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Abstract. In this work, we present a new extension of Darbo’s theorem for two different classes of altering
distance functions via measure of non-compactness. Using two-variable contractions we obtain the well-
known results in this literature (see [22]). We also use these results to discuss the existence of solutions for
a system of integral equations. Finally, we provide an example to confirm the results obtained.

1. Introduction and Preliminaries

The measure of non-compactness is one of the most important and useful concepts in functional analysis.
This subject which was initiated by the fundamental article of Kuratowski in [17] and has provided powerful
tools for obtaining the solutions of a large variety of integral equations and systems of integral equations.
In fixed point theory one of the most important results is due G. Darbo [13]. So far, many scholars have
provided generalizations of Darbo’s theorem and have been helped in solving the integral equations (for
example see [1–18, 20–23]). In this paper, we present a new extension of Darbo’s theorem for two different
classes of altering distance functions via measure of non-compactness. Using two-variable contractions
we obtain the well-known results in this literature. We also use these results to discuss the existence of
solutions for a system of nonlinear integral equations and give a concrete example.

From now until the end of this work, let E be a Banach space. Let us denote the set of real numbers with
R. Consider R+ = [0,+∞). We will denote by Br the closed ball centered at θ with radius r. Considering
X ⊂ E,X , ∅, assume that X is the closure of the set X and coX denotes the closed convex hull of X. Also
we symbolize byME the family of all non-empty and bounded sets and by NE subfamily consisting of all
relatively compact sets.

Definition 1.1. ([11]) A function µ : ME → R+ is called a measure of non-compactness in E if it satisfies the
following hypothesis:

(BM1) The family kerµ =
{
X ∈ ME : µ (X) = 0

}
, ∅ and kerµ ⊂ NE;

(BM2) X ⊂ Y ⇒ µ (X) ≤ µ (Y) ;

2010 Mathematics Subject Classification. Primary 47H08; Secondary 45G15, 47H10
Keywords. Measure of non-compactness, Systems of nonlinear integral equations, fixed point theorems
Received: 13 May 2019; Accepted: 03 November 2019
Communicated by Snežana Živković-Zlatanović
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(BM3) µ
(
X

)
= µ (coX) = µ (X) ;

(BM4) µ (λX + (1 − λ)Y) ≤ λµ (X) + (1 − λ)µ (Y) for λ ∈ [0, 1] ;

(BM5) If (Xk) is a sequence of closed sets fromME such that Xk+1 ⊂ Xk for k = 1, 2, ..., and limk→∞ µ (Xk) = 0,
then the set X∞ = ∩∞k=1Xk , ∅.

The subfamily kerµ defined in (BM1) represents Kernel of µ and since µ (X∞) = µ
(
∩
∞

k=1Xk

)
≤ µ (Xk), we

see that µ (X∞) = 0. Therefore X∞ ∈ kerµ.

Definition 1.2. We say that l : [0,+∞)3
→ [0,+∞) is a lower semi-continuous function, if for any arbitrary

sequences {ak} and {bk} and {ck} of [0,+∞),

l
(
lim
k→∞

inf ak, lim
k→∞

inf bk, lim
k→∞

inf ck

)
≤ lim

k→∞
inf l (ak, bk, ck) .

For example, l1
(
p, q, r

)
= ln

(
p + q + r + 1

)
and l2

(
p, q, r

)
= max

{
p, q, r

}
are lower semicontinuous.

Theorem 1.3. ([6]) Assume that µ1, µ2, ..., µk are measures of non-compactness in Banach spaces E1,E2, ...,Ek re-
spectively. Also, suppose that the function G : [0,+∞)k

→ [0,+∞) is convex and G
(
p1, p2, ..., pk

)
= 0 ⇔ pi =

0, (i = 1, 2, 3, ..., k). Then

µ̃ (X) = G
(
µ1 (X1) , µ2 (X2) , ..., µk (Xk)

)
,

defines a measure of non-compactness in E1 × E2 × ... × Ek where Xi denotes the natural projections of X into Ei, for
i = 1, 2, 3, ..k.

Example 1.4. ([6]) Consider G
(
p, q, r

)
= p + q + r for every

(
p, q, r

)
∈ [0,+∞)3, then G has all conditions of Theorem

1.3. So, µ̃ (X) = µ (X1) + µ (X2) + µ (X3) for each X ⊆ E × E × E is the measure of non-compactness in E × E × E.

Theorem 1.5. (Schauder’s fixed point theorem [3]) Assume that C be a convex and closed subset of E. Then every
compact, continuous map T : C→ C has at least one fixed point.

Theorem 1.6. (Darbo’s fixed point theorem [13]) Assume that Ω be a non-empty, bounded, closed and convex
subset of E. Consider the constant λ ∈ [0, 1). Also, suppose that T : Ω → Ω is a continuous operator such that
µ (T (X)) ≤ λµ (X) for each X ⊂ Ω with X , ∅. Then T has a fixed point in Ω.

Now, we introduce three different classes of functions that we need in the next section.

Definition 1.7. Let Θ be the class of all functions θ : [0,+∞)3
→ [0,+∞) satisfying the following hypothesis:

(A1) θ
(
p1 + p2, q1 + q2, r1 + r2

)
≤ θ

(
p1, q1, r1

)
+ θ

(
p2, q2, r2

)
for every p1, p2, q1, q2, r1, r2 ∈ R+,

(A2) θ
(
p, q, r

)
= 0⇔ p = q = r = 0, for every p, q, r ∈ R+,

(A3) θ is lower semicontinuous.

For example, θ1
(
p, q, r

)
= ln

(
p + q + r + 1

)
and θ2

(
p, q, r

)
= max

{
p, q, r

}
satisfy the above three properties.

Definition 1.8. Let Φ be the class of all functions φ : [0,+∞)3
→ [0,+∞) satisfying the following hypothesis:

(B1) φ is continuous and nondecreasing,

(B2) φ (h, h, h) < h for every h > 0,

(B3) 1
3

(
φ

(
p1, q1, r1

)
+ φ

(
p2, q2, r2

)
+ φ

(
p3, q3, r3

))
≤ φ

( p1+p2+p3

3 ,
q1+q2+q3

3 , r1+r2+r3
3

)
for every
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p1, p2, p3, q1, q2, q3, r1, r2, r3 ∈ R+.
For example, φ1

(
p, q, r

)
= λ1p + λ2q + λ3r, where λ1, λ2, λ3 ∈ [0, 1) with λ1 + λ2 + λ3 < 1, and φ2

(
p, q, r

)
=

ln
(
1 +

p+q+r
3

)
satisfy the above three properties.

Definition 1.9. Let Ψ be the class of all functions ψ : [0,+∞)2
→ [0,+∞) sayisfying the following hypothesis:

(C1) ψ is continuous,

(C2) ψ (h, h) ≥ h for every h > 0.

For example, ψ1
(
p, q

)
= p+q andψ2

(
p, q

)
=

√
p2 + q2 andψ3

(
p, q

)
= e
√

p2+q2
−1, in which p, q ∈ R+ satisfy

the above two properties.
Let BC (R+) be the Banach space consisting of all defined, bounded and continuous functions on R+

equipped with the standard supremum norm

‖x‖ = sup {|x (τ)| : τ ≥ 0} .

Fix X ⊂ BC (R+) ,X , ∅ and L > 0 and τ ∈ R+. For x ∈ X and ε ≥ 0

ωL (x, ε) = sup {|x (τ) − x (υ)| : τ, υ ∈ [0,L] , |τ − υ| ≤ ε} ,

ωL (X, ε) = sup
{
ωL (x, ε) : x ∈ X

}
,

ωL
0 (X) = lim

ε→0
ωL (X, ε) ,

ω0 (X) = lim
L→∞

ωL
0 (X) ,

X (τ) = {x (τ) : x ∈ X} ,

and

µ (X) = ω0 (X) + lim
τ→∞

sup diamX (τ) ,

where

diamX (τ) = sup
{∣∣∣x (τ) − y (τ)

∣∣∣ : x, y ∈ X
}

.

As mentioned in [11], µ (X) is the measure of non-compactness in BC (R+).

2. Main results

Throughout the main results section, let us assume that Ω is a non-empty, bounded, closed, and convex
subset of E. Also, assume µ is an arbitrary measure of non-compactness in E.

