inverse of M.

Lemma 5.1. Let A,D € L(X) have generalized Hirano inverses and B € L(X). Then ( Ig g ) € My (L(X)) has

generalized Hirano inverse.

Proof. In view of Theorem 2.4, A — A%, D — D3 € £(X)?!. As in a Banach algebra A, a € A7 if and only if
forany A € C, 1 — Aa € A}, we easily see that

3 3 . ‘
(13 g)‘(é 11:3)) :(AOA D—D3)€M2(£(X))qml'

According to Theorem 2.4, we obtain the result. [

Lemma 5.2. Let A be a Banach algebra, and let a € A have generalized Hirano inverse. If ¢ = e € comm(a), then
ea € A has generalized Hirano inverse.

Proof. Since a € A has generalized Hirano inverse, we have a —a® € A, and so ea — (ea)® = e(a —a®) € A,
by Lemma 2.1, This completes the proof by Theorem 2.4. [

Theorem 5.3. Let A,D € L(X) have generalized Hirano inverse and M be given by (5.1). If BC = CB = Q,
CA(I - A™) = D™"DC and A™AB = BD(I — D™), then M € My(L(X)) has generalized Hirano inverse.

Proof. Let

0 DD™ C D(UI-Dr
Then M = P + Q. Since A(I — A™) = A(AAY), it follows by Lemma 5.2 that A(I — A™) has generalized
Hirano inverse. On the other hand, DD™ = D — D?’D* is quasinilpotent, and so DD™ has generalized Hirano

inverse. In light of Lemma 5.1, P € M>(L(X)) has generalized Hirano inverse. Likewise, Q € M>(L(X)) has
generalized Hirano inverse. It is easy to verify that

Pz(A(I—A") B )’Qz(AA“ 0 )

0 BD(-D")
PQ = | pprc 0
0 AATB
(CA(I—A“) 0 )
OP.
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Also we have
pi [ AT-AT)y X ) _ (AT X
B 0 DpD" |7\ 0 0

where X = (A%)? Y7 ,(A%)"B(DD™)". Hence,

Al X \[Aar 0
PQ = (o o)( C D(I—D”))

_ [ XC XD(I-Dr)
“lo 0 ’

where XC = (A")2(B + Yoo, (AY)"B(DD™)")C = 0 as BC = 0, B(DD™)"C = 0. Moreover, we have

XD(I - D7)

= (AD2(B + L,;L1(A")"B(DD™)")D(I — D)
(Ad)ZBD(I _ Dn) + (Ad)Z Z:O:l Ad)nBDn+2DnDd
(A)2A™AB

= 0,

and so P’Q = 0. Thus, I, + P?Q € M,(£L(X)) has generalized Hirano inverse. Therefore we complete the
proof by Corollary 4.4. [J

In the proof of Theorem 5.3, we choose

AI-A™) B AA™ 0
PZ( 0 Dde)’Q:( C DD“)'

Analogously, we can derive

Proposition 5.4. Let A,D € L(X) have generalized Hirano inverses and M be given by (5.1). If BC = CB = 0,
CA(I - A™) =(I—-D")DC and A"AB = BDD™, then M € My(L(X)) has generalized Hirano inverse.

We now turn to the operator matrix M with trivial generalized Schur complement, i.e., D = CA?B (see
[4, Theorem 5.2.1] ). We have

Theorem 5.5. Let A € L(X) have generalized Hirano inverse, D € L(X) and M be given by (5.1). Let W =
AA? + AYBCA®. If AW has generalized Hirano inverse,

A™BC = BCA™ = AA™B = 0,D = CA“B,
then M has generalized Hirano inverse.

Proof. We easily see that

A B
M:(c CAdB):P+Q'

A AAB 0 A™B
P‘( CAB )'Q‘( 0 0 )
By assumption, we verify that QP = 0. Clearly, Q is nilpotent, and so it has generalized Hirano inverse.
Furthermore, we have

where

A2A4 AAYB AAT
P:P1+P2’P1:(CAAd CA‘B )'Pzz(CAﬂ 0
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and P,P; = 0. Obviously, P, has generalized Hirano inverse. Moreover, we have

Py =( ‘éﬁj )( A AA'B).

By hypothesis, we see that

(A AAB )( ’éﬁj ):AW

has generalized Hirano inverse. In light of [2, Corollary 4.2], P; has generalized Hirano inverse. Thus,
by Proposition 4.5, P has generalized Hirano inverse. By using Proposition 4.5 again, M has generalized
Hirano inverse, as asserted. [
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