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Abstract. In this paper, the notion of (L, M)-fuzzy topological-convex spaces is introduced and some
of its characterizations are obtained. Then the notion of (L, M)-fuzzy convex enclosed relation spaces is
introduced and its one-to-one correspondence with (L, M)-fuzzy convex space is studied. Based on this,
the notion of (L, M)-fuzzy topological-convex enclosed relation spaces is introduced and its categorical
isomorphism to (L, M)-fuzzy topological-convex spaces is discussed.

1. Introduction

By convex sets, we traditionally refer to convex sets in Euclidean spaces, where the property ‘convexity”’
was originally inspired by some elementary geometric problems such as shapes of circles and character-
izations of polytopes. However, with the increasing fields that convexity involved and the expanding
scopes that convexity were applied, many complex convexity problems compelled people to engage in the
axiomatic research of convex sets. This leads to the theory of convex spaces, where an abstract convex
structure is a set-theoretic structure satisfying several axioms [22]. Its categorical properties has been stud-
ied recently [24]. Based on theories of topological spaces and convex spaces, topological-convex space has
been introduced and some of its characterizations have been studied [2].

Convex structure has been extended into fuzzy settings by many ways. Maruyama introduced L-convex
structure [7] whose characterizations and properties have been discussed [5, 6, 11, 12, 26, 29]. Actually, an
L-convex structure is a crisp family of L-fuzzy sets satisfying certain set of axioms that is similar to that
an abstract convex structure has. However, from a totally different point of view, Shi and Xiu introduced
M-fuzzifying convex structures [18]. Many subsequent studies have been done [23, 27, 28, 31-33]. Further,
Shi and Xiu introduced (L, M)-fuzzy convex structure which is a unified form of L-convex structure and
M-fuzzifying convex structure [19]. Based on this concept, many characterizations and related theories
have been discussed [11, 13, 20, 25, 30].

The aim of this paper is to introduce and characterize (L, M)-fuzzy topological-convex spaces. The
arrangement of this paper is as follows. In Section 2, we recall some basic concepts, denotations and
results. In Section 3, we define (L, M)-fuzzy topological-convex space and obtain some characterizations.
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In Section 4, we define (L, M)-fuzzy topological-convex enclosed relation space, by which we obtain a
characterization of (L, M)-fuzzy topological-convex spaces in a pointview of category aspect.

2. Preliminaries

In this paper, both L and M are completely distributive lattices, and M has an inverse involution ’. The
smallest element and the greatest element of L or M are respectively denoted by L and T.

An element a € M is a prime, if b A ¢ < a implies b < a or ¢ < a for all b,c € M. The set of all primes
in M\{T} is denoted by P(M). The set of all co-primes in M\{1}is J[(M) = {a € M : a’ € P(M)}. A binary
relation < on M is defined by: foralla,b € M, a < bif for all p € M, b < \/ ¢ implies some d € ¢ such
that a < d. Clearly, B(Vicrai) = Ui flai) for all {a;}icr € M, where (a) = {b : b < a} for all a € M. The
opposite relation <% of < is defined by: b <% aif a’ < V’. Clearly, a(/A;e; i) = Ui a(a;) for all {a;}ie; € M,
where a(a) = {b:a <% b} foralla € M. Also,a =\ B(a) =V (@) = Aa(@) = Aa*(a) for all a € M, where
B(a) = (a) N J(M) and a*(a) = a(a) N P(M). Forp,q € M, p < qiffa < pimpliesa < qforalla e ' (T)iffp £ a
implies g £ a for all a € P(M) [18, 30].