Theorem 2.1. Assume that µ̃ be a measure of non-compactness as in Example 1.4 and ψ ∈ Ψ, θ ∈ Θ. Also, suppose
G : Ω ×Ω ×Ω −→ Ω ×Ω ×Ω is a continuous operator satisfying:

ψ
(
µ̃ (G (X)) , µ̃ (G (X))

)
≤ ψ

(
µ̃ (X) , µ̃ (X)

)
− θ

(
µ̃ (X) , µ̃ (X) , µ̃ (X)

)
, (1)

for each X ⊂ Ω ×Ω ×Ω with X , ∅. Then G has at least one fixed point in Ω ×Ω ×Ω.

Proof. We define a sequence {Ωk ×Ωk ×Ωk}
∞

k=1 inductively such that

Ω0 ×Ω0 ×Ω0 = Ω ×Ω ×Ω,Ωk ×Ωk ×Ωk = coG (Ωk−1 ×Ωk−1 ×Ωk−1) ,
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for k = 1, 2, · · · . By given conditions, we get

G (Ω0 ×Ω0 ×Ω0) = G (Ω ×Ω ×Ω) ⊆ Ω ×Ω ×Ω = Ω0 ×Ω0 ×Ω0,

Ω1 ×Ω1 ×Ω1 = coG (Ω0 ×Ω0 ×Ω0) ⊆ Ω ×Ω ×Ω = Ω0 ×Ω0 ×Ω0,

.

.

.

...Ωk+1 ×Ωk+1 ×Ωk+1 ⊆ Ωk ×Ωk ×Ωk ⊆ ... ⊆ Ω1 ×Ω1 ×Ω1 ⊆ Ω0 ×Ω0 ×Ω0.

Next, if for an integer K ≥ 0 we have µ̃ (ΩK ×ΩK ×ΩK) = 0, then ΩK ×ΩK ×ΩK is relatively compact.
Hence, the proof is completed by using Theorem 1.5. Therefore we suppose that µ̃ (Ωk ×Ωk ×Ωk) > 0 for
every k ≥ 0. Also with given assumptions, we obtain

ψ
(
µ̃ (Ωk−1 ×Ωk−1 ×Ωk−1) , µ̃ (Ωk−1 ×Ωk−1 ×Ωk−1)

)
≤ ψ

(
µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk)

)
−θ

(
µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk)

)
. (2)

Since the sequence
{
µ̃ (Ωk ×Ωk ×Ωk)

}∞
k=1 is a nonincreasing and positive sequence, therefore, there is an

α ≥ 0 such that µ̃ (Ωk ×Ωk ×Ωk)→ α, as k→∞. Moreover, we have

ψ (α, α) = lim
k→∞

supψ
(
µ̃ (Ωk+1 ×Ωk+1 ×Ωk+1) , µ̃ (Ωk+1 ×Ωk+1 ×Ωk+1)

)
≤ lim

k→∞
supψ

(
µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk)

)
− lim

k→∞
infθ

(
µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk) ,

µ̃ (Ωk ×Ωk ×Ωk)

)
≤ lim

k→∞
supψ

(
µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk)

)
−θ

 limk→∞ inf µ̃ (Ωk ×Ωk ×Ωk) ,
limk→∞ inf µ̃ (Ωk ×Ωk ×Ωk) ,
limk→∞ inf µ̃ (Ωk ×Ωk ×Ωk)


= ψ (α, α) − θ (α, α, α) .

So, θ (α, α, α) = 0, and hence α = 0. So, we conclude that µ̃ (Ωk ×Ωk ×Ωk) → 0, as k → ∞. Now, since
Ωk+1 ×Ωk+1 ×Ωk+1 ⊆ Ωk ×Ωk ×Ωk, then from (BM5), we conclude that Ω∞ ×Ω∞ ×Ω∞ = ∩∞k=1Ωk ×Ωk ×Ωk
is a non-empty, convex,closed set, invariant under G and Ω∞ ×Ω∞ ×Ω∞ ∈ ker µ̃. So from Theorem 1.5 we
deduce that G has a fixed point in Ω∞ × Ω∞ × Ω∞. Since Ω∞ × Ω∞ × Ω∞ ⊂ Ω × Ω × Ω, then the proof is
completed.

Theorem 2.2. Supposeψ ∈ Ψ is nondecreasing withψ
(
p1 + p2, q1 + q2

)
≤ ψ

(
p1, q1

)
+ψ

(
p2, q2

)
for every p1, p2, q1, q2 ∈

R+ and θ ∈ Θ. Also assume that Gi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

ψ
(
µ (G1 (X1 × X2 × X3)) , µ (G1 (X1 × X2 × X3))

)
≤

1
3
ψ

(
µ (X1) + µ (X2) + µ (X3) ,
µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X1) , µ (X2) , µ (X3)

)
,

ψ
(
µ (G2 (X1 × X2 × X3)) , µ (G2 (X1 × X2 × X3))

)
≤

1
3
ψ

(
µ (X1) + µ (X2) + µ (X3) ,
µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X2) , µ (X3) , µ (X1)

)
,

ψ
(
µ (G3 (X1 × X2 × X3)) , µ (G3 (X1 × X2 × X3))

)
≤

1
3
ψ

(
µ (X1) + µ (X2) + µ (X3) ,
µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X3) , µ (X1) , µ (X2)

)
, (3)
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for each X1,X2,X3 ⊂ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that


G1

(
τ∗, υ∗, ρ∗

)
= τ∗

G2
(
τ∗, υ∗, ρ∗

)
= υ∗

G3
(
τ∗, υ∗, ρ∗

)
= ρ∗

. (4)

Proof. Consider µ̃ as defined in Example 1.4. We define G̃ on Ω ×Ω ×Ω as following:gg

G̃
(
τ, υ, ρ

)
=

(
G1

(
τ, υ, ρ

)
,G2

(
τ, υ, ρ

)
,G3

(
τ, υ, ρ

))
.

Clearly, G̃ is continuous on Ω × Ω × Ω by its definition. We will show that G̃ satisfies all the hypothesis
of Theorem 2.1. For this purpose, let X ⊂ Ω ×Ω ×Ω,X , ∅. Then, by axiom (BM2) of Definition 1.1 and
relation (3) we obtain

ψ
(
µ̃
(
G̃ (X)

)
, µ̃

(
G̃ (X)

))
≤ ψ


µ̃

(
G1 (X1 × X2 × X3) × G2 (X1 × X2 × X3)

×G3 (X1 × X2 × X3)

)
,

µ̃

(
G1 (X1 × X2 × X3) × G2 (X1 × X2 × X3)

×G3 (X1 × X2 × X3)

)


= ψ


µ (G1 (X1 × X2 × X3)) + µ (G2 (X1 × X2 × X3))

+µ (G3 (X1 × X2 × X3)) ,
µ (G1 (X1 × X2 × X3)) + µ (G2 (X1 × X2 × X3))

+µ (G3 (X1 × X2 × X3))


≤ ψ

(
µ (G1 (X1 × X2 × X3)) , µ (G1 (X1 × X2 × X3))

)
+ψ

(
µ (G2 (X1 × X2 × X3)) , µ (G2 (X1 × X2 × X3))

)
ψ

(
µ (G3 (X1 × X2 × X3)) , µ (G3 (X1 × X2 × X3))

)
≤

1
3
ψ

(
µ (X1) + µ (X2) + µ (X3) , µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X1) , µ (X2) , µ (X3)

)
+

1
3
ψ

(
µ (X1) + µ (X2) + µ (X3) , µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X2) , µ (X3) , µ (X3)

)
+

1
3
ψ

(
µ (X1) + µ (X2) + µ (X3) , µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X3) , µ (X1) , µ (X2)

)
= ψ

(
µ (X1) + µ (X2) + µ (X3) , µ (X1) + µ (X2) + µ (X3)

)
−

(
θ
(
µ (X1) , µ (X2) , µ (X3)

)
+ θ

(
µ (X2) , µ (X3) , µ (X1)

)
+θ

(
µ (X3) , µ (X1) , µ (X2)

) )
≤ ψ

(
µ (X1) + µ (X2) + µ (X3) , µ (X1) + µ (X2) + µ (X3)

)
−θ

(
µ (X1) + µ (X2) + µ (X3) , µ (X1) + µ (X2) + µ (X3) ,

µ (X1) + µ (X2) + µ (X3)

)
= ψ

(
µ̃ (X) , µ̃ (X)

)
− θ

(
µ̃ (X) , µ̃ (X) , µ̃ (X)

)
.

