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Abstract. Let R be a prime ring of characteristic different from 2 and F a b-generalized derivation on R.
Let U be Utumi quotient ring of R with extended centroid C and f(xy, ..., x,) be a multilinear polynomial
over C which is not central valued on R. Suppose that d is a non zero derivation on R such that

d([F(f(r), f(ND € C

forallr = (ry,...,r,) € R"; then one of the following holds:
(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(xy, ..., x,)? is central valued on R,
(2) there exists A € C such that F(x) = Ax for all x € R.

1. Introduction

Throughout the paper R denotes an associative ring with center Z(R). The Utumi quotient ring of a
prime ring R is denoted by U. The definition and axiomatic formulation of Utumi quotient ring U can
be found in [11] and [5]. We notice that U is a prime ring with unity and the center of U is called the
extended centroid of R, denoted by C. For x,y € R, the commutator of x and y is equal to xy — yx and
it is denoted by [x, y]. Sometimes commutator of x and y is called Lie product of x and y. Let S € R. A
function f on R is called a centralizing (or commuting) function on S if [f(s), s] € Z(R) (or [f(s),s] = 0) for all
s € S. In this direction, Divinsky [17] studied the commuting automorphism on rings. More precisely, he
proved that a simple artinian ring is commutative if it has a commuting automorphism different from the
identity mapping. Further, Posner [9] studied the centralizing derivations on prime rings. More precisely,
he proved that there does not exist any non zero centralizing derivation on non commutative prime ring.
This was the starting point for the research by several authors. By a derivation of R, we mean an additive
mapping d on R such that d(xy) = d(x)y + xd(y) for all x, y € R. Let a € R, define a mapping f on R such that
f(x) = [a,x] for all x € R. Here, we notice that f is a derivation on R. This kind of derivations is called an
inner derivation induced by an element a. A derivation is called outer if it not inner.

Bresar [13] extended the Posner’s [9] result by taking two derivations and proved that if 4 and 6 are two
derivations of R with at least one derivation is non zero, such that d(x)x —x6(x) € Z(R) for all x € R, then R is
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commutative. Latter on, many mathematicians extended these results on some appropriate subsets of prime
ring R. A natural question will arise that what will happen if we replace x with multilinear polynomial in
Posner’s theorem [9] as well as Brear’s theorem [13]. The definition of multilinear polynomials is given
below.

Let Z(X) be the free algebra on X over Z, where X = {x1, x,, ...} is a countable set. Let f = f(xy,...,x,) €
Z(X) be a polynomial such that at least one of its monomials of highest degree has a coefficient equal to 1.
Let R be a nonempty subset of a ring A. We say that f is a polynomial identity on R if f(ry,...,r,) = 0 for
allry,...,r, €R.

Definition 1.1. A polynomial f = f(x1,...,x,) € Z{X) is said to be multilinear if every x;,1 < i < n, appears
exactly once in each of the monomials of f.

The answer of above question was given by Lee and Shiue [21] and they proved that if R is a prime ring,
f(x1,...,x,) a polynomial over C which is not central valued on R, d and g are two derivations of R such
that

d(f(xll"'/xn))f(xl "‘rxl’l) _f(xl,-..,xn)g(f(xl-.-,xn)) eC

forall xq,...,x, € R, then eitherd =0 =gord = —ggand f(xy,... ,xn)? is central valued on R, except when
char(R) = 2 and dim¢ (RC) = 4.

It is natural to ask that what will happen if the derivations are replaced by generalized derivations. The
notion of generalized derivation introduced by Bresar in [12] which is a generalization of derivation. The
definition of generalized derivation is given below.

Definition 1.2. Let R be a ring and F be an additive mapping on R. Then mapping F on R is said to be a generalized
derivation if there exists a derivation d on R such that F(xy) = F(x)y + xd(y) for all x, y € R.

Here, we notice that every derivation is a generalized derivation but converse is not true in general. The
following example confirms our claim. Simplest example is an identity function on R. Here, we shall give
non trivial example.
an
z

( 0y ) Then d is a derivation on R. Define a mapping F on R such that F( o ): ( 0 ]Z/ ) Then F is a

o R

Example 1.3. Let Z be the set of integers. Suppose R = {( g Z ) Ix,y,z € Z}. Defined : R — Ras d(

0 0 0 z 0
generalized derivation associated with a non zero derivation d on R. Here, we see that F is not a derivation on R.

Note that if R is a prime or a semiprime ring then the derivation d is uniquely determined by F and d is
called the associated derivation of F.

Next, Argac and De Filippis [16] gave the partial generalization of Posner’s theorem [9] that is they
proved for commuting case only. More precisely, they describe the structure of additive mapping satisfying
the identity F(x)x — xG(x) = O for all x € f(R), where f is a multinear polynomial over extended centroid
C of Utumi ring of quotient U and G, G are two generalized derivations on prime ring R. In 2018, Tiwari
[18] studied the commuting generalized derivations on prime ring, which is generalization of the work of
Argac and De Filippis [16].

In 2016, Dhara et. al. in [1], generalize the Posner’s [9] result. More precisely, they proved the following.
Let R be a non commutative prime ring of characteristic different from 2 with Utumi quotient ring U
and extended centroid C, f(xi,...,x,) a multilinear polynomial over C which is not central valued on R.
Suppose that F and G are two generalized derivations of R and d is a non zero derivation on R such that
A{F(u)u —uG(u)} = 0 for all u € f(R) = {f(r1,...,7n) | i € R}, then one of the following holds:

(i) thereexist A € Canda,b,q,c € U such that F(x) = (a + A)x + xb, G(x) = bx + xg, d(x) = [c,x] for all x € R
with [c,a —g] =0and f(x,..., x,)? is central valued on R,

(ii) there exists a € U such that F(x) = xa and G(x) = ax for all x € R,
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(iii) there exist A € C, a,b,c € U such that F(x) = x(A + a) — bx, G(x) = ax + xb and d(x) = [¢, x] for all x € R
with b + ac € C for some a € C,

(iv) R satisfies S4 and there exist a,b € U, A € C such that F(x) = x(A + a) — xb and G(x) = ax + xb for all
x €R,

(v) there exist a,b,c € U and 6 a derivation of R such that F(x) = ax + xb — 6(x), G(x) = bx + 6(x) and
d(x) = [c,x] for all x € R with [c,a] = 0 and f(xy,...,x,)? is central valued on R.