X, Y are nonempty. 2¥ is the power set of X and 2% is the set of all finite subsets of X. L* is the set
of all L-fuzzy sets on X, whose greatest (resp. smallest) element is T (resp. L). An L-fuzzy set with the

constant value A € L is denoted by A. A subset ¢ C LX is said to be up-directed, denoted by ¢ dérLX, if for
all A;, Aj € @ there is Ay € ¢ such that A;, A; < Ay. In this case, we denote \/ ¢ by \/d” @. For any x € X and
any A € L, the L-fuzzy set x, € LX is called an L-fuzzy point which is defined by x(x) = A and x(y) = L
for any y € X\{x}. In particular, x, is called a molecular in LXif A € J(L). The set of all moleculars in LX is
denoted by J(LX). For any A € L%, we denote f(A) = {xy € LX : A € B(A(x))} and B*(A) = B(A) N J(LX) [15].
Further, for any A € L%, we also denote F(A) = {F € LX : dop € 2}@;2‘4),1—" =V ¢} [30]. In particular, F(T) is
written by F(LX). It is proved that (1) B < A iff F(B) C §(A); (2) B(A) C ?,'(A)dglrLX and \V §(A) = A; (3)
F(Vidi A) = Uiar S(A) [30].

Denotations not mentioned here can be seen in [15, 16, 30]. Next, we recall some definitions and results
of (L, M)-fuzzy closure structures, (L, M)-fuzzy topologies and (L, M)-fuzzy convex structures.

Definition 2.1. ([1, 16]) A mapping 7 : LX — M is called an (L, M)-fuzzy closure structure and the pair
(X, 7) is called an (L, M)-fuzzy closure space, if
(LMTD) 7(L) = 7(T) = T;
(LMT2) 7 (A A) > \ T (Ay) for {AiliarC L*.
i€l iel
Theorem 2.2. ([16]) The (L, M)-fuzzy closure operator cly : LX — M/ (briefly, cl) of an (L, M)-fuzzy closure
space (X, T") is defined by:

VA € L¥,xy € J(ILY), cl(A)x) = [\ [T B

x £B>A

Then cl satisfies:
(LMCLO) cl(A)(xx) = A p<a cl(A)(xy);
(LMCL1) cl(L)(xy) = L;
(LMCL2) cl(A)(xp) = T whenever xy < A;
(LMCL3) cl(A) < cl(B) whenever A < B;
(LMCL4) cl(A)(x)) = A\ V cl(B)(yy)-
XA £B>A y,£B
Conversely, if cl : LX — M/ satisfies (LMCI1) ~(LMCI4), then T : LX — M, defined by:

VALY, TuA) = )\ [T,
X1 £A

is an (L, M)-fuzzy closure structure with clg-, = cl.
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If an operator ¢l satisfies (LMCL0)-(LMCL3), then (LMCL4) is equivalent to (LMCL4*) [15, 16].
(LMCL4*) cl(\/cl(A)a))1a1Scl(A)(q) for all aeM.

Definition 2.3. ([21]) An (L, M)-fuzzy closure structure 7 : LX — M is called an (L, M)-cotopology and the
pair (X, 7) is called an (L, M)-fuzzy cotopological space, if 7~ further satisfies
(LMT3) 7 (A V B) > T(A) AT (B) for A, B € LX.

Theorem 2.4. ([15]) If (X,7") is an (L, M)-fuzzy topological space, then cly : LX — M) (briefly, cl) satisfies
(LMCLO)—~(LMCLS5), where

(LMCL5) cl(A V B)(x) = cl(A)(x,) V cl(B)(xy).

Conversely, if cl : LX — M/ satisfies (LMCL1) —(LMCL5), then T is an (L, M)-fuzzy topology.

Let (X, Tx) and (Y, Tv) be (L, M)-fuzzy topological spaces. A mapping f : X — Y'is called an (L, M)-fuzzy
continuous mapping, if cly, (A)(xa) < clr, (f;7 (A)(f; (x2)) for A € LX and x; € J(L¥) [15, 21].