So, from Theorem 2.1 we deduce that G̃ has a fixed point, that is, there exist τ∗, υ∗, ρ∗ ∈ Ω such that(
τ∗, υ∗, ρ∗

)
= G̃

(
τ∗, υ∗, ρ∗

)
=

(
G1

(
τ∗, υ∗, ρ∗

)
,G2

(
τ∗, υ∗, ρ∗

)
,G3

(
τ∗, υ∗, ρ∗

))
,

which means (4) is satisfied.
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Corollary 2.3. Suppose λ1, λ2, λ3 are nonnegative constants with λ1 + λ2 + λ3 < 1. Also assume that Gi :
Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

µ (Gi (X1 × X2 × X3)) ≤
λ1

3
µ (X1) +

λ2

3
µ (X2) +

λ3

3
µ (X3) ,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that


G1

(
τ∗, υ∗, ρ∗

)
= τ∗

G2
(
τ∗, υ∗, ρ∗

)
= υ∗

G3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.

Proof. Considering ψ
(
p, q

)
= p + q and θ

(
p, q, r

)
= 2

3
[
(1 − λ1) p + (1 − λ2) q + (1 − λ3) r

]
in Theorem 2.2 the

result is desirable.

Corollary 2.4. Consider the constant λ with 0 ≤ λ < 1. Also assume that Gi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are
continuous operators satisfying:

µ (Gi (X1 × X2 × X3)) ≤ λmax
{
µ (X1) , µ (X2) , µ (X3)

}
,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that
G1

(
τ∗, υ∗, ρ∗

)
= τ∗

G2
(
τ∗, υ∗, ρ∗

)
= υ∗

G3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.

Proof. Considering ψ
(
p, q

)
= p + q and θ

(
p, q, r

)
= 2 (1 − λ) max

{
p, q, r

}
in Theorem 2.2 the result is desir-

able.

Corollary 2.5. Suppose Gi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

µ (Gi (X1 × X2 × X3)) ≤
µ (X1) + µ (X2) + µ (X3)

3
− ln

(
µ (X1) + µ (X2) + µ (X3) + 1

)
,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that


G1

(
τ∗, υ∗, ρ∗

)
= τ∗

G2
(
τ∗, υ∗, ρ∗

)
= υ∗

G3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.

Proof. Consideringψ
(
p, q

)
= p+q andθ

(
p, q, r

)
= 2 ln

(
p + q + r + 1

)
in Theorem 2.2 the result is desirable.

Corollary 2.6. Consider the constant λ with 0 ≤ λ ≤ 1. Also assume that Gi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are
continuous operators satisfying:

µ (Gi (X1 × X2 × X3)) ≤
(
1 − λ2

) (µ (X1) + µ (X2) + µ (X3)
9

)
,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that
G1

(
τ∗, υ∗, ρ∗

)
= τ∗

G2
(
τ∗, υ∗, ρ∗

)
= υ∗

G3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.
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Proof. Considering ψ
(
p, q

)
=
√

p + q and θ
(
p, q, r

)
= λ

3
√

p + q + r in Theorem 2.2 the result is desirable.

Theorem 2.7. Assume that µ̃ is a measure of non-compactness as in Example 1.4 and φ ∈ Φ, ψ ∈ Ψ. Also suppose
F : Ω ×Ω ×Ω −→ Ω ×Ω ×Ω be a continuous operator satisfying:

ψ
(
µ̃ (F (X)) , µ̃ (F (X))

)
≤ φ

(
µ̃ (X) , µ̃ (X) , µ̃ (X)

)
, (5)

for each X ⊂ Ω ×Ω ×Ω with X , ∅. Then F has at least one fixed point in Ω ×Ω ×Ω.

Proof. We define a sequence {Ωk ×Ωk ×Ωk}
∞

k=1 inductively such that

Ω0 ×Ω0 ×Ω0 = Ω ×Ω ×Ω,Ωk ×Ωk ×Ωk = coF (Ωk−1 ×Ωk−1 ×Ωk−1) ,

for k = 1, 2, · · · . By given conditions, we obtain

F (Ω0 ×Ω0 ×Ω0) = F (Ω ×Ω ×Ω) ⊆ Ω ×Ω ×Ω = Ω0 ×Ω0 ×Ω0,

Ω1 ×Ω1 ×Ω1 = coF (Ω0 ×Ω0 ×Ω0) ⊆ Ω ×Ω ×Ω = Ω0 ×Ω0 ×Ω0,

.

.

.

· · ·Ωk+1 ×Ωk+1 ×Ωk+1 ⊆ Ωk ×Ωk ×Ωk ⊆ · · · ⊆ Ω1 ×Ω1 ×Ω1 ⊆ Ω0 ×Ω0 ×Ω0.

If for an integer K ≥ 0 we have µ̃ (ΩK ×ΩK ×ΩK) = 0, then ΩK ×ΩK ×ΩK is relatively compact. Hence,
the proof is completed by using Theorem 1.5. Therefore, we suppose that µ̃ (Ωk ×Ωk ×Ωk) > 0 for each
k ≥ 0. Now, by given conditions, we get

ψ
(
µ̃ (Ωk+1 ×Ωk+1 ×Ωk+1) , µ̃ (Ωk+1 ×Ωk+1 ×Ωk+1)

)
= ψ

(
µ̃ (coF (Ωk ×Ωk ×Ωk)) , µ̃ (coF (Ωk ×Ωk ×Ωk))

)
= ψ

(
µ̃ (F (Ωk ×Ωk ×Ωk)) , µ̃ (F (Ωk ×Ωk ×Ωk))

)
≤ φ

(
µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk) , µ̃ (Ωk ×Ωk ×Ωk)

)
. (6)

Moreover, the sequence
{
µ̃ (Ωk ×Ωk ×Ωk)

}∞
k=1 is a nonincreasing and positive sequence of real numbers,

therefore, there is an α ≥ 0, µ̃ (Ωk ×Ωk ×Ωk)→ α, as k→ ∞. We show that α = 0. If we assume that α > 0,
then from (6), we get

ψ (α, α) = ψ
(
lim
k→∞

µ̃ (Ωk+1 ×Ωk+1 ×Ωk+1) , lim
k→∞

µ̃ (Ωk+1 ×Ωk+1 ×Ωk+1)
)

≤ φ
(
lim
k→∞

µ̃ (Ωk ×Ωk ×Ωk) , lim
k→∞

µ̃ (Ωk ×Ωk ×Ωk) , lim
k→∞

µ̃ (Ωk ×Ωk ×Ωk)
)

= φ (α, α, α) < α.

Which is contradiction. Therefore, we conclude that µ̃ (Ωk ×Ωk ×Ωk) → 0, as k → ∞. Now, since
Ωk+1 ×Ωk+1 ×Ωk+1 ⊆ Ωk ×Ωk ×Ωk, then from (BM5), we conclude that Ω∞ ×Ω∞ ×Ω∞ = ∩∞k=1Ωk ×Ωk ×Ωk
is a non-empty, covex, closed set, invatiant under F and Ω∞ ×Ω∞ ×Ω∞ ∈ ker µ̃. So, from Theorem 1.5 we
conclude that F has a fixed point in Ω∞ ×Ω∞ ×Ω∞. Since Ω∞ ×Ω∞ ×Ω∞ ⊂ Ω ×Ω× Ω, then the proof is
completed.

