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Abstract. In this paper, the notion of “W-property for subsets of X x X° is introduced and investigated,
where X is an Hadamard space and X? is its linear dual space. Itis shown that an Hadamard space X is flat if
and only if X x X° has “W-property. Moreover, the notion of monotone relation from an Hadamard space to
its linear dual space is introduced. A characterization result for monotone relations with “W-property (and
hence in flat Hadamard spaces) is given. Finally, a type of Debrunner-Flor Lemma concerning extension of
monotone relations in Hadamard spaces is proved.

1. Introduction and Preliminaries

Let (X, d) be a metric space. We say that a mapping c : [0,1] — X is a geodesic path from x € X toy € X
if c(0) = x, c(1) = y and d(c(t), c(s)) = |t —sld(x, y), for each t,s € [0,1]. The image of c is said to be a geodesic
segment joining x and y. A metric space (X, d) is called a geodesic space if there is a geodesic path between
every two points of X. Also, a geodesic space X is called uniquely geodesic space if for each x,y € X there
exists a unique geodesic path from x to y. From now on, in a uniquely geodesic space, we denote the set
c([0,1]) by [x, y] and for each z € [x, y], we write z = (1 — t)x & ty, where t € [0, 1]. In this case, we say that
z is a convex combination of x and y. Hence, [x,y] = {(1 —t)x ® ty : t € [0, 1]}. More details can be found in
[3, 5].

Definition 1.1. [9, Definition 2.2] Let (X,d) be a geodesic space, v1,v2,73,...,v, be n points in X and
{AM,A2,A3,..., A, € (0,1) be such that }./.; A; = 1. We define convex combination of {v1,v2,03,...,04}
inductively as following:

)\1 /\2 /\n—l

U
DL A, = (1—)\")(1_Anvl@1_)\”02@---@ o

v,,) ® 1,00 (1)

Note that for every x € X, we have d(x, @L/\ivi) <Y Ad(x, v)).

According to [3, Definition 1.2.1], a geodesic space (X, d) is a CAT(0) space, if the following condition,
so-called CN-inequality, holds:

d(z, 1= ADx® Ay)* < (1 = A)d(z,x)* + Ad(z, y)* = A(1 = A)d(x, y)* for all x,y,z € X, A € [0,1]. (2)
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One can show that (for instance see [3, Theorem 1.3.3]) CAT(0) spaces are uniquely geodesic spaces. An
Hadamard space is a complete CAT(0) space.

Let X be an Hadamard space. For each x,y € X, the ordered pair (x, y) is called a bound vector and is
denoted by x. Indeed, X2 {xy : x,y € X}. For each XE X, we apply 0, := XX as zero bound vector at x and
~X7 as the bound vector yx. The bound Vectors Xy and uz are ¢ called admissible if y = u. Therefore the sum
of two admissible bound vectors i and yZ is defined by ¥y + yZ = ¥2. Ahmadi Kakavandi and Amini in [2]
have introduced the dual space of an Hadamard space, by using the concept of quasilinearization of abstract
metric spaces presented by Berg and Nikolaev in [4]. The quasilinearization map is defined as following:

Gy X2x X2 >R 3)
@Eﬁy:%W@Jf+dwmf—dmmf—dwﬂfbmaqdex

Let x, y € X, we define the mapping ¢g, : X —» Rby ¢5(2) = 1(d(x,z)* = d(y, z)?); for each z € X. We will see
that o possess attractive properties that simplify some calculations. We observe that (3) can be rewritten
as following:

ab,cdy = p=(b) - p=@) = p=3(d) — = (0).
The metric space (X, d) satisfies the Cauchy-Schwarz inequality if
- -
{ab,cd) < d(a,b)d(c,d) foralla,b,c,d e X.

This inequality characterizes CAT(0) spaces. Indeed, it follows from [4, Corollary 3] that a geodesic space
(X, d) is a CAT(0) space if and only if it satisfies in the Cauchy-Schwarz inequality. For an Hadamard space
(X, d), consider the mapping

¥:RxX* - C(X,R)
— =
(t,a,b) —> V(t,a,b)x = t{ab,ax); a,b,x € X,t € R,

where C(X,R) denotes the space of all continuous real-valued functions on X. It follows from Cauchy-
Schwarz inequality that \W(¢,a, D) is a Lipschitz function with Lipschitz semi-norm

L(W(t,a,b)) = |tld(a,b), foralla,b e X, and all f € R, 4)
where the Lipschitz semi-norm for any function ¢ : (X,d) — R is defined by

) — (y)
d(x, y)

A pseudometric D on R x X? induced by the Lipschitz semi-norm (4), is defined by

L((p):sup{ :x,yeX,x#y}.