More recently, in 2018, Dhara [3], studied the identity F(u)G(u) = H(u?) for allu = f(r1,...,1,) € f(R), where
F, G and H are three generalized derivations on prime ring R and gave the complete description of these
additive mappings.

2. b-generalized derivation

One more generalization of derivation and generalized derivations is b-generalized derivation. The
definition of b-generalized derivation is given below. Let R be a semiprime ring and Q be its Martindale
ring of quotient. Let b € Q.

Definition 2.1. A mapping F : R — Q is called a b-generalized derivation of R if F(x + y) = F(x) + F(y) and
F(xy) = F(x)y + bxd(y) for all x, y € R, where d : R — Q is an additive map.

Note that, in [14] Kosan and Lee, proved that if R is a prime ring and b # 0, then the associated map d
must be a derivation of R. Here, we see that a 1-generalized derivation is a generalized derivation. For
some a,b,c € Q, define a map F : R — Q such that F(x) = ax + bxc for all x € R. This is a b-generalized
derivation which is called an inner b-generalized derivation. A b-generalized derivation is also an extension
of generalized a-derivation, provided associated automorphism is an inner. We will see the below.

Let a is an automorphism on R. Then « is said to be an inner automorphism of R, if there exists an
invertible element p € Q such that a(x) = pxp™! for all x € R otherwise it is called outer automorphism.
Before going to define generalized a-derivation, first we shall define a-derivation. An additive mapping
on R is said to an a-derivation on R if d(xy) = d(x)y + a(x)d(y) for all x, y € R, where « is called associated
automorphism on R. An additive mapping F on R is called generalized a-derivation if there exists an
a-derivation on R such that F(xy) = F(x)y + a(x)d(y) for all x,y € R. Let 1 be an identity mapping on R.
Then generalized 1-derivation becomes a generalized derivation on R.

Let  is an inner automorphism on R that is there exists invertible element p € Q such that a(x) = pxp~!
for all x € R. Now by definition of generalized a-derivation, we have F(xy) = F(x)y +a(x)d(y) for all x, y € R.
If d is an inner a-derivation, then we know that d(x) = ax — a(x)a = ax — pxp~'a. Thus we have F(xy) =
F(x)y+pxp~t(ay—pyp~ta), which implies that F(xy) = F(x)y+pxp~tay—pxp~pyp~ta = F(x)y+px{p~tay—yp~a}.
This gives that F(xy) = F(x)y + pxd(y), where d(y) = [p~'a, y] for all y € R that is d is an inner derivation
induced by p~'a. This implies that it is a p-generalized derivation on R. Thus, if a is an inner automorphism
on R, then every generalized a-derivation on R is a b-generalized derivation.

Recently, Liu [7] generalized the result of Posner’s [9] by considering generalized b-derivation with
engel conditions on prime ring R.

More recently, Dhara [2] studied the centralizing b-generalized derivations on prime ring with multiliear
polynomial over C. More precisely, prove the following.

Let R be a prime ring of characteristic different from 2 and F be a b-generalized derivation on R. Let U
be Utumi quotient ring of R with extended centroid C and f(xj, ..., x,) be a multilinear polynomial over C
which is not central valued on R. Suppose that d is a non zero derivation on R such that

d([E(f(r)), f]) =0
forall r = (rq,...,r,) € R", then one of the following holds:

(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(xy,...,x,)? is central valued
onR,
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(2) there exists A € C such that F(x) = Ax for all x € R.

It is natural to ask what will be the structure of these additive mappings when identity studied by Dhara
[2] is in the center. Our main motive is to give the answer of this question. The statement of our main
theorem is the following.

Main Theorem: Let R be a prime ring of characteristic different from 2 and F be a b-generalized
derivation on R. Let U be Utumi quotient ring of R with extended centroid C and f(xy,...,x,) be a
multilinear polynomial over C which is not central valued on R. Suppose that d is a non zero derivation on
R such that

d([F(f(r), f(n)]) € Z(R)

forallr = (r1,...,7,) € R", then one of the following holds:

(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(xy,...,x,)? is central valued
on R,

(2) there exists A € C such that F(x) = Ax for all x € R.
The following corollaries are particular cases of our Main Theorem.

Corollary 2.2. [23, Theorem] Let K be a commutative ring with unity, R be a prime algebra over Kand let f(x1,. .., x,)
be a multilinear polynomial over K, not central valued on R. Suppose that d is a non zero derivation and F is a non
zero generalized derivation of R such that

d([E(f(r), f(O]) =0
forallr = (ry,...,r,) € R", then one of the following holds:

(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(x1,...,x,)* is central valued on R,

(2) there exists A € C such that F(x) = Ax for all x € R.
Similarly, we have the following corollary.

Corollary 2.3. Let K be a commutative ring with unity, R be a prime algebra over K and let f(x1,...,x,) be a
multilinear polynomial over K, not central valued on R. Suppose that d is a non zero derivation and F is a non zero
generalized derivation of R such that

[F(f()), f(n)] € Z(R)
forallr = (ry,...,1,) € R", then one of the following holds:

(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(x1,...,x,)* is central valued on R,

(2) there exists A € C such that F(x) = Ax for all x € R.

As an application of above theorem, we have the following corollary which is a generalization of particular
result of Filippis [24].

Corollary 2.4. Let R be a non commutative prime ring of characteristic different from 2, Q be its maximal right ring
of quotients and C be its extended centroid. Suppose that f(x1,...,x,) be a non central multilinear polynomial over
C, F a b-generalized derivation of R and d is a non zero derivation of R such that

[E(f (1), (] € Z(R)
forallr = (ry,...,1s) € R", then one of the following holds:
(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(x1,...,x,)* is central valued on R,
(2) there exists A € C such that F(x) = Ax for all x € R.
If we take F = d, a derivation, then we get a famous Posner’s theorem [9]. That is we have following.

Corollary 2.5. [9, Theorem 2] Let R be a prime ring and d is a derivation on R such that [d(x),x] € Z(R) for all
x € R, then either d = 0 or R is commutative.
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3. Preliminaries and Notations

We will use the following notation:
flxi, ..., x0) = Z YoXo(1)X6(2) - - - Xo(n)s
€S,

where 7, € C and S, is the symmetric group of degree n.
Further, we will frequently use some important theory of generalized polynomial identities and differ-
ential identities. We recall some of the remarks.