Theorem 2.8. Supposeψ ∈ Ψ is nondecreasing withψ
(
p1 + p2, q1 + q2

)
≤ ψ

(
p1, q1

)
+ψ

(
p2, q2

)
for every p1, p2, q1, q2 ∈

R+ and φ ∈ Φ. Also assume that Fi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

ψ
(
µ (F1 (X1 × X2 × X3)) , µ (F1 (X1 × X2 × X3))

)
≤ φ

(
µ (X1) , µ (X2) , µ (X3)

)
,

ψ
(
µ (F2 (X1 × X2 × X3)) , µ (F2 (X1 × X2 × X3))

)
≤ φ

(
µ (X2) , µ (X3) , µ (X1)

)
,

ψ
(
µ (F3 (X1 × X2 × X3)) , µ (F3 (X1 × X2 × X3))

)
≤ φ

(
µ (X3) , µ (X1) , µ (X2)

)
, (7)
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for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that


F1

(
τ∗, υ∗, ρ∗

)
= τ∗

F2
(
τ∗, υ∗, ρ∗

)
= υ∗

F3
(
τ∗, υ∗, ρ∗

)
= ρ∗

. (8)

Proof. Consider µ̃ as defined in Example 1.4. We define F̃ on Ω ×Ω ×Ω as following:

F̃
(
τ, υ, ρ

)
=

(
F1

(
τ, υ, ρ

)
,F2

(
τ, υ, ρ

)
,F3

(
τ, υ, ρ

))
.

Clearly, F̃ is continuous on Ω ×Ω ×Ω by its definition. We will show that F̃ satisfies all the hypothesis of
Theorem 2.7. For this purpose, let X ⊂ Ω ×Ω ×Ω,X , ∅. Then, by (BM2) and (7) we obtain

ψ
(
µ̃
(
F̃ (X)

)
, µ̃

(
F̃ (X)

))
≤ ψ


µ̃

(
F1 (X1 × X2 × X3) × F2 (X1 × X2 × X3)

×F3 (X1 × X2 × X3)

)
,

µ̃

(
F1 (X1 × X2 × X3) × F2 (X1 × X2 × X3)

×F3 (X1 × X2 × X3)

)


= ψ


µ (F1 (X1 × X2 × X3)) + µ (F2 (X1 × X2 × X3))

+µ (F3 (X1 × X2 × X3)) ,
µ (F1 (X1 × X2 × X3)) + µ (F2 (X1 × X2 × X3))

+µ (F3 (X1 × X2 × X3))


≤ ψ

(
µ (F1 (X1 × X2 × X3)) , µ (F1 (X1 × X2 × X3))

)
+ψ

(
µ (F2 (X1 × X2 × X3)) , µ (F2 (X1 × X2 × X3))

)
+ψ

(
µ (F3 (X1 × X2 × X3)) , µ (F3 (X1 × X2 × X3))

)
≤ φ

(
µ (X1) , µ (X2) , µ (X3)

)
+ φ

(
µ (X2) , µ (X3) , µ (X1)

)
+φ

(
µ (X3) , µ (X1) , µ (X2)

)
≤ 3φ

 µ(X1)+µ(X2)+µ(X3)
3 ,

µ(X1)+µ(X2)+µ(X3)
3 ,

µ(X1)+µ(X2)+µ(X3)
3

 . (9)

Now from (9) and taking µ̂ = 1
3 µ̃, we obtain

ψ
(
µ̂
(
F̃(X)

)
, µ̂

(
F̃(X)

))
≤ φ

(
µ̂ (X) , µ̂ (X) , µ̂ (X)

)
. (10)

Hence, by Theorem 2.7 F̃ has a fixed point, i.e., there exist τ∗, υ∗, ρ∗ ∈ Ω such that(
τ∗, υ∗, ρ∗

)
= F̃

(
τ∗, υ∗, ρ∗

)
=

(
F1

(
τ∗, υ∗, ρ∗

)
,F2

(
τ∗, υ∗, ρ∗

)
,F3

(
τ∗, υ∗, ρ∗

))
,

which means (8) is satisfied.

Corollary 2.9. Assume that Fi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

µ (F1 (X1 × X2 × X3)) ≤ φ
(
µ (X1) , µ (X2) , µ (X3)

)
,

µ (F2 (X1 × X2 × X3)) ≤ φ
(
µ (X2) , µ (X3) , µ (X1)

)
,

µ (F3 (X1 × X2 × X3)) ≤ φ
(
µ (X3) , µ (X1) , µ (X2)

)
,

for each X1,X2,X3 ⊆ Ω, where φ ∈ Φ. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that


F1

(
τ∗, υ∗, ρ∗

)
= τ∗

F2
(
τ∗, υ∗, ρ∗

)
= υ∗

F3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.
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Proof. Considering ψ
(
p, q

)
=

p + q
2

in Theorem 2.8 the result is desirable.

Corollary 2.10. Suppose λ1, λ2, λ3 are nonnegative constants with λ1 + λ2 + λ3 < 1. Also assume that Fi :
Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

µ (F1 (X1 × X2 × X3)) ≤ λ1µ (X1) + λ2µ (X2) + λ3µ (X3) ,
µ (F2 (X1 × X2 × X3)) ≤ λ1µ (X2) + λ2µ (X3) + λ3µ (X1) ,
µ (F3 (X1 × X2 × X3)) ≤ λ1µ (X3) + λ2µ (X1) + λ3µ (X2) ,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that
F1

(
τ∗, υ∗, ρ∗

)
= τ∗

F2
(
τ∗, υ∗, ρ∗

)
= υ∗

F3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.

Proof. Consideringψ
(
p, q

)
= p+q andφ

(
p, q, r

)
= 2λ1p+2λ2q+2λ3r in Theorem 2.8 the result is desirable.

Corollary 2.11. Assume that Fi : Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

µ (Fi (X1 × X2 × X3)) ≤
1
√

2
ln

(
1 +

µ (X1) + µ (X2) + µ (X3)
3

)
,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that
F1

(
τ∗, υ∗, ρ∗

)
= τ∗

F2
(
τ∗, υ∗, ρ∗

)
= υ∗

F3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.

Proof. Consideringψ
(
p, q

)
=

√
p2 + q2 andφ

(
p, q, r

)
= ln

(
1 +

p+q+r
3

)
in Theorem 2.8 the result is desirable.

Corollary 2.12. Suppose λ1, λ2, λ3 are nonegative constants with λ1 + λ2 + λ3 < 1. Also assume that Fi :
Ω ×Ω ×Ω −→ Ω (i = 1, 2, 3) are continuous operators satisfying:

µ (F1 (X1 × X2 × X3)) + ln
(
1 + µ (F1 (X1 × X2 × X3))

)
≤ λ1µ (X1) + λ2µ (X2) + λ3µ (X3) ,

µ (F2 (X1 × X2 × X3)) + ln
(
1 + µ (F2 (X1 × X2 × X3))

)
≤ λ1µ (X2) + λ2µ (X3) + λ3µ (X1) ,

µ (F3 (X1 × X2 × X3)) + ln
(
1 + µ (F3 (X1 × X2 × X3))

)
≤ λ1µ (X3) + λ2µ (X1) + λ3µ (X2) ,

for each X1,X2,X3 ⊆ Ω. Then there exist τ∗, υ∗, ρ∗ ∈ Ω such that
F1

(
τ∗, υ∗, ρ∗

)
= τ∗

F2
(
τ∗, υ∗, ρ∗

)
= υ∗

F3
(
τ∗, υ∗, ρ∗

)
= ρ∗

.

Proof. Considering ψ
(
p, q

)
=

p+q
2 + ln

(
1 +

p+q
2

)
and φ

(
p, q, r

)
= λ1p + λ2q + λ3r in Theorem 2.8 the result is

desirable.
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3. Application and Example

Consider the following system of integral equations:

x (τ) = A1 (τ) + h1
(
τ, x (ε1 (τ)) , y (ε1 (τ)) , z (ε1 (τ))

)
+ f1

 τ, x (ε1 (τ)) , y (ε1 (τ)) , z (ε1 (τ)) ,

θ1

(∫ β1(τ)

0 11
(
τ, υ, x (σ1 (υ)) , y (σ1 (υ)) , z (σ1 (υ))

)
dυ

)  ,
y (τ) = A2 (τ) + h2

(
τ, x (ε2 (τ)) , y (ε2 (τ)) , z (ε2 (τ))

)
+ f2

 τ, x
(
ε2 (τ) , y (ε2 (τ)) , z (ε2 (τ))

)
,

θ2

(∫ β2(τ)

0 12
(
τ, υ, x (σ2 (υ)) , y (σ2 (υ)) , z (σ2 (υ))

)
dυ

)  ,
z (τ) = A3 (τ) + h3

(
τ, x (ε3 (τ)) , y (ε3 (τ)) , z (ε3 (τ))

)
+ f3

 τ, x (ε3 (τ)) , y (ε3 (τ)) , z (ε3 (τ)) ,

θ3

(∫ β3(τ)

0 13
(
τ, υ, x (σ3 (υ)) , y (σ3 (υ)) , z (σ3 (υ))

)
dυ

) 

. (11)

Theorem 3.1. Let

(I) Ai : R+ → R, i = 1, 2, 3 are continuous and bounded functions with

Mi = sup {|Ai (τ)| : τ ∈ R+} .

