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Abstract. In this paper, we introduce and investigate the weighted pseudo Drazin inverse of elements
in associative rings and Banach algebras. Some equivalent conditions for the existence of the w-pseudo
Drazin inverse of a + b are given. Using the Pierce decomposition, the representations for the w-pseudo
Drazin inverse are given in Banach algebras.

1. Introduction

Throughout this paper, R denotes an associative ring with identity 1. An involution * : R — R is an
anti-isomorphism which satisfies

@) =a, (a+b) =a+b", (ab) =ba",

foralla, b € R. Let J(R) and U(R) be, respectively, the Jacobson radical and the group of units in R. Recall
that ([10, Lemma 4.1])

JR)={aeR : 1-ba(or1—ab)is left invertible for any b € R}. (1.1)
Let /J (R) denote the root of J(R), which is defined by
VIR ={aeR : d e J(R) for some k > 1}.

For any element a € R, let comm(a) and comm?(a) be the commutant and the double commutant (or bi-
commutant) of a, which are respectively defined by

comm(a) = {x € R : ax = xa},
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comm?(a) = {x e R : xy = yx for all y € comm(a)}.

An element a € R is quasinilpotent if, for every x € comm(a), 1 + xa € U(R) ([7]). Let R and R"! be the set
of all quasinilpotent elements and the set of all nilpotent elements of R respectively.

An element a € R is said to be Drazin invertible if there exists b € R such that
b € comm(a), bab = b and a*ba = d*, (1.2)

for some nonnegative integer k [6]. If such b exists then it is unique and will be denoted by b = a and
is called the Drazin inverse of a. If k = 1in (1.2) we say that a is group invertible. The set of all Drazin
invertible elements in R will be denoted by R.

The concept of the Drazin inverse was firstly generalized by Koliha for bounded linear operators on
Banach spaces and for elements in Banach algebras [8] and then by Koliha and Patricio [9] for elements in
aring. Many properties of such generalized inverses can be found in, for example, [2, 3,5, 15]. An element
a € R is said to be generalized Drazin invertible if there exists b € R such that

b € comm*(a), b = ab® and a — a*b € R, (1.3)

If such b exists it is unique and denoted by b = a9 and called the generalized Drazin inverse of a. The set of
all generalized Drazin invertible elements in R will be denoted by R7".

Following Wang and Chen [12], an element a € R is pseudo Drazin invertible if there exists b € R such that
b € comm*(a), b = ab® and a* — d*'b € J(R), for some k > 1. (1.4)

If such b exists it is unique and denoted by b = a*. The least positive integer k for which (1.4) hold is called
the pseudo Drazin index of a and denoted by i(a). The set of all pseudo Drazin invertible elements in R is
denoted by RP. Then R? C R C R and the inclusions may be strict. If A is a Banach algebra, then we
replace the double commutator for the commutator in (1.4).

An element 4 in R is pseudo Drazin invertible if and only if a is pseudopolar : a is pseudopolar if there
exists e € R such that

& = e € comm?(a), a + e € UR) and d*e € J(R) for some k > 1.

The idempotent e is unique and will be denoted a". In this case, a” = 1 —aa?, [12].

For w € R, let R, be the ring R equipped with the w-product
axb:=awbforalla,beR.

If w € U(R), then 1, = w! is the unit of the ring R,,. For any positive integer n we write a*" =a -+ xa (n
factors).

Let w € U(R). An element a € R is said to be weighted Drazin invertible or w-Drazin invertible if a is
Drazin invertible in R,. The w-Drazin inverse a®“ of a is defined as the Drazin inverse of a in the ring
Ryw. The concept of the weighted Drazin inverse was introduced by Cline and Greville [1] for rectangular
matrices. In [4], Daji¢ and Koliha defined and studied the weighted generalized Drazin inverse for bounded
linear operators on Banach spaces. In a recent paper [11], Mosi¢ and Djordjevi¢ investigated the weighted
generalized Drazin inverse for elements in a ring.

