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Abstract. A space X is said to have the star-C-7-Hurewicz (SCITH) property if for each sequence (U, :
n € IN) of open covers of X there is a sequence (K, : n € IN) of countably compact subsets of X such that
foreach x € X, {n € N : x ¢ St(K,,, U,)} € I, where I is a proper admissible ideal of N. We investigate
the relationships among the SCIH and related properties. We study the topological properties of the
SCIH property. This paper generalizes several results of [21, 24] to the larger class of spaces having the
SCIH property. The star-C-7-Hurewicz game is introduced. It is shown that, in a paracompact Hausdorff
space X, if TWO has a winning strategy in the SC/H game on X, then TWO has a winning strategy in the
J-Hurewicz game on X.

1. Introduction

Scheepers, Just, Miller and Szeptycki in [13, 19] initiated the systematic study of selection principles in
topology and their relations to game theory and Ramsey theory. Ko¢inac and Scheepers [16] studied the
Hurewicz property in detail and found its relations with function spaces, game theory and Ramsey theory.
Subsequently this topic became one of the most active area of set theoretic topology. The classical selection
principles were used to define and characterize various topological properties [1, 13-15, 19]. Di Maio and
Kocinac [9] introduced certain types of open covers and selection principles using the ideal of asymptotic
density zero sets in IN. Now a natural question arises whether this investigation can be extended to
arbitrary ideals instead of special type of ideal. Das, Chandra and Ko¢inac [2-5, 7] studied the open covers
and selection principle using arbitrary ideals of N. Further Das et al. [4, 6] defined the ideal analogues
of some variants of the Hurewicz property such as the 7-Hurewicz (£ H), the star-7-Hurewicz (57H) and
the strongly star-7-Hurewicz (SSTH), where 1 is a proper admissible ideal of IN. Following this study, the
authors [28] investigated the ideal analogue of the star-K-Hurewicz property called the star-K-7-Hurewicz
(SKZH) (also see [29]).

This paper extends the use of arbitrary ideals of IN to some covering properties. We defined ideal ana-
logues of the star-C-Hurewicz (SCH) called the star-C-7-Hurewicz (SCIH). The SCJH is the simultaneous
generalization of the SKI'H, the star-C-Hurewicz and the C-starcompact. We study the relationship among
the SCTH and related properties. The topological properties of the SCIH are discussed.
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This paper is organized as follows. Section 2 contains the necessary preliminaries. In Section 3, we
define the SCTH property and study its relationship with other related properties. For example, it is shown
that, in a paracompact Hausdorff space X, X has the 7TH property if and only if X has the SSTH property if
and only if X has the SKZH property if and only if X has the STH property if and only if X has the SCTH
property. In Section 4, we study the topological properties of the SCTH property. Several results are proved
in this section, for instance: (1) The SCTH property is not preserved under regular closed Gs-subsets, (2)
The SCTH property is inverse invariant under open perfect mappings. In Section 5 the star-C-7-Hurewicz
game is introduced and obtained some results related to game theory and open covers.

2. Preliminaries

Throughout the paper (X, 7) or X stands for a topological space.

Let A be a subset of X and P be a collection of subsets of X, then St(A,P) = J{U e P: UNA # 0}. We
usually write St(x, P) = St({x}, P).

A space X is said to have the star-K-Hurewicz [26] (in short, SKH) (resp., the star-C-Hurewicz [21] (in
short, SCH), the star-L-Hurewicz (in short, SLH)) property if for each sequence (U, : n € IN) of open covers
of X there is a sequence (K, : n € IN) of compact (resp., countably compact, Lindelof) subsets of X such that
for each x € X, x € St(K,,, U,,) for all but finitely many n.

A space X is said to be starcompact [10] if for every open cover U of X there exists a finite V C U such
that St(UV, U) = X.

A space X is said to be C-starcompact [23] (K-starcompact [22] if for every open cover U of X there
exists a countably compact (resp., compact) subset F of X such that St(F, U) = X.

Throughout the paper IN denotes the set of all positive integers.