(II) εi, σi, βi : R+ → R+ are continuous functions and εi (τ)→∞ as τ→∞, for i = 1, 2, 3,

(III) θi : R+ → R with θi (0) = 0 are continuous functions and consider the positive constants αi, δi with

|θi (τ1) − θi (τ2)| ≤ δi |τ1 − τ2|
αi , (12)

for every τ1, τ2 ∈ R+, i = 1, 2, 3,

(IV)
∣∣∣ fi (τ, 0, 0, 0, 0)

∣∣∣ and |hi (τ, 0, 0, 0)| , (i = 1, 2, 3) are bounded on R+, that is,

M
′

i = sup
{∣∣∣ fi (τ, 0, 0, 0, 0)

∣∣∣ : τ ∈ R+

}
< ∞,

M′′i = sup {|hi (τ, 0, 0, 0)| : τ ∈ R+} < ∞.

(V) fi : R+ × R × R × R × R → R and hi : R+ × R × R × R → R are continuous functions, φi ∈ Φ and
ϕi : R+ → R are nondecreasing continuous functions with ϕi (0) = 0, for i = 1, 2, 3,∣∣∣hi

(
τ, x, y, z

)
− hi (τ,u, v,w)

∣∣∣ ≤ 1
2
φi

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
,∣∣∣ fi (τ, x, y, z,m)

− fi (τ,u, v,w,n)
∣∣∣ ≤ 1

2
φi

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
+ ϕi (|m − n|) , (13)

for every τ ≥ 0, x, y, z,m,n,u, v,w ∈ R,

(VI) 1i : R+ ×R+ ×R ×R ×R→ R, (i = 1, 2, 3) are continuous and also we have

lim
τ→∞

∫ βi(τ)

0

∣∣∣∣∣ 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

∣∣∣∣∣ dυ
= 0, (14)

and,
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M
′′′

i = sup


∣∣∣∣∫ βi(τ)

0 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

∣∣∣∣αi

: τ ∈ R+,

x, y, z ∈ BC (R+)

 , (15)

(VII) The following inequality for a ρ > 0 is valid.

Mi + φi (κ, κ, κ) + M
′

i + M
′′

i + ϕi

(
δiM

′′′

i

)
< κ, (i = 1, 2, 3). (16)

Then the system (11) has at least one solution in BC (R+) × BC (R+) × BC (R+).

Proof. Consider the operators Ti : BC (R+) × BC (R+) × BC (R+)→ BC (R+) , (i = 1, 2, 3) by the formula:

Ti
(
x, y, z

)
(τ) = Ai (τ) + hi

(
τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ))

)
+ fi

 τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ)) ,

θi

(∫ βi(τ)

0 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)  . (17)

Since Ai, hi and fi , (i = 1, 2, 3) are continuous, then Ti , (i = 1, 2, 3) are continuous. Also with given assump-
tions, we get∣∣∣Ti

(
x, y, z

)
(τ)

∣∣∣ ≤ |Ai (τ)| +
∣∣∣hi

(
τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ))

)
− hi (τ, 0, 0, 0)

∣∣∣
+ |hi (τ, 0, 0, 0)|

+



∣∣∣∣∣∣∣∣∣∣
fi


τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ)) ,

θi

(∫ βi(τ)

0 1i

(
τ, υ,

x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

) 
− fi (τ, 0, 0, 0, 0)

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣ fi (τ, 0, 0, 0, 0)
∣∣∣


≤Mi + M

′

i + M
′′

i +
1
2
φi

(
|x (εi (τ))| ,

∣∣∣y (εi (τ))
∣∣∣ , |z (εi (τ))|

)
+

1
2
φi

(
|x (εi (τ))| ,

∣∣∣y (εi (τ))
∣∣∣ , |z (εi (τ))|

)
+ϕi

(∣∣∣∣∣∣θi

(∫ βi(τ)

0
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)∣∣∣∣∣∣
)

≤Mi + M
′

i + M
′′

i + φi

(
|x (εi (τ))| ,

∣∣∣y (εi (τ))
∣∣∣ , |z (εi (τ))|

)
+ ϕi

(∣∣∣∣∣∣θi

(∫ βi(τ)

0
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)∣∣∣∣∣∣
)

≤Mi + M
′

i + M
′′

i + φi

(
‖x‖ ,

∥∥∥y
∥∥∥ , ‖z‖)

+ ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

∣∣∣∣∣∣
αi

≤Mi + M
′

i + M
′′

i + φi

(
‖x‖ ,

∥∥∥y
∥∥∥ , ‖z‖) + ϕi

(
δiM

′′′

i

)
, (18)

that shows Ti, (i = 1, 2, 3), are well defined. Also, condition (VII) and relation (18) imply that Ti

(
B̄ρ × B̄ρ × B̄ρ

)
⊆

B̄ρ.

Now, we show that Ti, i = 1, 2, 3, are continuous on Bρ × Bρ × Bρ. Fix arbitrarily ε > 0. Consider
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x, y, z

)
, (u, v,w) ∈ Bρ × Bρ × Bρ with

∥∥∥(x, y, z) − (u, v,w)
∥∥∥ < ε

2 . we obtain∣∣∣Ti
(
x, y, z

)
(τ) − Ti (u, v,w) (τ)

∣∣∣ ≤ ∣∣∣∣∣ hi
(
τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ))

)
−hi (τ,u (εi (τ)) , v (εi (τ)) ,w (εi (τ)))

∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
fi

 τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ)) ,

θi

(∫ βi(τ)

0 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

) 
− fi

 τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ)) ,

θi

(∫ βi(τ)

0 1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ))) dυ
) 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤

1
2
φi


|x (εi (τ)) − u (εi (τ))| ,∣∣∣y (εi (τ)) − v (εi (τ))

∣∣∣ ,
|z (εi (τ)) − w (εi (τ))|


+

1
2
φi


|x (εi (τ)) − u (εi (τ))| ,∣∣∣y (εi (τ)) − v (εi (τ))

∣∣∣ ,
|z (εi (τ)) − w (εi (τ))|


+ ϕi


∣∣∣∣∣∣∣∣∣
θi

(∫ βi(τ)

0 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)
−θi

(∫ βi(τ)

0 1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ))) dυ
)

∣∣∣∣∣∣∣∣∣


≤
1
2
φi

(
‖x − u‖ ,

∥∥∥y − v
∥∥∥ , ‖z − w‖

)
+

1
2
φi

(
‖x − u‖ ,

∥∥∥y − v
∥∥∥ , ‖z − w‖

)
+ ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
αi

≤ φi

(
‖x − u‖ ,

∥∥∥y − v
∥∥∥ , ‖z − w‖

)
+ ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
αi . (19)

Furthermore, from relation (14), we have

ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
αi

≤
ε
2

, (20)

for every x, y, z,u, v,w ∈ BC (R+).
If τ > L, then from relations (19) and (20), we obtain∣∣∣Ti

(
x, y, z

)
(τ) − Ti (u, v,w) (τ)

∣∣∣ ≤ φi

(
ε
2
,
ε
2
,
ε
2

)
+
ε
2

<
ε
2

+
ε
2

= ε. (21)

If τ ∈ [0,L], then we get∣∣∣Ti
(
x, y, z

)
(τ) − Ti (u, v,w) (τ)

∣∣∣
≤ φi

(
ε
2
,
ε
2
,
ε
2

)
+ ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
αi

<
ε
2

+ ϕi

(
δi

(
βL

i ω (ε)
)αi

)
, (22)
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where

ω (ε) = sup


∣∣∣1i

(
τ, υ, x, y, z

)
− 1i (τ, υ,u, v,w)

∣∣∣ : τ ∈ [0,L] , υ ∈
[
0, βL

i

]
,

x, y, z,u, v,w ∈
[
−ρ, ρ

]
,
∥∥∥(x, y, z) − (u, v,w)

∥∥∥ < ε
2

 ,
βL

i = sup
{
βi (τ) : τ ∈ [0,L]

}
.