The main purpose of this paper is to introduce and to investigate the weighted pseudo Drazin inverse
of elements in a ring. In the second section we characterize the weighted pseudo Drazin inverse by means
of the weight. Section 3 is devoted to weighted pseudo Drazin invertible elements in a Banach algebra.
Using the Pierce decomposition, we give a necessary and sufficient condition for an element to be weighted
pseudo Drazin invertible.
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2. Weighted pseudo Drazin inverse in associative ring

Definition 2.1. Let w € U(R). An element a € R is said weighted pseudo Drazin invertible or w-pseudo Drazin
invertible if a is pseudo Drazin invertible in Ry,. The w-pseudo Drazin inverse aP* of a is defined as the pseudo
Drazin inverse of a in the ring Ry,. The index iy (a) is defined as the index of the pseudo Drazin inverse of a in Ry.
The set of all weighted pseudo Drazin invertible elements R is denoted by RP.

We notice here that the Jacobson radical of R;, equals to the Jacobson radical of R.
Theorem 2.2. Let w € U(R). For a € R the following assertions are equivalent:
i) a € J(Ru).
ii) aw € J(R).
iii) wa € J(R).

Proof. i) => ii): Assume thata € J(R,). Letb € Rand set c = bw™'. Thenby (1.1), 1, —axc=w'—-a*c
is left invertible in R,. Hence ,there exists some d € R, such that 1, = w™ = d % (w™' —a x ¢). Then
w™ = d — dwawc. Thus, 1 = dw(1 — awb) and so 1 — awb is left invertible for all b € R. Therefore, aw € J(R)
by (1.1).

if) = i): Suppose that aw € J(R). Let b € R, and set ¢ = bw. Then by (1.1), 1 — awc is left invertible.
Hence, there exists some d € R such that 1 = d(1 — awc). Thus, w™ = d(w™ —awcw™) = dw™ x (w™' —a x b).
Therefore, w™! — a * b is left invertible for all b € R, and so a € T (Ry,).

The equivalence i) < iii) goes similarly. [

In the following we give the relationship between the weighted pseudo Drazin inverse of an element
and its weight.

Theorem 2.3. Let w € U(R). For a € R, the following assertions are equivalent:
i) a is w-pseudo Drazin invertible with w-pseudo Drazin inverse a?™* = b € R.
ii) aw is pseudo Drazin invertible in R and (aw)" = bw.
iii) wa is pseudo Drazin invertible in R with (wa)P® = wb.

Moreover, the w-pseudo Drazin inverse ab* satisfies
@ = ((aw)P)a = a((wa)’?)?. (2.1)
Proof. i)= ii): Assume that a is w-pseudo Drazin invertible with w-pseudo Drazin inverse a’** = b. Then
b € comm2(a), b x a x b =band a** — a**! % b € JT(R,).

Step 1. We show that bw € comm?(aw):
Let y € R such that awy = yaw. Then, a x (yw™) = (yw™) x a. Hence, b x (yw™!) = (yw™') x b. Thus,
bwyw™ = yb and then bwy = ybw. Therefore, bw € comm?(aw).
Step 2. We have (bw)aw(bw) = bw :
Since b x a x b = b, bwawb = b and so (bw)aw(bw) = bw.
Step 3. (aw)* — (aw)*'bw € J(R): Indeed, since a** — a**! x b = (aw)¥'a — (aw)*'b € J(Ry), it follows
from Theorem 2.2 that ((aw)*'a — (aw)*'b)yw = (aw)* - (aw)*+'bw € J(R).
ii) = 1i): Suppose that aw is pseudo Drazin invertible with pseudo Drazin inverse (aw)" = ¢ € R. Then

¢ € comm?(aw), c(aw)c = ¢ and (aw)* — (aw)*'c € T(R).

Note that c?aw = bw. Then b = c?a. Next, we prove a"*® = b.
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Step 1. b € comm?(a):
Let y € Ry such that y x a = a x y. Then, ywa = awy and so (yw)aw = ywaw = awyw. Hence, yw € comm(aw)
and then ywc = cyw. Now b x y = bwy = cfawy = c*ywa = ywc?a = ywb = y x b. Then, b € comm? (a).
Step2. bxaxb="b:
we have b % a x b = bwawb = c?awawc
Step 3. a* —a**1 x b e JT(Ry):
Since (aw)f — (aw)*'c = (aw)k - (aw)**'aw = ((aw)'a - (aw)awc?a)w € J(R), by Theorem 2.2, (aw)*'a —
(aw)awc?a = a** — a**1 x b € T(Ry).

The equivalence i) < iii) goes similarly.