A family 7 c 27 of subsets of a non-empty set Y is said to be an ideal in Y if (i) A,B € I implies
AUB € I (ii))A € 1,B C Aimplies B € 7. An ideal 7 is said to be admissible ideal or free ideal of Y if
ly} € T foreach y € Y. Anideal J is properin Yif Y ¢ 7,7 # {0}. If T is a proper ideal in Y, then the
family of sets #(I) = {M C Y : there exists A € 7 : M = Y \ A} is a filter in Y whereas the coideal of 7 is
It ={AcY:A¢ I} Throughout the paper I will stand proper admissible ideal of IN. We denote the
ideal of all finite subsets of IN by 7 ;.

A space X is said to have the 7-Hurewicz property [4, 6, 20] (in short, 7H) if for each sequence
(U, : n € IN) of open covers of X there is a sequence (V,, : n € IN) such that for each n € N, V,, is a finite
subset of U, and foreachx e X, {neN:x¢ | JV,} e 1.

A space X is said to have the star-7-Hurewicz property [6] (in short, STH) if for each sequence (U, : n €
IN) of open covers of X there is a sequence (V,, : n € IN) such that for each n € N, V,, is a finite subset of U,
and foreachx € X, {n e N : x ¢ St(UV,,U,)} € 1.

A space X is said to have the strongly star-7-Hurewicz property [6] (in short, SSTH) if for each sequence
(U, : n € IN) of open covers of X, there is a sequence (F, : n € IN) of finite subsets of X such that for each
xeX,{nelN:x¢SHF, U, e T.

A space X is said to have the star-K-7-Hurewicz property [28] (in short, SKZH) if for each sequence
(U, : n € IN) of open covers of X there is a sequence (K, : n € IN) of compact subsets of X such that for each
xeX, {nelN:x¢St(K, U, eI.

Throughout the paper it may be noted that a space is said to be *-space if it has *-property. For example,
a space is said to be star-C-Hurewicz if it has the star-C-Hurewicz property and so on.

An open cover U of X is said to be large [13, 19] if for each point there are infinitely many sets in U
containing that point. A countable open cover U = {U, : n € IN} of X is said to be an J-large cover [7] if
for each x € X the set {n € IN : x € U,} € ™. The collection of all J-large cover will be denoted by 7 — A.
An open cover U of X is said to be 7-groupable [4] if it can be expressed in the form U = |J, o Uy, where
U,’s are finite, pairwise disjoint and foreachx € X, {n e N : x ¢ U} € 1.

An open cover U of a X is said to be star-7-groupable [8] if it can be expressed in the form U = | J,,cny U,
where U,,’s are finite, pairwise disjoint and for each x € X, {n € N : x ¢ S{UU,,, U)} € 1.

Throughout the paper, the extent e(X) of a space X is the smallest cardinal number x such that the
cardinality of every discrete closed subset of X is not greater than k. Let w denote the first infinite cardinal,
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w1 the first uncountable cardinal, ¢ the cardinality of the set of all real numbers. For a cardinal «, let k* be the
smallest cardinal greater than x. For each pair of ordinals a,  with a < , we write [a, ) = {y :a <y < B},
(a@pl={y:a<y<pL(@p) ={y:a<y<pllapl={y:a<y<p}. Asusual acardinal is an initial
ordinal and an ordinal is the set of smaller ordinals. A cardinal is often viewed as a space with the usual
order topology. Other terms and symbols follow [11].

3. The Star-C-7-Hurewicz Property and Related Properties

Definition 3.1. A space X is said to have the star-C-7-Hurewicz (in short, SCITH) property if for each
sequence (U, : n € IN) of open covers of X there is a sequence (K;, : n € IN) of countably compact subsets of
X such that foreachx € X, {n e N : x ¢ St(K,,, U,)} € 1.

Theorem 3.2. ([6]) A paracompact Hausdorff space X has the STH property if and only if it has the TH property.

Theorem 3.3. Let X be a paracompact Hausdorff space. Then the following statements are equivalent:

1. X has the TH property;

X has the SSTH property;
X has the SKTH property;
X has the STH property;
X has the SCTH property.