Remark 3.1. If I is a two-sided ideal of R, then R, I and U satisfy the same differential identities ([20]).

Remark 3.2. If I is a two-sided ideal of R, then R, I and U satisfies the same generalized polynomial identities with
coefficients in U ([5]).

Remark 3.3. (Kharchenko [25, Theorem 2] Let R be a prime ring, d a nonzero derivation on R and I a nonzero ideal
of R. If I satisfies the differential identity

f(rll ey rn/d(rl)/ ceey d(rn)) =0
foranyry, ..., 1, €1, then either

(i) 1satisfies the generalized polynomial identity
flri, ..., tn,x1,...,%,) =0
or
(ii) d is Q-inner i.e., for some q € Q, d(x) = [q, x] and I satisfies the generalized polynomial identity
flri, ...t 0q,m1) ..., [g,7a]) = 0.

Lemma 3.4. [4, Theorem 1] Let R be a prime ring, d and 6 two non zero derivations of R and p a right ideal of R
such that 5d([p, p]) = 0 and [p, plp = 0. Then either 6 = ad for some a € C and d? = 0, or there exist p,q € Q such
that 6 = ad(q), d = ad(p) with pp = 0 = gp and pq = 0, except when char(R) = 2 and pC = eRC for some idempotent
e in the socle of RC such that dimceRCe = 4.

Lemma 3.5. [4, Theorem 2] If R is a prime ring, d and 6 are two non zero derivations of R, and p a right ideal of R
such that 0 # 6d([p, p]) € Z(R) and [p, plp = 0. Then char(R) = 2 and dimcRC = 4.

The following Lemma is a particular case of Lemma 3.4 and Lemma 3.5.

Lemma 3.6. Let R be a non commutative prime ring with characteristic different from 2 and I a non zero ideal of R.
Suppose that d and 6 are two derivations on R such that d(0[x, y]) € Z(R) for all x,y € I, then either d = 0 or 6 = 0.

4. F is an inner b-generalized derivation and d is an inner derivation

In this section, we study the situation when F is b-inner generalized derivation and d is an inner
derivation of R. Let F(x) = ax + bxu and d(x) = [P, x] for all x € R, for some a,b, u, P € U. Then we prove the
following proposition:

Proposition 4.1. Let R be a prime ring of characteristic different from 2, U be Utumi ring of quotient of R, C extended
centroid of R, F be an inner b-generalized derivation and d be a non zero inner derivation, defined as F(x) = ax + bxu
and d(x) = [P, x] for all x € R and for some a,b,u, P € U. Let f(x1,...,x,) be a non central multilinear polynomial
over C. If

d(F(F(r), f(]) € C

forallr = (ry,...,1n) € R", then one of the following holds:
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(1) there exista € U, A € C such that F(x) = ax + Ax + xa for all x € R and f(x1,...,x,)* is central valued on R,
(2) there exists A € C such that F(x) = Ax for all x € R.
For proof of this proposition, we need the following.

Lemma 4.2. [23, Lemma 1] Let C be an infinite field and m > 2. If Ay, . .., Ay are non scalar matrices in M,,(C) then
there exists some invertible matrix P € M,,(C) such that each matrix PA1P7!,..., PAyP~" has all non zero entries.

Proposition 4.3. Let R = M(C) be the ring of all k X k matrices over the infinite field C, where k > 2 with
characteristic different from 2. Let a,b,u, P,a’,b’,c’ € R such that

a’x* + b’ xux — Pxax — Pxbxu — ax*P — bxuxP + xaxP + xbxc’ € Z(R)

forall x € f(R), where f(R) denotes the set of all evaluations of the polynomial f(x1,...,x,) in R, then either b or u
or P is central.

Proof. By our assumption, a’ f(r)? + ' f(r)uf(r)= Pf(r)af(r)— Pf(Nbf(Nu—af(r)*P—bf (r)uf(r)P+ f(r)af(r)P +
fbf(r)c’ € Z(R) for all r = (rq,...,1,), where r1,---,r, € R. Hence it commutes with f(r) for all r =
(r1,...,tn), wherery,--- ,r, € R. Thus R satisfies the generalized polynomial identity
[a'f(rl, e )+ Uiy, ..., rouf(ry, ..., 1) =Pf(r1, ..., m)af(ri, ..., 1)
=Pf(ri, ..., ta)bf(r1, ..., tn)u —af(ry,. o Ta)?P — bf(ri,..., ta)uf(ri, ..., r)P
+f(r1,...,r,,)af(rl,...,r,,)P+f(r1,...,rn)bf(rl,...,r,,)c’,f(rl,...,rn)] =0. (1)

We shall prove this result by contradiction. Suppose thatb ¢ Z(R), u ¢ C and P ¢ Z(R). Then by Lemma 4.2
there exists a C-automorphism ¢ of M,,(C) such that ¢(b), ¢(1) and ¢(P) have all non zero entries. Clearly
o (D), p(u), p(P), p(a), p(a’), p(b') and ¢(c’) must satisfy the condition (1).

Here ¢;; denotes the matrix whose (i, j)-entry is 1 and rest entries are zero. Since f(xi,...,x;,) is not
central, by [20] (see also [22]), there exist s1,...,8, € M,(C) and 0 # y € C such that f(s1,...,s:) = yeij,
with i # j. Moreover, since the set {f(r1,...,7n) : 11,...,, € M,(C)} is invariant under the action of all
C-automorphisms of M,,(C), then for any i # j there exist rq,...,7, € My(C) such that f(r1,...,7,) = e;.
Hence by (1) we have

[0@)el; + 9@ esip(wei; — (Peib(@)eij ~ P(Pleijp(B)eijp(1e) — p(a)ed p(P)
—(b)eijp(u)e;ip(P) + ejjp(a)eijp(P) + eijp(b)eijp(c’), Eij] =0.

It implies that

[6t)eijpwes; — p(Peijp(ales; — p(Peijp(beip(u)
—p(b)eijp(u)eijp(P) + eijp(a)eijp(P) + eijp(b)eijp(c’), eij] =0. ()

Left multiplying by e;; in (2), we obtain

—eijp(Peijp(beijp(u)eij — eijp(b)eijp(u)eijp(Peij = 0.