Now assume that a is w-pseudo Drazin invertible. Then, ((aw)"¥)%a = aP* from the proof of ii) = i). By
the same way, we get a((wa)"¥)? = aP®. O

2a = cawc?a = c*a = b.

Remark 2.4. From the proof of Theorem 2.3 we deduce that if a € R is w-pseudo Drazin invertible, then the pseudo
Drazin indices i,(a), i(aw) and i(wa) satisfy

max{i(aw), i(wa)} < iy,(a) < min{i(aw), i(wa)}.
Therefore, i,,(a) = i(aw) = i(wa).

In following theorem ii) and iii) were presented in a Banach algebra in [13]. Here we prove that it is still
true in an associative ring.

Theorem 2.5. Let a € R be pseudo Drazin invertible. Then the following are true:
i) a=a"ifand only if a® = a.
ii) (aP"? = a%a?,
iii) aP(aP?y? = aaP?.

Proof. i) Assume that a = a?. Then, a® = a(a"!)?> = a" = a. Conversely, if 4> = a, then for b = a we have
b € comm?(a), bab = a and a — a?b = 0 € J(R). Thus, a is pseudo Drazin inverse and a" = b = a.

ii) Since a”a2a? = a%aPaP?, aPaaPab = aP? and a?aPaP?a?aP? = a2a’?, we have (@")* = a%aP?. Which
implies that (a#)"? = a?a".

iii) From ii) we have a?(a")P4 = aP?a?ab? = aa". [

Corollary 2.6. Let a € R be pseudo Drazin invertible. Then (aP*)'* = a if and only if a is group invertible in R.

Proof. Since (a"!)P = a%ab, we have a = a%a"", therefore, it is easy to verify that a* is the group inverse of
a. O

Theorem 2.7. Let w € U(R). Assume that a € R is w-pseudo Drazin invertible. Then a?** is w- pseudo Drazin
invertible and the following are true:

i) aP" = aif and only if a = a*3 = awawa.
i) (aP7YP = qu(aw)a = awa(wa)?.
iii) aP¥ % (@PTOWIY = groaht® = (aw)Pa.
iv) ((apd,w)pd,w)pd,w = gPlw.
Proof. Since a is w-pseudo Drazin invertible, from Theorem 2.3, we have aw is pseudo Drazin invertible and
(aw)P? = aP**w. Then by Theorem 2.5, we have aP v = (aw)* is pseudo Drazin invertible. Therefore, abdw
is w-pseudo Drazin invertible by Theorem 2.3.

i) Since a is w-pseudo Drazin invertible and aPtv = g we have aw is pseudo Drazin invertible and
(aw)P = aw by Theorem 2.3. Then From Theorem 2.5 i), we obtain (aw)" = aw if and only if a = a*3 = awawa.
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ii) (upd,w)pd,w — ((apd,ww)pd)2apd,w — (((aw)pd)pd)Zapd,w — ((aw)2(aw)pd)2
((aw)P)?a = aw(aw)Pa. Similarly, we have (aP*©)P4% = gwa(wa).

iii) AP % (aP4 Y = (aw)aw(aw)Pa = (aw)Pa.

iv) From ii), Theorem 2.3 and Theorem 2.5 ii), we have ((a?@)Pdwydw = (aP?O)(aP® w)Plah?® =
(aw)P*((aw)P?)Piapd® = (aw)P? (aw)?(aw)* ((aw)P)?a = ((aw)P?)?a = a?*. 0O

Proposition 2.8. Let R be a ring with involution, w € U(R). Then a € R is w- pseudo Drazin invertible if and only
if a* is w*-pseudo Drazin invertible. In this case,

(a*)pd,w* = (apd'w)* and iy (Ll*) = iw(a)-

Proof. By [12, Proposition 1.5 and Theorem 3.2] aw is pseudo Drazin invertible if and only if (aw)* = w*a" is
pseudo Drazin invertible and i(aw) = i((aw)*). The result follows from Theorem 2.3. [

3. Weighted pseudo Drazin inverse in a Banach algebra

In this section, let A be a Banach algebra with unit. For an element w € U(A), let A, be the Banach
algebra equipped with the w-product a * b = awb for alla, b € A.