O W N

Proof. The implications (1) = (2), (2) = (3), (3) = (4), (3) = (5) are obvious and (4) = (1) follows from
Theorem 3.2. It only remains to show (5) = (1). This proof is similar to the proof of [21, Theorem 2.11] and
we make only necessary modifications. Let X have the SCTH property. Consider a sequence (U, : n € IN)
of open covers of X. Since X is a paracompact space, for each n € IN, there exists a locally finite open
refinement V,, of U,. For each n € IN and for each x € X, there exists an open neighborhood V,, . of x such
that V,,, C Vforsome Ve V,and {VeV,:V,, NV £ ¢} is finite. Let
V5, ={Vpx :x € X}
Then V;, is an open refinement of V,,. Thus there exists a locally finite open refinement V}, of V;,. Applying
the SCTH property of X, there is a sequence (K, : n € IN) of countably compact subsets of X such that for
eachx € X, {n € N : x ¢ St(K,,, V;)} € I. Consequently,
{neN:xeSHK,, V) eF).
For each nn € IN, since K, is a countably compact subset of X, then there exists a finite subset F,, of K, such
that K,, € St(F,,V}/). For each n € IN, let
V' ={VeV,:VNE, # ¢}
Then V; is a finite subset of V}/, since F, is a finite and V}, is locally finite. For each n € N, let
U, ={V € V, : there exists some V' € V" such that V N V” # ¢}.
Then U, is finite, since V, is locally finite. For each V € U;, choose Uy € U, such that V C Uy. Let
W, ={Uy : Ve U}. Then for each n € N, ‘W, is a finite subset of U,. Now let x € St(K,, V') for some
n € N as every member of ¥ (I) is nonempty. Choose V" € V; such that x € V" and V" N K,, # ¢. For a
finite subset F,, of K,,, K, € St(F,, V}/), ¢ # V' NK,NF, C V" NF,, thus V" € V;’. On the other hand, since
V) is a open refinement of V), and V), is a open refinement of V,,. For V"’ € V)’ choose V' € V;, and for
V' e V;, choose V € V, such thatx € V/ C V' C V. Since V" € V" and V" NV # ¢, thus V € U,,. Choose
Uy € U, such that x € V C Uy c |J W, for some n. Therefore
{nelN:xeSHK,, V) c{inelN:xe W,
Hence X has the 7H property. [

4. Topological Properties of Star-C-7-Hurewicz Spaces

In this section, we study the topological properties of star-C-7-Hurewicz spaces.
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Recall that a family A c 2N is said to be almost disjoint (in short AD) if every element of A is infinite
and the set A N B is finite for all distinct elements A, B € A. For an AD family A, put ¢(A) = AU N and
topologize (A) as follows: the natural numbers are isolated and for each element A € A and each finite
set F C IN, {A} U (A \ F) is a basic open neighborhood of A. The spaces constructed in this manner are called
Isbell-Mréwka -spaces [18]. It is well known that ‘A is maximal almost disjoint (in short MAD) family if
and only if 1(A) is pseudocompact.

Let NN be the set of all functions from IN to itself. For all f,g € NN, f <* g means f(n) < g(n) for all
but finitely many 7 and (f < g means f(n) < g(n) for all n). A subset B of (N, <*) is bounded if there
is a g € NN such that f <* g for each f € B. The unbounding number, denoted by b, is the smallest
cardinality of an unbounded subset of (NN, <. The cardinality of a set is denoted by |A|. For an ideal
I of N, and ideal version of the unbounding number, denoted by b(Z) was introduced in [12] where
b(1) = min{|B| : B c (NN, <*) and for all g € NN thereis a f € Bsuch that {n € N : g(n) < f(n)} € I*}. Itis
not difficult to show that w; < b < b(Z) < cand itis known that w; <b(J) =¢,b<b(J)=cand b <b(Z) =¢
are all consistent with the axioms of ZFC (see [10, 12, 27]).

Lemma 4.1. ([6, Theorem 4.4]) The following statements are equivalent under the assumptions ~CH:

1. Y(A) has the SSTH property;
2. [Al <b(T).

The following lemma follows from [21, Lemma 2.4].