Thus we have 2¢(P);i¢p(b)ip(u)jie;; = 0. Since char(R) # 2, it implies that ¢p(P);ip()ip(u)jie;j = 0. It gives
that either ¢(P);; = 0 or ¢(u);; = 0 or ¢(b);; = 0, a contradiction, since ¢(b), ¢(u) and ¢(P) have all non zero
entries. Thus we conclude that either ¢(b) or ¢(u) or ¢(P) is central. Since ¢ is an automorphism, hence it
gives that either b or u or P is central. [
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Proposition 4.4. Let R = M,,(C), m > 2, be the ring of all matrices over the field C with characteristic different from
2and f(x1,...,x,) a non central multilinear polynomial over C. Let a,b,u, P,a’,b’,c’ € R such that

a’x* + b'xux — Pxax — Pxbxu — ax*P — bxuxP + xaxP + xbxc’ € Z(R)

for all x € f(R), where f(R) denotes the set of all evaluations of the polynomial f(x1,...,x,) in R, then either b or u
or P is central.

Proof. The conclusions follow from Proposition 4.3 in the case of infinite field C. Now we assume that C
is a finite field. Suppose that K is an infinite extension of the field of C. Let R = M,,(K) = R®c K. Notice
that the multilinear polynomial f(x,...,x,) is central valued on R if and only if it is central valued on R.

Suppose that the generalized polynomial Q(ry, ..., 7s+1) such that
QU v Fasd) = [t e a2 F1 o U1 o 7a) = PG o Tdaf (1, o T2)
—Pf(ry,...,t)bf(r1, ..., tp)u—af(ry, ... ,n)?P — bf(ri,...,tuf(ry, ..., r)P
+f(r1, ..., t)af(ry, ..., )P+ f(r1, ..., r)bf(re, ... ,rn)c’,rnH] 3)

is a generalized polynomial identity for R.

Moreover, it is a multihomogeneous of multidegree (2, .. ., 2) in the indeterminates ry, . . ., #,+1. Hence the
complete linearization of Q(r1,...,#s+1) is a multilinear generalized polynomial ©(ry, ..., ru+1, X1, .. ., Xps1)
in 2n + 2 indeterminates, moreover

®(rlr L TS VA VR 7n+1) = 221’!+2Q(r1/ e /rn+1)-

It is clear that the multilinear polynomial ©(r, ..., 7441, X1, ..., Xs41) is @ generalized polynomial identity

for both R and R. By assumption char(R) # 2 we obtain Q(r1,...,#s+1) = 0 for all r1,...,7,41 € R and then
conclusion follows from Proposition 4.3. [J

Lemma 4.5. Let R be a prime ring of characteristic different from 2 with Utumi quotient ring U and extended centroid
Cand f(x1,...,x,) a multilinear polynomial over C, which is not central valued on R. Let a,b,u, P,a’,b’, ¢’ € R such
that

a’x? + b’ xux — Pxax — Pxbxu — ax*P — bxuxP + xaxP + xbxc’ € Z(R)

for all x € f(R), where f(R) denotes the set of all evaluations of the polynomial f(x1,...,x,) in R, then either b or u
or P is central.

Proof. We shall prove this by contradiction. Suppose that none of b, u and P isnotin C, thatisb ¢ C, u ¢ C
and P ¢ C. By hypothesis, we have

[a’f(xl,...,x,,)2 +U fCer, . x)uf(xa, .0, x0) = Pf(x1, ... xp)af(xg, ..., x,)
- Pf(xl,...,x”)bf(xl,...,x,,)u—af(xl,...,xn)zP—bf(xl,...,xn)uf(xl,...,xn)P
fxa, ..., xn)af(x, ..., x,)P +f(x1,...,xn)bf(xl,...,xn)c’,f(xl,...,x,,)] 4)

forall xq,...,x, € R. Since R and U satisfy same generalized polynomial identity (GPI) (see [5]), U satisfies
h(x1,...,x,) = Or. Suppose that h(x;, ..., x,) is a trivial GPI for U. Let T = U *c C{xy, ..., x4}, the free product
of U and C{xy, ..., x,}, the free C-algebra in non commuting indeterminates x1,...,x,. Then, h(xy,...,x,) is
zero elementin T = U ¢ C{xy, ..., x,}. Since neither b nor u nor P is central, hence the term

[ —Pflxr, .., x)bf(x, o x)u = bf(x1, ..., xp)uf(xa, ..., x0)P, f(xq,. ..,xn)]
appears non trivially in h(xy, ..., x,). Thus U satisfies

Pf(xy, ..., x0)bf (x1, ..., x0)uf(x1, ..., %) +0f(x1, ..., xp)uf(xs, ..., x0)Pf(x1,..., %)
—fx1, o ) PO, o )b, ) = f(X, e Xn)bf (X, XU f (X, .., X)) P = Or.

h(xy, ..., x,)

+
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Since P ¢ C, hence it implies that

Pfxy, ..., xn)bf(x1,..., x)uf(x1, ..., x,) = 0.

This gives a contradiction that is we have either P€ Coru € Corb € C.

Next, suppose that h(xy,...,x,) is a non trivial GPI for U. In case C is infinite, we have h(xy,...,x,) =0
forall xq,...,x, € U®c C, where C is the algebraic closure of C. Since both U and U ®c C are prime and

centrally closed [19, Theorems 2.5 and 3.5], we may replace R by U or U®¢ C according to C finite or infinite.
Then R is centrally closed over C and h(xy,...,x,) = 0forall x1,...,x, € R. By Martindale’s theorem [26], R
is then a primitive ring with non zero socle and with C as its associated division ring. Then, by Jacobson’s
theorem [15, p.75], R is isomorphic to a dense ring of linear transformations of a vector space V over C.

Assume first that V is finite dimensional over C, thatis, dim¢ V = m. By density of R, we have R = M,,(C).
Since f(rq,...,"n) is not central valued on R, R must be non commutative and so m > 2. In this case, by
Proposition 4.4, we get that either P € Cor b € C or u € C, a contradiction.