D((t,a,b),(s,c,d)) = L(W(t,a,b) - WY(s,c,d)); a,b,c,d € X, t,s € R.

For an Hadamard space (X, d), the pseudometric space (R X X2, D) can be considered as a subspace of the
pseudometric space of all real-valued Lipschitz functions Lip(X, R). Note that, in view of [2, Lemma 2.1],

D((t,a,b),(s,c,d)) = 0 if and only if t(ﬂ?),x—y)) = s(c—d), x_y)> forall x,y € X. Thus, D induces an equivalence
relation on R X X2, where the equivalence class of (t,4,b) € R x X? is

— -
[tab] = {scd : s € R,¢c,d € X, D((t,a,b), (s,c,d)) = 0}.

The dual space of an Hadamard space (X, d), denoted by X*, is the set of all equivalence classes [t%] where
- >
(t,a,b) € R x X?, with the metric D([tab], [scd]) := D((t,a,b), (s, c,d)). Clearly, the definition of equivalence
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N
classes implies that [ﬁz] = [bb] for all a,b € X. The zero element of X* is 0 := [tﬁl], wherea € Xand t € R
are arbitrary. It is easy to see that the evaluation (0, -) vanishes for any bound vectors in X?. Note that in
general X* acts on X? by

(", x_])/> = t(ﬁo, x_])/>, where x* = [tﬁ)] € X" and x_])/ e X2

The following notation will be used throughout this paper.

n n

<Z a;x;, x_])/> = Z aix;, x_y)), a€R, x;eX ,nelN, x,ye X
i=1 i=1

For an Hadamard space (X, d), Chaipunya and Kumam in [7], defined the linear dual space of X by
X° = {Zaix::oq €R, ¥ €X', n elN}.
i=1

Therefore, X° = span X". Itis easy to see that X° is a normed space with the norm [[x°||, = L(x°) for all x° € X°.
Indeed:
Lemma 1.2. [14, Proposition 3.5] Let X be an Hadamard space with linear dual space X°. Then
- -
) |(x, ab) — (x°, cd)|
Wl == sup\ o T ac @)

:a,b,c,d € X,(a,c) # (b, d)},

is a norm on X°. In particular, ||[1fﬁ)]||(> = |t|d(a, b).

2. Flat Hadamard Spaces and ‘W-property

Let M be a relation from X to X°; i.e., M € X X X°. The domain and range of M are defined, respectively,
by

Dom(M) := {x € X : dx° € X° such that (x,x°) € M},
and
Range(M) := {x° € X®: dx € X such that (x,x°) € M}

Definition 2.1. Let X be an Hadamard space with linear dual space X°. We say that M C X x X° satisfies
“W-property if there exists p € X such that the following holds:

(x°, p((1 = D)1 ® Axz)) < (1= A)x, par) + A(x*, ), YA € [0,1], ¥ € Range(M), Va1, x2 € Dom(M).

Proposition 2.2. Let X be an Hadamard space with linear dual space X° and let M C X X X°. Then the following
statements are equivalent:

(i) M C X x X° satisfies the ‘W-property for some p € X.
(ii) M C X x X° satisfies the ‘W-property for any q € X.
(iii) Foranyq € X,

<x°,q(€B?=1/\ixi)> < Z /\,-<x°,q_x§>, forall x* € Range(M), {x;}!_; € Dom(M), {A;}L; € [0,1]. (Wa(q))
i=1
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(iv) Forsomep € X, (W, (p)) holds.

Proof.

(i) = (ii): Let g € X be any arbitrary element of X, A € [0,1], x* € Range(M), and x1, x, € Dom(M). Then

(x°,q((1 = M1 ® Ax2)) = (', 3p + p((1 = A)x1 © Axp) )
= (', 45) + (¥, p((1 = A)x1 @ Axz))
< (1= ), 3Py + (x°, px1y) + AR, gp) + (x°, px2))
= (1= ), 3p + px1) + Ax°, 3p + pxa)
= (1= AN, qar) + A, goa),

as required.