Using the continuity of 1i, i = 1, 2, 3 on [0,L]×
[
0, βL

i

]
×

[
−ρ, ρ

]
×

[
−ρ, ρ

]
×

[
−ρ, ρ

]
, we have ω (ε)→ 0, as ε→ 0

and by continuity ϕi, i = 1, 2, 3, we obtain

ϕi

(
δi

(
βL

i ω (ε)
)αi

)
→ 0,

as ε→ 0. Therefore, from relations (21) and (22), we conclude that Ti, i = 1, 2, 3, are continuous functions
from Bρ × Bρ × Bρ into Bρ. Next, we show that Ti, i = 1, 2, 3, satisfies the conditions of Corollary 2.9. For this
purpose, suppose L, ε ∈ R+, τ1, τ2 ∈ [0,L] with |τ1 − τ2| ≤ ε and X1,X2,X3 are arbitrary non-empty subsets
of Bρ.

Let
(
x, y, z

)
∈ X1 × X2 × X3. We can assume that βi (τ1) < βi (τ2). Consequently,

Ti
(
x, y, z

)
(τ1) − Ti

(
x, y, z

)
(τ2)

≤ |Ai (τ1) − Ai (τ2)| +
∣∣∣∣∣ hi

(
τ2, x (εi (τ2)) , y (εi (τ2)) , z (εi (τ2))

)
−hi

(
τ2, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1))

) ∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
fi


τ2, x (εi (τ2)) , y (εi (τ2)) , z (εi (τ2)) ,

θi

(∫ βi(τ2)

0 1i

(
τ2, υ, x (σi (υ)) , y (σi (υ)) ,

z (σi (υ))

)
dυ

) 
− fi


τ2, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ2)

0 1i

(
τ2, υ, x (σi (υ)) , y (σi (υ)) ,

z (σi (υ))

)
dυ

) 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
fi


τ2, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ2)

0 1i

(
τ2, υ, x (σi (υ)) , y (σi (υ)) ,

z (σi (υ))

)
dυ

) 
− fi


τ1, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ2)

0 1i

(
τ2, υ, x (σi (υ)) , y (σi (υ)) ,

z (σi (υ))

)
dυ

) 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
fi


τ1, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ2)

0 1i

(
τ2, υ, x (σi (υ)) , y (σi (υ)) ,

z (σi (υ))

)
dυ

) 
− fi


τ1, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ2)

0 1i

(
τ1, υ, x (σi (υ)) , y (σi (υ)) ,

z (σi (υ))

)
dυ

) 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
fi

 τ1, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ2)

0 1i
(
τ1, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

) 
− fi

 τ1, x (εi (τ1)) , y (εi (τ1)) , z (εi (τ1)) ,

θi

(∫ βi(τ1)

0 1i
(
τ1, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

) 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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≤ ωL (Ai, ε) + ωL
ρ,H

(
fi, ε

)
+ ωL

ρ (hi, ε)

+
1
2
φi

(
|x (εi (τ2)) − x (εi (τ1))| ,

∣∣∣y (εi (τ2)) − y (εi (τ1))
∣∣∣ ,

|z (εi (τ2)) − z (εi (τ1))|

)
+

1
2
φi

(
|x (εi (τ2)) − x (εi (τ1))| ,

∣∣∣y (εi (τ2)) − y (εi (τ1))
∣∣∣ ,

|z (εi (τ2)) − z (εi (τ1))|

)

+ϕi


∣∣∣∣∣∣∣∣∣
θi

(∫ βi(τ2)

0 1i
(
τ2, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)
−θi

(∫ βi(τ2)

0 1i
(
τ1, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)
∣∣∣∣∣∣∣∣∣


+ϕi

(∣∣∣∣∣∣θi

(∫ βi(τ2)

βi(τ1)
1i

(
τ1, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)∣∣∣∣∣∣
)

≤ ωL (Ai, ε) + ωL
ρ,H

(
fi, ε

)
+ ωL

ρ (hi, ε)

+φi

(
ωL

(
x, ωL (εi, ε)

)
, ωL

(
y, ωL (εi, ε)

)
, ωL

(
z, ωL (εi, ε)

))
+ϕi

(
δi

(
βL

i ω
L
ρ

(
1i, ε

))αi
)

+ ϕi

(
δi

(
HωL (

βi, ε
))αi

)
. (23)

where

ωL (Ai, ε) = sup {|Ai (τ1) − Ai (τ2)| : τ1, τ2 ∈ [0,L] , |τ1 − τ2| ≤ ε} ,

ωL
ρ (hi, ε) = sup

{ ∣∣∣hi
(
τ2, x, y, z

)
− hi

(
τ1, x, y, z

)∣∣∣ : τ1, τ2 ∈ [0,L] ,
|τ1 − τ2| ≤ ε, x, y, z ∈

[
−ρ, ρ

] }
,

ωL (εi, ε) = sup {|εi (τ1) − εi (τ2)| : τ1, τ2 ∈ [0,L] , |τ1 − τ2| ≤ ε} ,

ωL
(
x, ωL(εi, ε)

)
= sup

{
|x (τ1) − x (τ2)| : τ1, τ2 ∈ [0,L] , |τ1 − τ2| ≤ ω

L(εi, ε)
}
,

H = βL
i sup

{∣∣∣1i
(
τ, υ, x, y, z

)∣∣∣ : τ ∈ [0,L] , υ ∈
[
0, βL

i

]
, x, y, z ∈

[
−ρ, ρ

]}
,

ωL
ρ,H

(
fi, ε

)
= sup

{ ∣∣∣ fi (τ2, x, y, z, p
)
− fi

(
τ1, x, y, z, p

)∣∣∣ : τ1, τ2 ∈ [0,L] ,
|τ1 − τ2| ≤ ε, x, y, z ∈

[
−ρ, ρ

]
, p ∈ [−δiHαi , δiHαi ]

}
,

ωL
ρ

(
1i, ε

)
= sup


∣∣∣1i

(
τ1, υ, x, y, z

)
− 1i

(
τ2, υ, x, y, z

)∣∣∣ : τ1, τ2 ∈ [0,L] ,
|τ1 − τ2| ≤ ε, υ ∈

[
0, βL

i

]
, x, y, z ∈

[
−ρ, ρ

]  ,
ωL (

βi, ε
)

= sup
{∣∣∣βi (τ1) − βi (τ2)

∣∣∣ : τ1, τ2 ∈ [0,L] , |τ1 − τ2| ≤ ε
}

.

Since
(
x, y, z

)
was an arbitrary element of the set X1 × X2 × X3 in relation (23), so we get

ωL (Ti (X1 × X2 × X3) , ε) ≤ ωL (Ai, ε) + ωL
ρ (hi, ε) + ωL

ρ,H
(

fi, ε
)

+ φi

(
ωL

(
X1, ω

L (εi, ε)
)
, ωL

(
X2, ω

L (εi, ε)
)
, ωL

(
X3, ω

L (εi, ε)
))

+ϕi

(
δi

(
βL

i ω
L
ρ

(
1i, ε

))αi
)

+ ϕi

(
δiHωL (

βi, ε
)αi

)
. (24)

Using continuity of fi, 1i, hi on [0,L] ×
[
−ρ, ρ

]
×

[
−ρ, ρ

]
×

[
−ρ, ρ

]
× [−δiHαi , δiHαi ] , [0,L] ×

[
0, βL

i

]
×

[
−ρ, ρ

]
×[

−ρ, ρ
]
×

[
−ρ, ρ

]
, [0,L] ×

[
−ρ, ρ

]
×

[
−ρ, ρ

]
×

[
−ρ, ρ

]
, we have

ωL
ρ,H

(
fi, ε

)
→ 0,

ωL
ρ

(
1i, ε

)
→ 0,

ωL
ρ (hi, ε) → 0.