Next we suppose that V is infinite dimensional over C. By Martindale’s theorem [26, Theorem 3], for
any ¢* = e € soc(R) we have eRe = M;(C) with t = dimc Ve. Since we have assumed that neither P nor b nor
u in the center. Then there exist hy, i, h3 € soc(R) such that [P, h1] # 0, [b, hp] # 0 and [u, i3] # 0. By Litoff’s
Theorem [8], there exists an idempotent e € soc(R) such that Phy, P, bhy, hob, uhs, hau, hy, hy, hs € eRe. Since
R satisfies generalized identity

e{[a’f(exle, o exne)® + U flexie, ... expe)uf(exie, ..., ex,e) — Pf(exze, ..., exye)af(exze, . .., exye)
—Pfl(exze, ... exye)bf(exie, ..., expe)u —af(exie, ..., ex,e)*P — bf(exye, . .., exqe)uf(exse, ..., ex,e)P

+f(exie, ..., expe)af(exse, ..., ex,e)P + f(exie, ..., exye)bf(exie, ... exye)c’, flexie, ..., exne)]}e.
That is

e{a’f(eaqe, . exne)® + b flexie, ... exye)uf(exie, ... exq,e)* — Pfexie, ... exqe)af(exie, ..., exye)?

—Pfl(exie, ... exye)bf(exie, ... exye)uf(exe, ..., exye) —af(exie, ..., ex,e)*Pf(exie, ..., ex,e)
—bf(exie, ... expe)uf(exie, ..., ex,e)Pf(exie, ... exe) + flexie, ..., exye)af(exe, ..., ex,e)Pf(exie, ..., ex,e)
+f(exie, ..., expe)bf(exie, ... ex,e)c’ f(exie, ... exye) — f(exie, ..., exye)a’ fexie, ..., expe)?
—flexie, ..., expe)l’ fexie, ... exye)uf(exe, ... exye) + fexe, ... exye)Pflexie, ... exye)af(exie, ..., exe)
+f(exie, ..., ex,e)Pf(exie, ... ex,e)bf(exie, ... exye)u + f(exie, ..., exye)af(exse, ..., exye)*P
+f(exie, ... exe)bf(exte, ..., expe)uf(exie, ... ex,e)P — flexie, ..., exne)zaf(exle, ..., expe)P

—flexe, ..., exne)zbf(exm, e, exne)c’ie.
The subring eRe satisfies

ea’ef(x1,...,x,)° +eb'ef(xy,..., xp)euef(x1,...,xq)> —ePef(x1, ..., xp)eaef(x1, ..., %)%
—ePef(x1,...,xn)ebef(x1, ..., xp)euef(xy,...,x,) —eaef(xl,...,xn)zePef(xl,...,xn)
—ebef(x1,...,xy)euef(x1, ..., xn)ePef(x1, ..., x,) + f(x1,...,xp)eaef(x1,..., x5)ePef(x1,. .., x,)
+f(x1, .. xp)ebef(x, ..., xp)ec’ef(x1, ..., xn) — f(x1,..., xp)ea’ef(x1, ..., Xn)>
—fx1,..., xn)eb’ef(x1, ..., xp)euef(x1,...,x,) + f(x1,...,xp)ePef(x1,...,xp)eaef(x1,...,x,)
+f(x1,...,xn)ePef(xl,...,xn)ebef(xl,...,xn)eue+f(x1,...,xn)eaef(xl,...,xn)zePe
+f(x1, ..., xp)ebef(xa, ..., xy)euef(xy, ..., xn)ePe — f(x1,...,x,)%eaef(x1, . ..,x,)ePe
—f(x1,- .., xn)ebef(x1, ..., xn)ece.
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This can be re-written as
[ea’ef(xl, e X))+ eb'ef(xy,..., xy)euef(x1,...,x,) —ePef(x1,..., x,)eaef(x1,..., %)
—ePef(x1, ..., xn)ebef(x1, ..., x,)eue —eaef(x1,...,x,)%ePe — ebef(x1, ..., xy)euef(x1, ..., x,)ePe
+f(x1, ..., xn)eaef(x1,...,x)ePe + f(x1,...,xp)ebef(x1,. .., x,)ec’e, f(xi, ... ,xn)].

Then by the above finite dimensional case, either ePe or ebe or eue is central element of eRe. Thus either Ph; =
(ePe)h; = hyePe = h1P or bhy = (ebe)hy = hy(ebe) = hyb or uhs = (eue)hs = hz(eue) = hzu, a contradiction. [

Lemma 4.6. Let R be a prime ring of characteristic different from 2 with Utumi quotient ring U and extended
centroid C and f(x1, ..., x,) a multilinear polynomial over C, which is not central valued on R. Suppose that for some
a,b,u,c,Pa’ € R

a’x* + Pxux — Px*c — ax*P — xuxP + x*b € Z(R)

forall x € f(R), where f(R) denotes the set of all evaluations of the polynomial f(x1,...,x,) in R, then either P or u
is central.

Proof. Suppose that P ¢ C and u ¢ C. By hypothesis, we have

[a’f(xl,...,xn)2 + Pf(xr, ..., x)uf(x1,..., %)
Pf(xy,. X)) — af(xy,. ., Xn)?P
fler, o x)uf(x, .., x0)P + f(xg,. ..,xn)zb,f(xl, . ..,xn)] (5)

for all xq,...,x, € R. Since R and U satisfy same generalized polynomial identity (GPI) (see [5]), U satisfies
h(x1,...,x,) = Or. Suppose that h(x, ..., x,) is a trivial GPI for U. Let T = U #c C{xy, ..., x4}, the free product
of U and C{x, ..., x,}, the free C-algebra in non commuting indeterminates x1,...,x,. Then, h(xy,...,x,) is
zero element in T = U #c C{xy, ..., x,}. Since neither P nor u is central, hence the term

[Pf(xl, e XU f (X, x) = fOen, e x)uf(xn, . X0)P, f(x, . ,xn)]
appears non trivially in h(xy, ..., x,). Thus U satisfies

Pf(xr, .., Xa)uf(xa, ..., x0)* = fQxr, . x)uf (e, .o, x)PF(x1, ., )
—fx1, -, Xn)PFer, oo XU f (X, e, Xn) + F(1, e Xn)?uf(xa, ..., X0)P = Or.
Since P ¢ C, u ¢ C hence it implies that Pf(xy, ..., x,)uf(x1,. .., X,)? = 0 is a trivial GPI for U. This gives

P =0oru=0,a contradiction.
Next, suppose that h(x1, ..., xy,) is a non trivial GPI for U. In case C is infinite, we have h(xy,...,x,) =0

for all xy,...,x, € U®c C, where C is the algebraic closure of C. Since both U and U ®c C are prime and

h(xy,...,x,)

centrally closed [19, Theorems 2.5 and 3.5], we may replace R by U or U®c C according to C finite or infinite.
Then R is centrally closed over C and h(xy,...,x,) = 0forall xy,...,x, € R. By Martindale’s theorem [26], R
is then a primitive ring with non zero socle and with C as its associated division ring. Then, by Jacobson’s
theorem [15, p.75], R is isomorphic to a dense ring of linear transformations of a vector space V over C.
Then we the following cases.