(ii) = (iii): We proceed by induction on n. By Definition 2.1 the claim is true for n = 2. Now assume that
(Wi-1(g)) is true. In view of equation (1),

n _ Al )\2 /\n—l
<x°/q(@i:1/\ixi)> = <X°,q((1 - An)(l TN T e® e

xn—l) @ Anxn)>

/\1 Az /\n—l
< (1 - 9
<( An)<x,q(1_Anx1®1_Anx2€B @1—/\,1

xn—l)) + A (x, m>

(1A Y T + A, T
i=1 "

=
Jay

AR, GX0) + AudX°, G20

DII1

1

= |l
—_

/\i<x0/ q_x>l>
i=1

(iii) = (iv): Clear.
(iv) = (i): Take n = 2in (W, (p)).
We are done. [

Remark 2.3. It should be noticed that Proposition 2.2 implies that W-property is independent of the choice of the
element p € X.

Definition 2.4. [11, Definition 3.1] An Hadamard space (X, d) is said to be flat if equality holds in the
CN-inequality, i.e., for each x, y € X and A € [0, 1], the following holds:

d(z,(1 - MDx @ Ay)? = (1 - A)d(z, x)* + Ad(z, y)* = A(1 = A)d(x, y)*, forall z € X.
Proposition 2.5. Let X be an Hadamard space. The following statements are equivalent:

(i) X is a flat Hadamard space.

7 TP 4 —
(i) (x((1 - A)x® Ay),ab) = A{xy,ab), forall a,b,x,y € Xandall A € [0,1].
(iii) X x X°¢ has ‘W-property.
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(iv) Any subset of X X X° has ‘W-property.
(v) Foreachp,z € X, the mapping ¢ is convex.

(vi) Foreachp,z € X, the mapping ¢y is affine, in the sense that:

P -NxeAy) = (1 - Dezx) + App(y), Yx,ye X, YA e[0,1].

Proof.
(i) © (i): [11, Theorem 3.2].

6351

(ii)= (iii): Letx,y € X, A € [0,1] and (x,x°) € X X X°. Then x* = Y7, ozi[ticzi—b;] € X°, and hence by using (ii)

we get:

n
_>_)

<x<>,p((1 -A)x® /\y» = Z oc,t,(ai i, PX + x((l -Ax® /\y)>

i=1

n _—

- 3 (T )+ (7, {0 0w 1)

n

— (1 _ /\)< Z ai[tiﬂi_b;]rﬁ> + A(

i=1
= (1= M), pR) + M, ).
Therefore X x X° has ‘W-property.
(iii) & (iv): Straightforward.

(iv) = (v): Letx,y € Xand A € [0,1], then

(1= Dep(x) + Apz(y) — ep(1 - x @ Ay) = Mez(y) — ¢p()) + @) — ez((1 - )x & Ay)

Therefore, @ is convex.
pZ

(v) = (vi): Itis easy.

—_—
= Mpz,x9) + (2, (1 — )x & Ay)x)
_—
= M2, by - p3) + (P2, p% — p(1 - Dx @ Ay))

= APz, py) + (1 = APz, px) — (P2, p((1 — A)x & Ay))
>0.
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(vi) = (ii): Letx,y,pe X, A €[0,1]and x* = Y1, ai[ti;ﬁ] € X be given. Then

(2, p(@-Hrey)) = (Y an,p(d - HreAy))
i=1

=

Y A0 e )

[uy

= |

=Y aiti( Pz (1 - Hx e Ay) - ¢ (p)

=(1 —/\)Zazfz<Pz_Z;/P—9)C>+/\ a1t1<pl_z>1'p_>>
i=1 i=1
= (=) Y el ) + A Y el )
i=1 i=1

= (1= A)x', pR) + A2, p);
ie., X x X°* has W-property.
(iii)= (ii): Fora,b,x,y € X and A € [0, 1], we have:
—_— —_—
Aab, T3y — Gab, x(1 = A)x & Ay)) = A({ab, 77 — pR)) — Cab, p(L - D)x ® Ay) — 2
- - e i — —
= A(¢ab, py) — (ab, X)) - (ab, p(1 = A)x & Ay)) + (ab, pX)
- - -
= (1 — A)ab, px) + Aab, py) — (ab, p((1 — L)x & Ay))
—_— s
= (1= A0, ) + A, py)) = (@, p((1 = Ax & Ay),
where x° = [ﬁ)] € X°. Since X x X® has ‘W-property, one can deduce that:
- — ——
Aab, xi) = (ab, x((1 — )x ® Ay)).
Hence, by interchanging the role of 2 and b in (5), we obtain:
- — -
(ab, x((1 = A)x & Ay)) = Adab, x1p).
Finally, (5) and (6) yield:
—_—
(ab, p(1 = M)x® Axy)) = A((ab, 51)).