Lemma 3.1. [16] Let a € A. Then the following assertions are equivalent:
i) a is pseudo Drazin invertible.
ii) a" is pseudo Drazin invertible for any n € IN.
iii) a" is pseudo Drazin invertible for some n € IN.
Theorem 3.2. Let w € U(A), a € A. If aw = wa, then the following assertions are equivalent:
i) ais w-pseudo Drazin invertible.
ii) a" is w"-pseudo Drazin invertible for any n € IN.
iif) a" is w"-pseudo Drazin invertible for some n € IN.
In this case, (a")P¥*" = (aP?w)".

Proof. 1)==1i): Since a is w-pseudo Drazin invertible, aw is pseudo Drazin invertible by Theorem 2.3. It
follows from Lemma 3.1 that (aw)" = a"w" is pseudo Drazin invertible, thus, 4" is w"-pseudo Drazin
invertible for any n € IN.

ii)= iii): It is clear.

iii)=> i): By assumption (aw)" = a"w" is pseudo Drazin invertible for some n € IN. Thus, aw is pseudo
Drazin invertible by Lemma 3.1. Therefore, a is w-pseudo Drazin invertible.

In this case, (""" = ((@"w")"Ya" = ((aw)"y")*a" = ((aw)?)'a" = ((awy*Ya)" = @) O

Remark 3.3. Ifaw # wa, then the formula (a")P**" = (aP*®)" in Theorem 3.2 does not hold in general. For example,

let
(11 (11
=10 0) %=1 0)

in C22, then aw # wa, and we can calculate that

war=(§ 5 ) =3 4)
thus,
(a2)pd,w2 — % % (apd,w)Z — % %
0 0} 0o o)

therefore, (a2)P" # (P2,
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Theorem 3.4. Let w € U(A). Assume that a and b € A are w-pseudo Drazin invertible. If awb = bwa = 0, then
a + b is w-pseudo Drazin invertible and (a + b)P = aP?® + ppie,

Proof. By assumption aw and bw are pseudo Drazin invertible and awbw = bwaw = 0. Then, it follows
from [13, Theorem 2.5] that aw + bw is pseudo Drazin invertible and (aw + bw)" = (aw)? + (bw)*, thus,
(a + b)Pw = gr? 4 pPi% by Theorem 2.3. [

Corollary 3.5. Let w € U(A). Assume that ay, az, - a,€ A are w-pseudo Drazin invertible. If awa; = 0
(G,j=1,---,n,i#j), thenay +a, +--- + a, is w-pseudo Drazin invertible and

(@1 +a + oo a4 =
Lemma 3.6. [13] Let a, b € A be pseudo Drazin invertible, ab = Aba (A # 0). Then
i) ab = A"1bar.
ii) ab’ = A~1brg,
i) (@b = rapd = A1 gpipie,

Theorem 3.7. Let w € U(A). Assume that a and b € A are w-pseudo Drazin invertible. If awb = Abwa (A # 0),
then awb is w-pseudo Drazin invertible, and

i) aP*Pwb = A" bwatd .
i) awbP® = A~1pPypg,

iii) (awb)Pi = ppioggrte = \-1gplwgppde

Proof. i) By assumption aw and bw are pseudo Drazin invertible and awbw = Abwaw. Then, by Lemma 3.6,
(aw)"bw = A~ bw(aw)*, and thus, a?*@wh = A~ bwat®®.
The proof of ii) and iii) are similar to the proof of i). O

Let A = 1 in Theorem 3.7, we have following corollary.

Corollary 3.8. Let w € U(A). Assume that a and b € A are w-pseudo Drazin invertible. If awb = bwa, then awb
is w-pseudo Drazin invertible and
(awb)P = gPdogppPd

Proposition 3.9. Let w € U(A), aand b € A. If awb is w-pseudo Drazin invertible, then so is bwa and
(bwa)"* = bw((awb)’*“w)?a.
Proof. It follows from [12, Theorem 3.6] and Theorem 2.3. O

Proposition 3.10. Leta, b € Abew-pseudo Drazin invertible, w € U(A). Ifawawb = awbwa and bwbwa = bwawb,
then awb is w-pseudo Drazin invertible, and

(awb)P = gPdyppPde
Proof. It follows from [14, Theorem 2.8] and Theorem 2.3. O

Proposition 3.11. Leta, b € Abew-pseudo Drazin invertible, w € U(A). Ifawawb = awbwa and bwbwa = bwawb,
then a + b is w-pseudo Drazin invertible if and only if w™ + aP*“wb is w-pseudo Drazin invertible.