Moreover, using continuity of εi, βi and Ai, we conclude that

ωL (εi, ε)→ 0, ωL (
βi, ε

)
→ 0, ωL (Ai, ε)→ 0
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as ε→ 0, Therefore we obtain

ϕi

(
δi

(
βL

i ω
L
ρ

(
1i, ε

))αi
)

+ ϕi

(
δi

(
HωL (

βi, ε
))αi

)
→ 0

as ε→ 0. Now by letting ε→ 0 in relation (24), we obtain

ωL
0 (Ti (X1 × X2 × X3)) ≤ φi

(
ωL

0 (X1) , ωL
0 (X2) , ωL

0 (X3)
)

. (25)

Also, by letting L→∞ in relation (25), we get

ω0 (Ti (X1 × X2 × X3)) ≤ φi (ω0 (X1) , ω0 (X2) , ω0 (X3)) . (26)

Furthermore, for every
(
x, y, z

)
, (u, v,w) ∈ X1 × X2 × X3, t ∈ R+, we get∣∣∣∣∣ Ti

(
x, y, z

)
(τ)−

Ti (u, v,w) (τ)

∣∣∣∣∣ ≤
∣∣∣∣∣∣ hi

(
τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ))

)
−hi

(
τ,u (εi (τ)) , y (εi (τ)) , z

(
εi(τ)

)) ∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
fi

 τ, x (εi (τ)) , y (εi (τ)) , z (εi (τ)) ,

θi

(∫ βi(τ)

0 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

) 
− fi

 τ,u (εi (τ)) , v (εi (τ)) ,w (εi (τ)) ,

θi

(∫ βi(τ)

0 1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ))) dυ
) 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤

1
2
φi

(
|x (εi (τ)) − u (εi (τ))| ,

∣∣∣y (εi (τ)) − v (εi (τ))
∣∣∣ , ∣∣∣∣∣ z (εi (τ))
−w (εi (τ))

∣∣∣∣∣)
+

1
2
φi

(
|x (εi (τ)) − u (εi (τ))| ,

∣∣∣y (εi (τ)) − v (εi (τ))
∣∣∣ , ∣∣∣∣∣ z (εi (τ))
−w (εi (τ))

∣∣∣∣∣)

+ ϕi


∣∣∣∣∣∣∣∣∣
θi

(∫ βi(τ)

o 1i
(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
dυ

)
−θi

(∫ βi(τ)

0 1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ))) dυ
)

∣∣∣∣∣∣∣∣∣


≤
1
2
φi (diamXi (εi (τ)) , diamX2 (εi (τ)) , diamX3 (εi (τ)))

+
1
2
φi (diamXi (εi (τ)) , diamX2 (εi (τ)) , diamX3 (εi (τ)))

+ ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
αi

≤ φi (diamX1 (εi (τ)) , diamX2 (εi (τ)) , diamX3 (εi (τ)))

+ ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
αi . (27)

Because
(
x, y, z

)
and (u, v,w) and τ, were chosen arbitrary in (27), we will have

diamTi (X1 × X2 × X3) (τ)
≤ φi (diamX1 (εi (τ)) , diamX2 (εi (τ)) , diamX3 (εi (τ)))

+ϕi

δi

∣∣∣∣∣∣
∫ βi(τ)

0

(
1i

(
τ, υ, x (σi (υ)) , y (σi (υ)) , z (σi (υ))

)
−1i (τ, υ,u (σi (υ)) , v (σi (υ)) ,w (σi (υ)))

)
dυ

∣∣∣∣∣∣
α . (28)

By taking τ→∞ in relation (28), then using (14) we obtain

lim sup
τ→∞

diamTi (X1 × X2 × X3) (τ) ≤ φi

 lim supτ→∞ diamX1 (εi (τ)) ,
lim supτ→∞ diamX2 (εi (τ)) ,
lim supτ→∞ diamX3 (εi (τ))

 . (29)
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From relation (26) together with relation (29), we obtain

ω0 (Ti (X1 × X2 × X3)) + lim sup
τ→∞

diamTi (X1 × X2 × X3) (τ)

≤ φi (ωo (X1) , ωo (X2) , ωo (X3))

+ φi

 lim supτ→∞ diamX1 (εi (τ)) ,
lim supτ→∞ diamX2 (εi (τ)) ,
lim supτ→∞ diamX3 (εi (τ))



≤ 3φi



ω0 (X1) + lim supτ→∞ diamX1 (εi (τ))
3

,

ω0 (X2) + lim supτ→∞ diamX2 (εi (τ))
3

,

ω0 (X3) + lim supτ→∞ diamX3 (εi (τ))
3


. (30)

So, from relation (30), we conclude that

1
3
µ (Ti (X1 × X2 × X3)) ≤ φi

(
µ (X1)

3
,
µ (X2)

3
,
µ (X3)

3

)
,

and by taking µ = 1
3µ, we get

µ (Ti (X1 × X2 × X3)) ≤ φi
(
µ (X1) , µ (X2) , µ (X3)

)
,

Thus, by applying Corollary 2.9, the proof is complete.

Finally, we present the following example and we investigate the conditions of Theorem 3.1 for existence
of a solution.

Example 3.2. Let us consider the following system of integral equations



x (τ) = 1
5 e−τ2

+ 1
8(1+τ2)

(
cos x

(√
τ
)

+ ln
(
1 +

∣∣∣∣y (√
τ
)∣∣∣∣) + sin z

(√
τ
))

+ 1
7 e−τ2

+ 1
8(1+τ2)

(
x
(√
τ
)

+ y
(√
τ
)

+ z
(√
τ
))

+ arctan
(∫ √τ

0

(
υ
eτ

) ( x(υ2)|sin y(υ2)||cos z(υ2)|
(1+x2(υ2))(1+sin2 y(υ2))(1+cos2 z(υ2))

)
dυ

)
,

y (τ) = τ2

5(1+τ2) + τ2

8(1+τ4)
(
cos x (τ) + ln

(
1 +

∣∣∣y (τ)
∣∣∣) + sin z (τ)

)
+ 1

7 e−τ2

+ τ2

8(1+τ4)
(
x (τ) + y (τ) + z (τ)

)
+ sin

(∫ τ
0

(
υ

eτ2

) ( y2(υ)(1+cos2 x(υ))(1+sin2 z(υ))
(1+y2(υ))(1+sin2 x(υ))(1+cos2 z(υ))

)
dυ

)
,

z (τ) = 1
5
√

1+τ2
+ τ2

8(1+τ3)

(
cos x (τ) + ln

(
1 +

∣∣∣y (τ)
∣∣∣) + sin z (τ)

)
+ 1

7 e−τ2

+ τ2

8(1+τ3)
(
x (τ) + y (τ) + z (τ)

)
+ ln

(
1 +

∫ τ2

0

( √
υ

eτ3

) ( x2|cos y(υ)|+y2
|cos z(υ)|+z2

|cos x(υ)|

(1+x2(υ2))(1+y2(υ2))(1+z2(υ2))

)
dυ

)

. (31)
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Here

h1
(
τ, x, y, z

)
=

1
8 (1 + τ2)

(
cos x + ln

(
1 +

∣∣∣y∣∣∣) + sin z
)
,

h2
(
τ, x, y, z

)
=

τ2

8 (1 + τ4)

(
cos x + ln

(
1 +

∣∣∣y∣∣∣) + sin z
)
,

h3
(
τ, x, y, z

)
=

τ2

8 (1 + τ3)

(
cos x + ln

(
1 +

∣∣∣y∣∣∣) + sin z
)
,

f1
(
τ, x, y, z,m

)
=

1
7

e−τ
2
+

1
8 (1 + τ2)

(
x + y + z

)
+

m
2
,

f2
(
τ, x, y, z,m

)
=

1
7

e−τ
2
+

τ2

8 (1 + τ4)
(
x + y + z

)
+

m
2
,

f3
(
τ, x, y, z,m

)
=

1
7

e−τ
2
+

τ2

8 (1 + τ3)
(
x + y + z

)
+

m
2
,

11
(
τ, υ, x, y, z

)
=

(
υ
eτ

) x
∣∣∣sin y

∣∣∣ |cos z|

(1 + x2)
(
1 + sin2 y

)
(1 + cos2 z)

,

12
(
τ, υ, x, y, z

)
=

(
υ

eτ2

) y2
(
1 + cos2 x

) (
1 + sin2 z

)
(
1 + y2) (1 + sin2 x

)
(1 + cos2 z)

,

13
(
τ, υ, x, y, z

)
=

( √
υ

eτ3

) x2
∣∣∣cos y

∣∣∣ + y2
|cos z| + z2

|cos x|

(1 + x2)
(
1 + y2) (1 + z2)

,

and

A1 (τ) =
1
5

e−τ
2
,A2 (τ) =

τ2

5 (1 + τ2)
,A3 (τ) =

1

5
√

1 + τ2
, ε1 (τ) =

√
τ, ε2 (τ) = τ,

ε3 (τ) = τ, σ1 (τ) = τ2, σ2 (τ) = τ, σ3 (τ) = τ, β1 (τ) =
√
τ, β2 (τ) = τ, β3 (τ) = τ2,

θ1 (τ) = arctan τ, θ2 (τ) = sin τ, θ3 (τ) = ln (1 + τ) ,

φ1 (τ, υ,u) =
1
4

(τ + υ + u) , φ2 (τ, υ,u) =
1
4

(τ + υ + u) , φ3 (τ, υ,u) =
1
4

(τ + υ + u) ,

ϕ1 (τ) =
τ
2
, ϕ2 (τ) =

τ
2
, ϕ3 (τ) =

τ
2

.