We are done. [

6352

The next example shows that there exists a relation M C X X X° in the non-flat Hadamard spaces which

doesn’t have the W-property.
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Example 2.6. Consider the following equivalence relation on IN x [0, 1]:
(n,t) ~(m,s) & t=s=0or (nt)=(m,s).

Set X := wandletd:XxX—)]Rbedeﬁnedby

t—s| n=m,
t+s n+m.

d([(nr t)]r [(Tf’l, S)D = {

The geodesic joining x = [(n,t)] to y = [(m, s)] is defined as follows:

[(n,(1-ANt—-2As)] 0<A< L

Frs/

[m,(A-1t+As)] <A<,

t+s —

1-AxoAy ::{

whenever x # y and vacuously (1 — A)x @ Ax := x. It is known that (see [1, Example 4.7]) (X, d) is an R-tree space.
It follows from [3, Example 1.2.10], that any R-tree space is an Hadamard space. Let x = [(2,1)], y = [(1, 1)],
a=[3H,b=[2 Nland A = 1. Then ix& 1y =[(2, )] and

4 1 = 1 1 1,5=
S R
<x(§x®§y),ab>— G * 0 - 5<xy,ab>.

Now, Proposition 2.5(ii) implies that (X,d) is not a flat Hadamard space. For each n € N, set x, := [(n, 3)] and
Yu = [(n, 1)]. Now, we define

M := {(6, [ gn]) s € N} € X x X°.

Take p = [(1,1)] € X, [y5ya] € Range(M) and A = 1. Clearly, % := (1 - \)x; @ Axs = [(1, 1)] and ([M],ﬁ’z) =4,
while,

2 1 1
3TVl D) + (5l 73) = 5.

Therefore, M doesn’t have the ‘W-property.

3. Monotone Relations

Ahmadi Kakavandi and Amini [2] introduced the notion of monotone operators in Hadamard spaces.
In [10], Khatibzadeh and Ranjbar, investigated some properties of monotone operators and their resolvents
and also proximal point algorithm in Hadamard spaces. Chaipunya and Kumam [7] studied the general
proximal point method for finding a zero point of a maximal monotone set-valued vector field defined on
Hadamard spaces. They proved the relation between the maximality and Minty’s surjectivity condition.
Zamani Eskandani and Raeisi [14], by using products of finitely many resolvents of monotone operators,
proposed an iterative algorithm for finding a common zero of a finite family of monotone operators and
a common fixed point of an infinitely countable family of non-expansive mappings in Hadamard spaces.
In this section, we will characterize the notation of monotone relations in Hadamard spaces based on
characterization of monotone sets in Banach spaces [8, 12, 13].

Definition 3.1. Let X be an Hadamard space with linear dual space X°. The set M C X X X° is called
monotone if (x° — y°, ﬁ) > 0, for all (x, x°),(y, y°) in M.
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Example 3. 2 Let x,, y,, and M be the same as in Example 2.6. Let (u,u®),(v,v°) € M. There exists m,n € IN such
that 1 = Xy, u° = [Yuz1Ynl, © = X and 0° = [Ypr1ym]. Then

G =, = (a3 - o0, 3 = ([on-+ 1, ), S]] [om 1>][<né>1>

'2
~([[on+ 1, pl[om, >H[ e )
0, n=
Ll l n=m+1,
L lel p=men,
%+%, ng{m—-1,mm+1}

Therefore, (u® —v°, Z)_Z/)l> > 0 which shows that, M is a monotone relation.

In the sequel, we need the following notations. Let X be an Hadamard space and Y C X. Put

Cy = {r] 1Y — [0, +00[ | supp 1 is finite and Z n(x) = 1}

xeY

where suppn = {y € Y : n)(y) # 0}. Clearly, foreach® # A CY, ca = {n € ¢y : suppn C A}. Itis obvious that
ca is a convex subset of RY. Moreover, if @ # A C B, then ¢4 C ¢. Suppose u € Y be fixed. Define 0,, € ¢y by

1 x=u,
6“(x):{ 0 x+#u.