Proof. It follows from [14, Theorem 2.10] and Theorem 2.3. [



J. L. Chen et al. / Filomat 33:19 (2019), 6359-6367 6365

Lete, f € Abe idempotents. Then for any a € A, we have
a=1-a-1=(+1-ea(f+1—-f)=eaf +ea(l - f)+ (1 —-e)af + (1 —e)a(l- f).

we may write a as follows

_( ef  e-p
“«u—mfu—maﬁvw' G0

This matrix representation of a is called the Pierce decomposition of a. The usual algebraic operations a + b
and ab in A can be interpreted as simple operations between appropriate matrices over A.

Theorem 3.12. [16] Let a € A. Then a € A is pseudo Drazin invertible if and only if there exists an idempotent
e € A such that

Q= ai 0
- 0 ar ee
where a; € U(eAe) and a; € \/j (1 — )AL —e)). In this case, the pseudo Drazin inverse of a is given by
-1
pi _ 4 0
4 ( 0 0 )ee‘

Using the Pierce decomposition, we give a necessary and sufficient condition for an element in Banach
algebra to be weighted pseudo Drazin invertible.

Theorem 3.13. Let w € U(A). An element a € A is w-pseudo Drazin invertible if and only if there exist two
idempotents e and f such that

a1 0 w; 0
a= 0 a P W= 0 w ’
2 /o 2 Jfe

where aywy € U(eAe), wiar € U(FAS), aaws € VT (1 — e)A(1 — e)) and wa, € VI (@ - HAQA - f)).
In this case, the w-pseudo Drazin inverse of a satisfies

fwszwmﬁZO):(wmwwmo)
0 Of 0 Of‘

Proof. =) Assume that a is w-pseudo Drazin invertible. Then aw and wa are pseudo Drazin invertible
elements by Theorem 2.3. It follows from Theorem 3.12 that

_ [ (aw) 0 | (wa) 0
m‘(olwmlgm‘(olwmh/

where e = aw(aw)’, f = wa(wa)’ and (aw); € U(eAe), (wa)y € U(fAf), (aw), € VT(1—-e)A —e)),
(wa), € I (1= HIAI - f)).

We have
ea = (aw)(aw)a
= (aw)(aw)((aw)')*a
= (aw)(aw)a((wa)’)* by (2.1)
= a(wa)(wa)P?

af.
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Also,

we = w(aw)(aw)P?
w(aw)(aw)((aw)")?
w(aw)((aw)P?)?aw
w(aw)a((wa)*)?w by (2.1)
= (wa)(wa)w
= fw.
Then ea = af and we = fw imply thatea(l — f) = (1 —e)af = fw(l —e) = (1 — fwe = 0.
Now the Pierce decompositions of a and w are

| eaf 0 (m O
=l o a-ea-p o N0 a )

_ [ fwe 0 fw O
YTl0 - pHuwd-e) e L 0w )

Hence,

aw = a1wn 0 wa = w1aq 0
- 0 [75X0%) ce ’ - 0 Woan £f ’

and mywy = (aw); € U(eAe), wiar = (wa); € U(fAS), aywy = (aw); € \/j((l —e)A(l —e)), waay = (wa); €

VI (1 - A - £)).
Finally, by (2.1) the pseudo Drazin inverse of a is

and

e = a((wa)P)*
( m 0 ) ( (wia1)™" 0 )2
0 a of 0 0 if
_ ( a0 ) ( (wia)™)* 0 )
0 ap of 0 0 if

_ (a1((wla1)‘1)2 0) _
f

0 0

0 0
&) Assume that there exist two idempotents e and f such that

| m 0 | W 0
a= 0 ar P W= 0 wr !
ef fe

where aw1 € U(eAe), wiar € U(fAS), arwr € VT (1 — )AL — e)) and wrar € \[T((1 — HHA(L - f)). Then

qw = ( a1w 0 )
0 [25X7%)

-1y2
By the same way we get that a? = ( (@w)=) a0 ) .

and ayw; € (eAe)™L, mw, € \JT((1 — e)A(1 — e). Therefore, aw is pseudo Drazin invertible by Theorem 3.12
and so a is w-pseudo Drazin invertible by Theorem 2.3. O
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