Lemma 4.2. Let D be an infinite discrete space and bD = D U {d*} be the one point Lindeldfication, where d* ¢ D.
Then bD X [0, w) has the SCITH property.

The following example is considered from [25, Example 2.2] with necessary modifications.

Example 4.3. Assuming w; < b(7), there exists a Tychonoff space with the SCTH property having regular
closed Gs-subspace which does not have the SCIH property.

Assuming w; < b(J), let
S1=ypA) =NUA
be the Isbell-Mréwka -space, where A is the AD family of infinite subsets of IN with |A| = w;. Then by
Lemma 4.1, S; has SCTH property, since a space with the SSTH property has the SCIH property. Now let
D ={d, : @ < w1} be a discrete space of cardinality w; and let
bD =D U {d'},
where d* ¢ D. Define topology on bD as follows: for each a < ws, {d,} is isolated and set U containing d* is
open if and only if bD \ U is countable. Then bD is Lindel6f and every countably compact subset of bD is
finite. Let
Sy = (bD x [0, w]) \ {{d", @)}
be the subspace of the product space bD X [0, w]. In Example 2.2 of [25], Song shows that S, is not the
star-C-Menger space. Hence it follows that S; is a Tychonoff space which does not have the SCTH property,
since a space having the SCJH property must be star-C-Menger. Let 7 : A — D X {w} be a bijection and let
X be the quotient image of the disjoint sum S; ® S, by identifying A of S; with 7(A) of S, for every A € A.
Let
(1) . 51 @ Sz - X
be the quotient map. Then ¢(S,) is a regular closed subspace of X. For each n € IN, let
F,={meIN:m<n}.
For each n € N, let
U, = p(HAYJ U (A\Fp) : A € A} U GOD X [0, w)).
Then U, is open in X and
3(52) = Nuens Un.
Thus ¢(S,) is a regular closed Gs-subspace of X. However ¢(S,) does not have the SCTH property, since it
is homeomorphic to S,.
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Finally we show that X has the SCIH property. Let (U, : n € IN) be a sequence of open covers of X. Since
¢(51) has the SCITH property, since ¢(S1) homeomorphic to S;. Thus there exists a sequence (K, : n € IN) of
countably compact subsets of ¢(S1) such that for each

x1 € P(S1), {n € N : x1 ¢ SH(K,,, Up)} € 1.
On the other hand, the set ¢(bD X [0, w)) is homeomorphic to (bD X [0, w). Then by Lemma 4.2, ¢(bD X [0, w))
has the SCTH property. Thus there exist a sequence (K;, : n € IN) of countably compact subsets of
¢(bD x [0, w)) such that for each
X2 € (D X [0, w)), {n € N : x5 ¢ SHK],, U,)} € 1.
For eachn € IN, let K, = K,; UK},. Then (K, : n € IN) is a sequence of countably compact subsets of X such
that for each x € X,
{neN:x¢St(K, Uy) €T.
Hence X has the SCTH property.

Now we give several results on the SCTH property.
Theorem 4.4. The SCTH property is preserved under open F;-subsets.

Proof. Let X be a space having the SCTH property and let Y = U{H, : n € IN} be an open F,;-subset of X,
where the H, is closed in X for each n € IN. Without loss of generality, we can assume that H, C Hy41
for each n € IN. To show that Y has SCTH property. Let (U, : n € IN) be a sequence of open covers of
Y. We have to find a sequence (K, : n € IN) of countably compact subsets of Y such that for each y € Y,
mnelN:y¢SHK,, Uy,)} € 1. Foreachn € N, letV, = U, U{X\H,}. Then (V, : n € IN)is a sequence of open
covers of X and by the SCTH property of X, there exists a sequence (K}, : n € IN) of countably compact subsets
of X such that foreach x € X, {n € N : x ¢ S(K],,V,)} € I. Consequently {n € N : x € St(K},, V,)} € F ().
For each n € IN, let K,, = K;, N'Y. Thus (K, : n € IN) is a sequence of countably compact subsets of Y. Let
yeXnY. If y € SK(K;,V,) for some n. By the construction of V, choose U € U, such that y € U and
UNK},NY # ¢, which implies U N K, # ¢. Therefore {n € N : x € SHK], V,,)} € {n € N : y € St(K,,, U,,)}.
This completes the proof. [J

Corollary 4.5. The SCIH property is preserved under clopen subsets.