Let M € X X X°* and 1 € c4. Then suppn = {A4, ..., A,} where A; = r](x,v,x;?), foreach1 <i<n. Letp € Xbe
fixed. Define a : ¢xxxo — X (resp. f: cxxxo — X*and 0, : cxxxo — R) by

a(n) = ) A, (resp. pn) = Y Aixt and 0,() = Y Axt, ).
i=1 i=1 i=1
Proposition 3.3. Let X be an Hadamard space, M € X X X°* and p € X. Set

Oyt := [n € cur: B,(n) = (B, pal))- @)
Then ©p 1 = Oy for any g € X.

Proof. It is enough to show that ©®,y € ©,nm. Let n € O, be such that suppn = {Ay,...,A,} where
Ai = n(xi, x ) foreach 1 <i <n. Then

Og(m) = Y A, G0y = Y A, @)+ Y A, )
i=1 i=1 i=1

= () A, @) + 0,) = (B(), Y + 0,(1)
i=1

> (B(7), 77 + (B(1), ()
= (B(n), qa(n)).

Therefore, 1 € O, ie., Oy S Oyp. O
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According to Proposition 3.3, for each M C X X X°, the set ®), 5 is independent of the choice of the element
p € X and hence we denote the set ©,y; by Ox.

Theorem 3.4. Let X be an Hadamard space and M C X X X° satisfies the W-property. Then M is a monotone set if
and only if Op = cpm.

Proof. Let M be a monotone set. In view of (7), it is enough to show that cys € ®u. Let ) € ¢y be such that
suppn = {A1,..., Ay} where A; = n(x;, x;?), for each 1 < i < n. By using Proposition 2.2, we obtain:

GP(T]) - <ﬁ(77)/ m> = Zn‘ Ai<x:’r sz Z /\ XS rp 1A x1)>
i=1
- Z A, ey — Z Aj(x, p( B Ax))
Z/\(x pxl> ZZ)\A (x,pxl

j=1 i=1

= Z Z AJ\j(X?, ﬁ) - Z Z /\i/\j<x;/ ﬁb

=1 =1 =1 =1

=ZZM<x *, )

n n
= )\Jg-(x; X7, px;)
=1 i=1
1 n n
=5 NiA ;= 3, pX; = pa)

Aidj(xd x x]xl>>0

Then ¢y € Oy and hence ¢y = Oy For the converse, let (x, x°), (v, y°) € Mand setn := %6(mo) + %6(Mo) € Cp.
By using ‘W-property, we get:

1 1
1y yx) = i ¥, 0% — )

=Xy - =y )

4
_10_> 10_>_1 o_>_1<>_>
= 4<x,px>+4<y,py> 4<y,pX> 4<x,py>
_lo_) 10_7_10_)_10_)_1 o_)_lo_)
= 2<x,px>+ @' v 4<x,PJC> 4<x,py> 4<y,px> 4<y,py>

1 1, 1, 1 1
S0P+ (B~ (5% + 333 21)

—_

C 1, 1 T T\ 1, 11
= S+ 3T — 5 (¥ PG @ 29) — 2 (i p(5x e 51)
= p(1) = (B(n), pa(m)) = 0.

Therefore, M is monotone. [

N
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Corollary 3.5. Let X be a flat Hadamard space and M € X x X°. Then M is a monotone set if and only if Op = cur.

Proof. Since X is flat, Proposition 2.5 implies that M C X x X° satisfies the ‘W-property. Then the conclusion
follows immediately from Theorem 3.4. [J

A fundamental result concerning monotone operators is the extension theorem of Debrunner-Flor (for
a proof see [6, Theorem 4.3.1] or [15, Proposition 2.17]). In the sequel, we prove a type of this result for
monotone relations from an Hadamard space to its linear dual space. First, we recall some notions and
results.

Definition 3.6. [2, Definition 2.4] Let {x,} be a sequence in an Hadamard space X. The sequence {x,} is said
to be weakly convergent to x € X, denoted by x, = x, if limn_wo(x_x,Z, x_y>> =0, forally € X.

One can easily see that convergence in the metric implies weak convergence.

Lemma 3.7. [14, Proposition 3.6] Let {x,} be a bounded sequence in an Hadamard space (X, d) with linear dual

space X° and let {x},} be a sequence in X°. If {x,} is weakly convergent to x and x;, LN x°, then (xﬁ,,ﬂ) - (x°,x2),

forallz € X.

Theorem 3.8. Let X be an Hadamard space and M C X x X° be a monotone relation satisfies the ‘W-property. Let
C C X° be a compact and convex set, and ¢ : C — X be a continuous function. Then there exists z° € C such that
{(p(z°),z°)} U M is monotone.