Case-I: If V is finite dimensional over C, that is, dim¢ V' = m. By density of R, we have R = M,,(C). Since
f(ry,..., 1) is not central valued on R, R must be non commutative and so m > 2. We have the following
subcases.

Subcase-I: Let C be an infinite field. By Lemma 4.2 there exists a C-automorphism ¢ of M,,(C) such
that ¢(P) and ¢(u) have all non zero entries. Clearly ¢(P), ¢(u), p(a’), p(c), ¢p(a) and ¢(b) must satisfy the
condition (5).

Here ¢;; denotes the matrix whose (i, j)-entry is 1 and rest entries are zero. Since f(xy,...,x;,) is not
central, by [20] (see also [22]), there exist s1,...,5, € M;;,(C) and 0 # y € C such that f(sy,...,s:) = yeij,
with i # j. Moreover, since the set {f(r1,...,7n) : 11,...,7n € M,(C)} is invariant under the action of all
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C-automorphisms of M,,(C), then for any i # j there exist ry,...,7, € My(C) such that f(ry,...,7,) = e;j.
Hence by (5) we have

[6@)e + P(P)eijb()ei; — (P D(C) — pla)Zp(P) = eijp(u)ejd(P) + 2 p(b), ] = 0.

It implies that [qb(P)e,-]-qb(u)eij - e,-]-qb(u)eijqb(P), eij] = 0. This gives that —ei]-¢)(u)e,-]-q5(P)e,-]- - eijqf)(P)ei]-(p(u)eij =0.
Thus we have 2¢(P);ip(u)jie;j = 0. Since char(R) # 2, it implies that ¢(P);i¢p(u);ie;j = 0. It gives that either
¢(P)ji = 0 or ¢(u);; = 0, a contradiction, since ¢(u) and ¢(P) have all non zero entries. Thus we conclude
that either ¢(u) or ¢(P) is central. Since ¢ is an automorphism, hence it gives that either u or P is central, a
contradiction.

Subcase-II: Let C be a finite field. Suppose that K is an infinite extension of the field of C. Let
R = M,,(K) = R ®c K. Notice that the multilinear polynomial f(xy,...,x,) is central valued on R if and only
if it is central valued on R. Suppose that the generalized polynomial Q(r1, ..., 74+1) such that

Qr1, ... the1) = [a’f(rl, et + Pf(ry, o r)uf(re, .. ) = Pf(ry, ..., 10)c

—af(r1,..., )P = f(r1, ... ruf(rn, . )P+ f(r o 1), T 6)

is a generalized polynomial identity for R.

Moreover, it is a multihomogeneous of multidegree (2, ..., 2) in the indeterminates r4, . . ., ,,+1. Hence the
complete linearization of Q(ry,...,7s+1) is a multilinear generalized polynomial ©(r, ..., Fu+1, X1, - - ., Xps1)
in 21 + 2 indeterminates, moreover

®(r1/ sy rn+1/rlr sty rn+1) = 22H+2Q(1,1’ e /rn+1)-

It is clear that the multilinear polynomial ®(ry, ..., 41, X1,...,Xs41) is a generalized polynomial identity

for both R and R. By assumption char(R) # 2 we obtain Q(r1,...,#s+1) = 0 for all r1,...,7,41 € R and then
conclusion follows from Subcase-I.

Case-II: Next we suppose that V is infinite dimensional over C. By Martindale’s theorem [26, Theorem
3], for any €? = ¢ € soc(R) we have eRe = M;(C) with t = dimc Ve. Since we have assumed that neither P nor
u in the center. Then there exist i, hy € soc(R) such that [P, k1] # 0 and [u, hi;] # 0. By Litoft’s Theorem [8],
there exists an idempotent e € soc(R) such that Phy, i P, uhy, hou, hy, hy € eRe. Since R satisfies generalized
identity

e{[a’f(exle, ...,exye)? + Pf(exie, ..., expe)uf(exie, ..., exye) — Pf(exie, ..., exqe)’c —af(exie, ..., ex,e)*P
—flexe, ..., expe)uf(exye, ..., ex,e)P + f(exie, ..., exye)?b, f(exie, ... ,exne)]}e.
That is
e{a’f(ex1e, ... exye)’ + Pf(exie, ..., expe)uf(exie, ..., exye)* — Pf(exie, ... exye)’cf(exie, . .., exye)
—af(exie, ..., ex,e)*Pf(exie, ... ex,e) — flexie, ... exye)uf(exie, ... ex,e)Pflexie, . .., exye)
+f(exie, ..., exne)*bf(exie, ..., exye) — flexie, ..., exye)a f(exie, ..., exye)?
—flexie, ..., expe)Pflexie, ... exe)uf(exse, ..., exqe) + flexie, ..., ex,e)Pflexe, ..., expe)’c
+f(exie, ... exqpe)af(exie, ..., exye)*P + f(exie, ..., expe)*uf(exie, ..., ex,e)P — f(exe, .. .,exne)3b}e.
the subring eRe satisfies

ea’ef(x1,...,x,)° +ePef(xy, ..., xp)euef(x1, ..., x,)* — ePef(xy, ..., xq) ecef(x1, ..., %)
—eaef(xl,...,xn)zePef(xl,...,xn) — f(x1,..., xp)euef(x1, ..., xp)ePef(x1,...,%x,)
Ff(xr, . xn)ebef(xr, ..., x0) — f(x1, ..., xp)ea’ef(x, ..., Xn)?
—f(x1,..., xn)ePef(x1, ..., xp)euef(x1, ..., x,) + f(x1,...,xXn)ePef(x1,...,x,)%ece
+f(x1, ..., xn)eaef(x1, ..., xn)%ePe+ f(x1,...,x,)%euef(x1, ..., x.)ePe — f(x1,...,x,) ebe.