A cozero-set in a space X is a set of form f~!(R \ {0}) for some real-valued continuous function f on X.
Since a cozero-set is an open F,-subset, the following corollary follows.

Corollary 4.6. The SCIH property is preserved under cozero-subsets.
Theorem 4.7. The SCIH property is preserved under continuous mappings.

Proof. Let f : X — Y be a continuous mapping and X be a space having the SCTH property. Suppose that
(U, : n € N) is a sequence of open covers of f(X) = Y. Foreachn € N, let V, = {f 1(U) : U € U,}. Then
(V, : n € N) is a sequence of open covers of X. Apply the SCTH property of X to (V, : n € IN) to obtain a
sequence (K, : n € IN) of countably compact subsets of X such that foreach x € X, {n € IN : x ¢ St(K,,, V,,)} €
I. Consequently {n € N : x € St(K,,, V,)} € F(I). For eachn € N, let K}, = f(K,). Then (K, : n € N) is
a sequence of countably compact subsets of Y. Let y € Y. Then there is a x € X such that f(x) = y. Let
x € St(Ky,, Vy) for some n. Thus y = f(x) € St(f(Ky,), {f(U) : U € V,,}) = St(K],, U,). Hence the result follows
from the fact that {n € N : x € SK(K,,, V,)} c {n e N: x € SKK],U,)}. O

Consider the Alexandorff duplicate A(X) = X X {0, 1} of a space X. The basic neighborhood of a point
(x,0) € X x {0} is of the form (U x {0}) U(U x {1} \ {x,1)}), where U is a neighborhood of x in X and each
points (x, 1) € X x {1} are isolated points.

Example 4.8. There exists a closed 2-to-1 continuous map f : A(X) — X such that X is a Tychonoff space
having the SCTH property, but A(X) does not have the SCIH property.
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Let X be the space considered by Song in [21, Example 2.3]. Then X is a Tychonoff space having
the SCH property and hence the SCZH. Now to show that A(X) does not have the SCIH property. Let
A = {{{da,),1) : @ < ¢}. Then A is an open and closed subset of A(X) with |A| = ¢, and each point
{{dq, ©),1) is isolated. Hence A(X) does not have the SCTH property, since by Corollary 4.5, the SCIH
property preserved under clopen subsets, but A does not have the SCITH property. Let f : A(X) — X be the
projection. Then f is a closed 2-to-1 continuous map.

The proof of the following theorem is quite similar to the proof of Theorem 4.9 in [21] and will be
omitted.

Theorem 4.9. The SCIH property is inverse invariant under open perfect mappings.

Example 4.10. In [24], Song and Yin gave Example 3.4 of spaces in which product of two countably compact
spaces is not the star-C-Menger, hence not the SCIH, since the SCIH property implies the star-C-Menger
property. They also gave Example 3.5, of spaces in which product of countably compact and Lindelof
spaces is not the star-C-Menger, hence not the SCTH.

By Theorem 4.9, the following corollary follows.
Corollary 4.11. Let X have the SCITH property and Y be a compact space. Then X X Y has the SCTH property.
The proof of the following theorem is an easy modification of the proof of Lemma 2.16 in [21].
Theorem 4.12. The SCIH property is closed under countable unions.
The following corollary follows from Corollary 4.11 and Theorem 4.12.
Corollary 4.13. If X has SCITH property and Y is o-compact, then X X Y has the SCTH property.
Theorem 4.14. If a space X has a countably compact dense subset, then X has SCIH property.

Proof. Let D be a countably compact dense subspace of X. Let (U, : n € IN) be a sequence of open covers
of X. For each n € N, let K,, = D. Hence the sequence (K, : n € IN) of countably compact dense subsets of
X. Thus for each x € X, {n € N : x ¢ St(K,,, U,,)} = ¢ € 1. Therefore X has the SCTH property. O

The following problem remains open. Does the space A(X) of a space X having the SCTH property with
e(X) < wy also have the SCTH property?