Proof. Letx € X, u°,v° € X° be arbitrary and fixed element. Consider the function 7 : C — R defined by

_—
T(x°) = (x* = 0°, xp(u’)), x* € C.

Let {x}} € C be such that x, e, x°, for some x° € C. By Lemma 3.7,

x5 =0, xp°)) = (x° = 0%, xp(u’)).

Thus 7(x;,) — 7(x°). Hence 7 is continuous. For every (y, y°) € M, set

Uy, y°) ={u’ € C: w’ —y°, ypu®)) < 0}.

Continuity of T implies that U(y, ¥°) is an open subset of C. Suppose that the conclusion fails. Then for each
u® € Cthere exists (y, y°) € M such that u® € U(y, y°). This means that the family of open sets {U(y, ¥°)}y,y0)em
is an open cover of C. Using the compactness of C, we obtain that C = Ji_; U(y;, y¥?). In addition, [15,
Page 756] implies that there exists a partition of unity associated with this finite subcover. Hence, there are
continuous functions 1; : X* = R (1 <i < n) satisfying

(1) Y, ¢i(x*) =1, forall x° € C.
(ii) ¢i(x*) >0, forallx* e Candalli e {1,...,n}.
(iii) {x* € C:¢i(x*) >0} C U; := U(y;, y;) foralli € {1,...,n}.

Set K := co({y}, ..., yn}) € C and define

1:K— K
n
u - Z i)y
i=1

Let {u$,} € K be such that u;, — u°,

= Y vt - Y oy
i=1 i=1

Jias) = )

o
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(13 @it - ity
i=1

< Y i) - witwvi],
i=1

< Y [pit) - gl
i=1

By continuity of ¢; (1 < i < n), letting m — +oo, then ;(u;,) — 1;(1°) and this implies that «(u;,) — 1(u°)
and so ¢ is continuous. One can identify K with a finite-dimensional convex and compact set. By using
Brouwer fixed point theorem [15, Proposition 2.6], there exists w® € K such that (w’) = w*. Moreover, by
using Proposition 2.2 we get:

0 = (") — v, p(w)(@1(w)y,)
= { Y 0@y, — ), )@ )y;))

= (L@ =) p@0, @) - ( 1 vite)y; - ) o) e
< Zl () Z i@y, '), p7;) - <i i) =), o)

_ i Vi) Y v - @), 1) = ) i@ ), vy, - ), ppl)

_ Zjl 00 L i =77 - W)

_ Z]" 0@ ) i)y, —w), P@)y;)

= Zj] gj(@) Z i@y = o)

= Zj" 2 Y@y - 0, p@)y;)

_ Z ¢i(w°)l,b]~(w°)<yf —w, (P(wo)y])' (8)
ij

Set a;j = (y: — w*, p(w*)y;). It follows from monotonicity of M that

0 0 —0> 0 0 0
aii + ajj = aij = aji = (y; = W', )y + {y; = w', o)y

o o o Y 1) 3
—(y; — w0, @)y =y — w0’ (@")yi)

=Y — v p@)yi — p(@)y;)
=(y; = g 2 0;

ie.,

aii+ajj Zu,-]-+aﬁ. (9)
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Applying (8) and (9), we obtain:

0< Z Yi(w ) j(w’)aj

i,j

= Z i) (w)a;; + Z Pi(w)a;; + Z Yi(w)j(w’)a;;
i=1

i< i~

= Z Pi(w*)ai; + Z Vi)Y (W) aij + aji) (10)
p i<

< Z Pi(w®)a; + Z Vi)Y (@) aii + ajj). (11)
i=1 i<j

Set I(w®) := {i efl,...,n}:w° e lli}. Applying property (iii) of the partition of unity in (11) we get:

0< Z Pi(w®)?ai; + Z Yi(w )Y (w’) (@i + ajj). (12)
i€I@0) i<j
i jel(w?)

By using property (iii) of the partition of unity and the definition of U;, one deduce that all terms in the
right-hand side of (12) are nonpositive. So all of {;(w®)’s must be vanish, which contradicts with (i). O

Corollary 3.9. Let X be a flat Hadamard space and M C X x X° be a monotone set. Let C C X° be a compact and
convex set, and ¢ : C — X be a continuous function. Then there exists z° € C such that {(¢(z°),z°)} UM is monotone.

Proof. Since X is flat, it follows from Proposition 2.5 that M € X x X°® has ‘W-property. The inclusion follows
from Theorem 3.8. [
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