S. K. Tiwari, B. Prajapati / Filomat 33:19 (2019), 6251-6266 6261
This can be re-written as
[ea’ef(xl, o Xn)? +ePef(xy, ..., xy)euef(x1,. .., x,) — ePef(xy,...,x,)ece — eaef(x1, ..., x,)?ePe
—f(x1, ..., xp)euef(xy, ..., xy)ePe + f(x1,...,x,)ebe, f(x1,.. .,xn)].

Then by the above finite dimensional case, either ePe or eue is central element of eRe. Thus either Ph; =
(ePe)hy = hyePe = h1P or uhy = (eue)hy = hy(eue) = hyu, a contradiction. [

Lemma 4.7. Let R be a prime ring of characteristic different from 2 with Utumi quotient ring U and extended centroid
Cand f(x1,...,x,) a multilinear polynomial over C, which is not central valued on R. Suppose that for some a, P € R

[Paf(ry? - faf(r)] e Z(R)

that is
Paf(r)> = Pf(raf(r) — af(r)’P + f(raf(r)P € Z(R),

where f(R) denotes the set of all evaluations of the polynomial f(x1,...,x,) in R, then either P or a is central.

Proof. Substitute a’ = Pa, u = —a,c = 0 and b = 0 in Lemma 4.6, we get the result. [

Now we are in a position to prove Proposition 4.1.

Proof of Proposition 4.1: From Lemma 4.5, we get either P € Corb € Cor u € C. Sinced # 0 so P can
not be central. Hence, we have either b € C or u € C. Now we shall study following two cases.

Case-I: If b € C, then F(x) = ax + xbu for all x € R. Thus our hypothesis reduces to

[P.af)? + f()(bu - a)f(r) - f(r)?bu] € Z(R) )

forall r = (ry,...,r,) € R". Since [P,af(r)* + f(r)(bu — a)f(r) — f(r)*bu] € Z(R), hence it commutes with f(r)
forallr = (rq,...,7r,) € R". Thus it implies that

[Paf(n? + PF(r)(bu — a) f(r) — PF(rPbu = af (/2P = f(r)(bu — a) f(r)P + F(rPbuP, ()] = 0 ®)

forall ¥ = (r1,...,1r,) € R". By Lemma 4.6, we have either P € C or bu —a € C. Since d # 0, hence P can not
be central. Thus we have bu —a € C. In this case, we have F(x) = ax + xbu = ax + x(A + a) = ax + Ax + xa for
some A € C, for all x € R. Thus our hypothesis gives that

[P, buf(ry? - f(ry*bu] € Z(R) ©)

forall v = (rq,...,1y) € R If f(xg,.. ., X,)? is central valued on R, then we find our conclusion (1). Now
assume that f(xy,..., x,)? is not central valued on R. Then R must be non commutative. Let S be the additive
subgroup of R generated by the set S = {f(x1,... ,Xn)%lx1,...,x, € R}. Then S; # {0}, since flxq,... ,Xn)? is
non central valued on R. Thus we have

[P, bux — xbu] € Z(R) (10)

for all x € S. By [6], either S € Z(R) or char (R) = 2 and R satisfies s4, except when S contains a non central
Lieideal L of R. Since f(xy,..., x,,)? is not central valued on R, the first case can not occur. Since char (R) # 2,
second case also can not occur. Thus S contains a non central Lie ideal L of R. By [10, Lemma 1], there exists
a non central two sided ideal I of R such that [, R] C L. In particular, (10) reduces to

[P, bulx, y] - [x, y]bu] € Z(R) (11)
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for all x, y € I, non zero ideal of R. That is
[p, [bu, [x, y]]] € Z(R) (12)
forallx, y € I. If we assume d(x) = [P, x] and 6(x) = [bu, x] for all x € I, then equation (12) can be rewritten as
(o, yD) € Z(R)

for all x,y € I. By Lemma 3.6, we have 6 = 0. That is bu € C. Since bu —a € C and bu € C, it implies that
a € C. Hence F(x) = ax + Ax + xa = (2a + A)x, where 2a + A € C, which is our conclusion (2).

Case-II: If u € C, then F(x) = (a + bu)x for all x € R. Thus by our hypothesis, we have

[P.(a+ bu)f(r)? - f()(a +bu)f(r)] € Z(R) (13)

forallv = (rq,...,7,) € R". By Lemma 4.7, we get a + bu € C, which is our conclusion (2).

5. Proof of the Main Theorem

We can write F(x) = ax + bo(x) for all x € R and for some a,b € U, where § is a derivation on R. If d and 6
both are an inner derivations on R, then by Proposition 4.1, we get our conclusions. Now we assume that
both are not an inner derivations. Now we shall study the following cases.

Case-I: Let d is an inner and 6 is outer. From given hypothesis we get

[Paf@r, .. xn) + b5(F(xy, .. xa)), fr, - x0)]| € C (14)

Substituting the value of 6(f(x1,...,x,)) with f‘s(xl, e, Xp) + Z f(x1,...,0(x),...,x,) in equation (14), we

get

[P afCer, ... )+ bf G, .. x) + be(xl, 00, ), fa, )] € C (15)

Since 6 is outer, by using Kharchenko’s theorem (see remark 3.3) in above expression, we get

[P.[afr, .. ox) + b, .. ) + be(xl,...,y,,...,xn),f(xl,...,xn)]] eC (16)

In particular U satisfies the blended component
[P, [be(xl,...,yi, ), fl, )| € C (17)

In (17) replace y1 = x; and y; = O for all i > 1, we get

[p, [bfGer,- .. %), f(xl,...,xn)]] eC

This expression is same as equation (13), hence we get our conclusion (2).