Theorem 4.15. If X is a T1-space and A(X) has the SCTH property, then e(X) < w;.

Proof. Suppose that e(X) > w;. Then there exists a discrete closed subset B of X such that |B| > w;. Hence
B x {1} is an open and closed subset of A(X) and every point of B X {1} is an isolated point. By Theorem 4.5,
A(X) does not have the SCIH property, since B X {1} does not have the SCIH property. O

The following diagram follows from the definitions and the above results.

Starcompact «—— S starcompact » SKI/H = SKH

l l |

C-starcompact 5 SC/H <=— SCH

A simple modification of Example 2.3 in [23] will demonstrate that the SCIH does not imply the
SKIH property. Also Example 2.3 in [24] will demonstrate that the SCIH property does not imply the
C-starcompactness. However, the authors could not find a space with property SCZH but not having the
SCH property. For the remaining counterexample see [21-24, 29].
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5. The Star-C-7-Hurewicz Game

Recall that the 7-Hurewicz game [7] on a topological space X is defined as follows. Players ONE and
TWO play an inning per positive integer 7. In the n-th inning ONE chooses an open cover O, of X and
TWO responds by choosing a finite set 7, ¢ O,. A play (01,71, ...,On, Tu,...) is won by TWO if for each
x€ Xtheset{ne N:x¢ UT,} €.

The star-I-Hurewicz game [8] on a topological space X is as follows. For each positive integer n, the
player ONE chooses an open cover O, of X and TWO responds by choosing a finite set 7, € O,. A play
(01,71, ..,0n, Ty, ...) is won by TWO if for each x € X the set {n € N : x ¢ St(UT,,O0,)} € 1.

Now we define the star-C-I-Hurewicz game (in short SCIH game) on a topological space X as follows.
For each positive integer 1, the player ONE chooses an open cover O,, of X and TWO responds by choosing
a countably compact subset K,, of X. A play (O1,Kq, ...,Op, Ky, ...) is won by TWO if for each x € X the set
{neN:x¢StK,, 0y} 1.

From the following example, it follows that either the class of the SCTH spaces will contain the class of
the STH spaces or these classes are independent of each other. Thus our results in this section for the SCIH
spaces are justified.

Example 5.1. There exists a Tychonoff SCIH space X which is not the STH.

Let D = {d, : @ < ¢} be a discrete space of cardinality ¢ and let
X =(BDx]0,¢)uU (D x{cd)
be the subspace of the product space D X [0, ¢]. By [21, Example 2.3], X is a SCH space, hence SCTH. Now
we show that X is not the STH space. For each a < ¢, let U, = {d,} X (a, ¢]. Then U, is open in X and
U, NU,, = ¢ for each a # a’. For each n € IN, let
U, ={U, :a < g U{BD X [0, 0)}.
Then U, is an open cover of X. It suffices to show that there exists x € X such that
fnelN:x¢St(UV,,U,)=N¢IT,
for any sequence (V, : n € IN) such that for each n € IN, V,, is a finite subset of U,,. Since for each each
n € N, V, is a finite, thus |J,,en Vr is countable, so there exists a’ < ¢ such that Uy € U,en Vi, that is
for each n € N, Uy N (UV,) = 0, since U, is the only element of U, containing the point (d,,c). Thus
(dy, ©) ¢ St(UV,, U,) foreachn € IN, thatis {n e N : (dy, ¢) ¢ SLUV,,, U,)} =IN ¢ 1.

Lemma 5.2. If X is a topological space such that TWO has a winning strategy in the SCIH game on X, then each
I-large cover of X is star-1-groupable.