Clearly conditions (I) and (II) and (III) are valid. Obviously we have, Mi = 1
5 , δi = 1 and αi = 1, i = 1, 2, 3.

Clearly,
∣∣∣ fi (τ, 0, 0, 0, 0)

∣∣∣ = 1
7 e−τ2

, i = 1, 2, 3, are bounded and M′

i = 1
7 . Also hi (τ, 0, 0, 0) , i = 1, 2, 3, are

bounded and M′′

i = 1
8 . Therefore, the condition (IV) is valid.

Obviously, fi and hi , i = 1, 2, 3, are continuous. Let τ ∈ R+, then we get

∣∣∣ f1 (
τ, x, y, z,m

)
− f1 (τ,u, v,w,n)

∣∣∣ =

∣∣∣∣∣∣ 1
8(1+τ2)

(
x + y + z

)
+ m

2

−

(
1

8(1+τ2) (u + v + w) + n
2

) ∣∣∣∣∣∣
≤

1
8 (1 + τ2)

(
|x − u| +

∣∣∣y − v
∣∣∣ + |z − w|

)
+

1
2
|m − n|

≤
1
8

(
|x − u| +

∣∣∣y − v
∣∣∣ + |z − w|

)
+

1
2
|m − n|

=
1
2
×

1
4

(
|x − u| +

∣∣∣y − v
∣∣∣ + |z − w|

)
+

1
2
|m − n|

=
1
2
φ1

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
+ ϕ1 (|m − n|) . (32)
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Similarly, we obtain the following two relations:∣∣∣ f2 (
τ, x, y, z,m

)
− f2 (τ,u, v,w,n)

∣∣∣ ≤ 1
2
φ2

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
+ ϕ2 (|m − n|) ,∣∣∣ f3 (

τ, x, y, z,m
)
− f3 (τ,u, v,w,n)

∣∣∣ ≤ 1
2
φ3

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
+ ϕ3 (|m − n|) .

If τ ∈ R+ and x, y, z,u, v,w ∈ R with
∣∣∣y∣∣∣ ≥ |v|, then we get∣∣∣h1

(
τ, x, y, z

)
− h1 (τ,u, v,w)

∣∣∣ ≤ 1
8 (1 + τ2)

|cos x − cos u|

+
1

8 (1 + τ2)

∣∣∣∣ln (
1 +

∣∣∣y∣∣∣) − ln (1 + |v|)
∣∣∣∣

+
1

8 (1 + τ2)
|sin z − sin w|

≤
1
8
|x − u| +

1
8

∣∣∣∣∣∣∣ln
(
1 +

∣∣∣y∣∣∣)
(1 + |v|)

∣∣∣∣∣∣∣ +
1
8
|z − w|

≤
1
8
|x − u| +

1
8

ln
(
1 +

∣∣∣y − v
∣∣∣) +

1
8
|z − w|

≤
1
8

(
|x − u| +

∣∣∣y − v
∣∣∣) + |z − w|

)
=

1
2
×

1
4

(
|x − u| +

∣∣∣y − v
∣∣∣ + |z − w|

)
=

1
2
φ1

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
.

Similarly, we obtain the following two relations:∣∣∣h2
(
τ, x, y, z

)
− h2 (τ,u, v,w)

∣∣∣ ≤ 1
2
φ2

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
,∣∣∣h3

(
τ, x, y, z

)
− h3 (τ,u, v,w)

∣∣∣ ≤ 1
2
φ3

(
|x − u| ,

∣∣∣y − v
∣∣∣ , |z − w|

)
.

Therefore, the condition (V) is valid.
Clearly, 1i, i = 1, 2, 3, are continuous. For every τ, υ ∈ R+ and x, y, z ∈ R, by easy calculations we get

∣∣∣11
(
τ, υ, x, y, z

)
− 11 (τ, υ,u, v,w)

∣∣∣ ≤ 2υ
eτ ,∣∣∣12

(
τ, υ, x, y, z

)
− 12 (τ, υ,u, v,w)

∣∣∣ ≤ 8υ
eτ2 ,∣∣∣13

(
τ, υ, x, y, z

)
− 13 (τ, υ,u, v,w)

∣∣∣ ≤ 6
√
υ

eτ3 ,

Hence,

lim
τ→∞

∫ β1(τ)

0

∣∣∣∣∣ 11
(
τ, υ, x (σ1 (υ)) , y (σ1 (υ)) , z (σ1 (υ))

)
−11 (τ, υ,u (σ1 (υ)) , v (σ1 (υ)) ,w (σ1 (υ)))

∣∣∣∣∣ dυ ≤ lim
τ→∞

∫ √τ
0

2υ
eτ dυ = limτ→∞

τ
eτ = 0,

lim
τ→∞

∫ β2(τ)

0

∣∣∣∣∣ 12
(
τ, υ, x (σ2 (υ)) , y (σ2 (υ)) , z (σ2 (υ))

)
−12 (τ, υ,u (σ2 (υ)) , v (σ2 (υ)) ,w (σ2 (υ)))

∣∣∣∣∣ dυ ≤ lim
τ→∞

∫ τ
0

8υ
eτ2 dυ = limτ→∞

4τ2

eτ2 = 0,

lim
τ→∞

∫ β3(τ)

0

∣∣∣∣∣ 13
(
τ, υ, x (σ3 (υ)) , y (σ3 (υ)) , z (σ3 (υ))

)
−13 (τ, υ,u (σ3 (υ)) , v (σ3 (υ)) ,w (σ3 (υ)))

∣∣∣∣∣ dυ ≤ lim
τ→∞

∫ τ2

0
6
√
υ

eτ3 dυ = limτ→∞
4τ3

eτ3 = 0,
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Also, we get

∣∣∣∣∫ β1(τ)

0 11
(
τ, υ, x (σ1 (υ)) , y (σ1 (υ)) , z (σ1 (υ))

)
dυ

∣∣∣∣ ≤ ∫ √τ
0

υ
eτ dυ = τ

2eτ ,∣∣∣∣∫ β2(τ)

0 12
(
τ, υ, x (σ2 (υ)) , y (σ2 (υ)) , z (σ2 (υ))

)
dυ

∣∣∣∣ ≤ ∫ τ
0

4υ
eτ2 dυ = 2τ2

eτ2 ,∣∣∣∣∫ β3(τ)

0 13
(
τ, υ, x (σ3 (υ)) , y (σ3 (υ)) , z (σ3 (υ))

)
dυ

∣∣∣∣ ≤ ∫ τ2

0
3
√
υ

eτ3 dυ = 2τ3

eτ3 .

Hence

M
′′′

1 = sup
{
τ

2eτ
: R+

}
=

1
2e
, (33)

M
′′′

2 = sup
{
τ2

2eτ2 : R+

}
=

2
e
,

M
′′′

2 = sup
{

2τ3

eτ3 : R+

}
=

2
e
.

Therefore, the condition (VI) is valid.
Now from (33) along with Mi = 1

5 ,M
′

i = 1
7 ,M

′′

i = 1
8 and δi = 1, (i = 1, 2, 3) in (16), we get

1
5

+
1
7

+
1
8

+
1
4e

<
κ
4

,

1
5

+
1
7

+
1
8

+
1
e

<
κ
4
.

Hence, the condition (VII) is valid for each κ > 131
70 + 4

e .
Thus, all the assumptions from (I) − (VII) are satisfied. Hence by Theorem 3.1 we conclude that the

system (11) has a solution in BC (R+) × BC (R+) × BC (R+).
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