Case-II: Now we assume that d is outer derivation and 6 is an inner derivation, say 6(x) = qx — xg, for
some g € U. Then our hypothesis becomes

d([@+ba)fer, ..., %) = bf (1, ..., x0)q, fGxa, .., x)]) € C
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We can replace d(f(x1, ..., x,)) with fd(xl, cee Xn)+ Z flx1,...,d(x),...,x,) in above equation, we get that U

satisfies
[d(a +bg)f(x1,...,x) + (@ + bq)fd(xl, s X)) + (@ + bg) Z flxy, ..., dx), ..., x,) —d®) f(x1,..., %)
—bfd(xl, e Xn)q — be(xl, co, A, xn)g = bf(x, ., x)d(q), f(xa, ,xn)]
@+ by fGer, . xn) =BGy, x)g, fA G ) + Zf(xl, o d(x), x| € C

Since d is outer derivation, by using Kharchenko’s theorem (see remark 3.3) in above expression, we get
[d(a +bq)f(x1,...,x,) + (a+ bq)fd(xl,.. S Xp) + (@ + bq)Zf(xl, ce Yigeo o, Xy) —db) f(x1, ..., x0)g
—bfU(xr, ..., Xa)q be(xl,...,y,-,...,xn)q —bf(er, ..., x)d@), fx, .., )]

+[(a+bq)f(x1,...,xn) —bf(xl,...,xn)q,fd(xl,...,xn)+Zf(xl,...,yi,...,xn)] eC,

where d(x;) = y;and x1,--- ,x, € R. Since R and U satisfies same GPI (see remark-3.2), hence U satisfies the
blended component

[(a+bq)Zf(xl,...,yi,...,xn)—be(xl,...,yi,...,x,,)q,f(xl,...,xn)]

+[(a +bq)f(x1,...,x0) = bf(x1,.. .,xn)q,Zf(xl,.. Vi - ..,x,,)] eC.
Replace y; = x1 and y; = 0 for all i > 2 in (18) we get
2@+ b)f(xr,.., %) = bf ey, ... x)a, f1, ., x0)] € C.
Since char(R) # 2, it gives that
[@+ba)f(xr, ..., 2x0) = bfCer, .. ), fy, . x0)] € C
This is a particular case of Proposition 4.1 and thus result follows from Proposition 4.1.

Case-III: Now we suppose that none of d and 0 are an inner derivations. That is we consider, in this
case d and 6 both are outer derivations. Now we have the following two subcases.

d and 6 be C-linearly independent modulo D;,

In this case from our hypothesis, U satisfies

d([afCer, ..., 2x0) +B(F@r, .., x0)), f(x, ., %)]) € C. (18)

By applying Kharchenko’s theorem (see remark-3.2) to (18), we can replace 5(f(x1, . . ., x,)) with f2(x1,...,x,)+
Z fx1,..., Vi ..., xn), where y; = 6(x;) and then U satisfies

d([af(xl,...,xn)+bf‘5(x1,...,x,,)+be(xl,...,yi,...,xn),f(xl,...,xn)]) eC.



S. K. Tiwari, B. Prajapati / Filomat 33:19 (2019), 6251-6266 6264

Then U satisfies the blended components of the above expression as

d([be(xl,...,y,-,...,xn),f(xl,...,xn)]) e C.

Substitute y; = x; and y; = 0 for all i > 2 we get
d([bf(xr,..,x0), far, ... x)]) € C (19)

Again applying Kharchenko’s theorem (see remark-3.2) to (19), we can replace d(f(x1, ..., x,)) with
fd(x1, e, Xp) + ): f(x1,...,2i,...,%x,), where z; = d(x;) and then U satisfies

In particular U satisfies the blended component
[bzf(xl,...,zi,...,xn),f(xl,...,xn)] + [bf(xl,...,x,,),Zf(xl,...,z,-,...,xn)] eC.

For z; = x1 and z; = 0 for all i > 2 and using char(R) # 2 in above expression we get

[fer,...x), fGx,. . 0] € C. (20)

This equation (20) is a particular case of Proposition 4.1 and thus result follows from Proposition 4.1.

d and 6 be C-linearly dependent modulo D;,

Since d and 6 be C-linearly dependent modulo D;,, hence for some A,u € C, p € U such that
Ad(x) + ud(x) = px —xp for all x € R.

If A = 0, then u can not be zero. Thus it implies that d is an inner derivation, a contradiction.
If 4 = 0, then A can not be zero. Thus it implies that 0 is an inner derivation, a contradiction.

Suppose A # 0 and u # 0 and we can write d(x) = B6(x) + gx — xq, where B = =171y, g = A7!p. Now from
our hypothesis we have

Bo([afCer, ..., x) + bO(f (e, ..., x)), fOar, - 2)]) + aafCen, oo x) + BO(F(r, oy 20)), 2]
“[afCr, . ) + 5(FCar, . x), f, x| € C
which can be written as
B[o@fer, ... xn) + ad(Fxr, ..., x)) + SB)O(f(x, ..., xu)) + bO(Fr, .., ), f (1, -, ) ])
+B([afCar, . xa) + BO(FCer, - 2a)), 5(F (- xn)]) + alaf Ge o) + BO(fCra, o 20)), £, )|
“afr, . xn) + 5(FCr, . x), fl, o x)]g € C
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Substituting the value of 6(f(x1, ..., x,)) with fo(x1,...,x,) + Y f(x1,. o, Yi -, Xn) and ?(f(x1,...,x,)) with

f‘SZ(xl,...,x,,)+22f5(x1,...,y,-,...,xn)+2f(x1,...,z,-,...,xn)+2'f(x1,...,yi,...,y]-,...,x,,),where yi = 0(x;)
1 1

i#]

and 6%(x;) = z; then U satisfies

ﬁ[é(a)f(xl,...,xn)+afb(x1,...,xn)+qu(x1,...,y,-,...,xn)+6(b)fb(x1,...,xn)

+6(b)Zf(x1,...,y,-,...,xn) +bf‘52(x1,...,xn)+2be5(x1,...,y,-,...,x,,)
+be(x1,...,z,-,...,xn)+be(xl,...,yi,...,yj,...,x,,),f(xl,...,x,,)] +ﬁ[af(x1,...,x,,)
i i#]

FBFer, o Xa) # DY FO e Wi ), 0 ) + Y F e i )]

+q[af(x1,...,xn) + bfé(xl,...,xn) + be(xl,...,yi,...,xn),f(xl,...,xn)] - [af(xl,...,xn)

+bf‘5(x1,...,xn)+be(xl,...,yi,...,xn),f(xl,...,xn)]q eC.

Then U satisfies the blended component

ﬁ[be(xl,...,z,-,...,xn),f(xl,...,xn)] eC

Since 0 # f € C, from above we get

[be(xl,...,zi,...,xn),f(xh...,xn)] eC 1)

In particular for z; = x; and z; = 0 for all i > 2 and then U satisfies

[fGer, ..o 20), fxa, . )| € C (22)

forall xq,--+,x, € R. Equation (22) is same as equation (20). Hence we get our conclusions.
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