Proof. Let U = (U, : n € N} be an 7-large cover of X. Consider the following strategy o of ONE in
the SCJH game on X. In the first inning ONE plays o(0) = U. Suppose TWO responds a countably
compact subset K; of X, then there is a finite set 71 C U. Then ONE plays o(K;) = U \ 77. Suppose TWO
responds a countably compact subset K, of X, then there is a finite set 7, ¢ U \ 71. Then ONE plays
0(K1,K2) = U\ (771 U T7) and so on. Note that ¢ is a winning strategy for TWO in SCJH game on X.
Consider a o play (0(0), K1, 0(K1), Kz, 0(K1, K3), K3, ...), in which TWO wins. Since the sequence (7 : n € IN)
are disjoint from each other and for each x € X the set {n € N : x ¢ St(K,,, U\ (T7 U T U..UT,1))} € 1.
Now {n € N:x e SH(K,,, U\ (T71UTrU..UT,q)} c{nelN:xeStK, U} c{nelN:xeStUT, U))
If any element of U is not present in the sequence (7, : n € IN), then after the construction of the play the
remaining sets of U can be distributed among 77,’s so that 7,’s remain pairwise disjoint finite subsets of U
and U = U, cn T»- Hence U is star-7-groupable. [

Theorem 5.3. For a paracompact Hausdorff space X, if TWO has a winning strategy in the SCTH game on X, then
TWO has a winning strategy in the I-Hurewicz game on X.

Proof. First, let ONE choose an open cover U; of X in the 7-Hurewicz game on X. Since X is paracompact,
U, has a locally finite open refinement V', that is for each x € X, there exists an open neighborhood V,, , of
x such that V;, , C V for some V € Vyand {V € V; : V,,, NV # 0} is finite. Then V] = {V,, : x € X} is an

open refinement of V; and V] has a locally finite open refinement V7.



S. Singh et al. / Filomat 33:19 (2019), 6385-6393 6392

Letin the firstinning of SC/H game, ONE chooses open cover V. Suppose TWO responds by choosing
a countably compact subset K; of X. Since Kj is countably compact subset of X, then there is a finite subset
of Fy of K; such that Ky C St(F1, V). Foreachn € N, let V" ={V € V! : VN F; # ¢}. Then V" is a finite
subset of V7', since F; is a finite and VY’ is locally finite. For each n € IN, let U] = {V € V; : there exists
some V' € V)" such that V NV’ # ¢}. Then U] is finite, since V; is locally finite. For each V € U] choose
Uy € Uy such that V C Uy. Let Wi = {Uy € U; : V € U]}. Suppose TWO responds by choosing W1 in the
J-Hurewicz game.

Next, in the 2nd inning of the 7-Hurewicz game, let ONE chooses an open cover U, of X. In the 2nd
inning of SCIH game, ONE chooses open cover V) (as V" constructed above) and TWO responds by
choosing a countably compact subset K, of X. Similarly construct W, = {Uy € U, : V € U3} as above.
Suppose TWO responds by choosing ‘W, in the 7-Hurewicz game.

In this way in the n-th inning, ONE choose an open cover U, of X. In the 2nd inning of the SCIH
game, ONE chooses open cover V}/ (as V7’ constructed above) and TWO responds by choosing a countably
compact subset K, of X. Construct similarly ‘W, = {Uy € U, : V € U} as in 1st inning and the game has
been played in this way.

Now for each n € IN, we have St(k,, V))) € UU), c UW,,.

As in the SCTH game (V7, Ky, VY, Ky, .., V}/,Ky...) TWO has a winning strategy so for each x € X, the
set {n € IN : x € St(K,,, V}))} € F(I). Therefore for each x € X, theset {n € N : x € UW,} € F(J) and so
TWO has a winning strategy in the 7-Hurewicz game on X. [J

Our next result gives certain conditions under which 7-groupabable open cover coincides with large
open covers. For this we need the following theorem from Das, Ko¢inac and Chandra [7].

Theorem 5.4. ([7]) If X is a topological space such that TWO has a winning strategy in the I-Hurewicz game on
X, then each I-large cover of X is I-groupable.

Combining Theorem 5.1, Theorem 5.2 and Theorem 5.3, we have the following.

Theorem 5.5. For a paracompact Hausdorff space X, if TWO has a winning strategy in the SCIH game on X, then
each I-large cover is star-I-groupable as well as 1-groupable open cover of X.

Corollary 5.6. For a paracompact Hausdorff space X, if TWO has a winning strategy in the SCTH game on X and
U is an open cover of X, then following statements are equivalent:

1. U is a large cover;
2. U is a I-large cover;
3. U is a I-groupable.
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