Definition 2.5. ([19]) An (L, M)-fuzzy closure structure C : LX — M is called an (L, M)-fuzzy convex

structure and the pair (X, C) is called an (L, M)-fuzzy convex space, if C further satisfies
dir

(LMC3) (V4" A}) = Aiey C(A;) for any up-directed set {A;}ic; € LX.
Theorem 2.6. ([30]) The (L, M)-fuzzy closure operator of an (L, M)-fuzzy convex space (X,C) is also called the
(L, M)-fuzzy hull operator which is denoted by coc or co. It satisfies (LMCLO)-(LMCL4) and
(LMDF) co(A)(xa) = AV co(F)(xu).
uep'(A) Feg(A)
Conversely, for an operator co satisfying (LMCL1)~(LMCL4) and (LMDF), C, : LX — M, defined by:

VA €LY, Co(d) = /\ o)),
x,\,{A

is an (L, M)-fuzzy convex structure with coc,, = co.

Let (X, Cx) and (Y, Cy) be (L, M)-fuzzy convex spaces. A mapping f : X — Y is called an (L, M)-fuzzy
convexity preserving (briefly, (L, M)-fuzzy CP) mapping, if coc, (A)(x1) < coc, (f;” (A)(f;”(xa)) for A € L*
and x; € J(L¥) [19].

Definition 2.7. ([19]) Let (X,C) be an (L, M)-fuzzy convex space. A mapping B : L*X — M is called an
(L, M)-fuzzy convex base of C, if

VAeLX, CA) = \/ /\B(Al-).

Vi A=A i€l

If Bis an (L, M)-fuzzy convex base of C, then C is denoted by Cg. Any (L, M)-fuzzy closure structure 7~
is an (L, M)-fuzzy convex base [30].

Definition 2.8. ([20]) A binary relation & : LX X LX — M is called an (L, M)-fuzzy topological enclosed
relation and the pair (X, &) is called an (L, M)-fuzzy topological enclosed ralation space, if

(LMTER1) &(L, L) =T;

(LMTER2) E(A, B) > L implies A < B;

(LMTER3) E(4, Aict Bi) = Aict E(A, B);

(LMTER4) E(A, B) < Veex E(A, C) A E(C, B);

(LMTER5) E(A V B,C) = E(A,C) A&E(B, C).

Let (X, Ex) and (Y, Ey) be (L, M)-fuzzy topological enclosed relation spaces. A mapping f : X — Y is
called an (L, M)-fuzzy topological enclosed relation preserving (briefly, (L, M)-fuzzy TERP) mapping if

Ey(f~(U), V) < &x(U, f (V)

forany U € LX and any V € LY.
In [20], it is proved that there is a one-to-one correspondence between (L, M)-fuzzy topological enclosed
relations and (L, M)-fuzzy cotopologies.
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3. (L, M)-Fuzzy Topological-Convex Spaces

In [22], a topological-convex space consists a cotopology and a convex structure compatible with each
other. Based on such space, many combining properties such as continuities of convex hull operators, uni-
formities of convex spaces and topological-convex separations can be studied intensively. Thus topological-
convex is a key link in combining Topological Theory and Convex Theory.

Recall that if X is a set equipped with a cotopology 7~ and a convex structure C, then the triple (X, 7", C)
is called a topological-convex space provided that 7 is compatible with C, that is, all polytopes are closed
(coc(F) € T for any F € 2}(1.") [22]. In this section, we extend this concept into (L, M)-fuzzy settings and

obtain some of its characterizations. Before this, we give a brief observation of topological-convex spaces.

Remark 3.1. Let X be a set equipped with a cotopology 7 and a convex structure C. Then 7 NC is a closure
structure whose closure operator is denoted by clync.
(1) A cotopology 7 is compatible with a convex structure C iff coc(F) = clync(F) for all F € 2}(1,”.

Indeed, the sufficiency is clear. For the necessity, if 7" is compatible with C, then coc(F) = cly(coc(F)) for
any F € 2])51.”. Thus coc(F) € 7 N C showing that

coc(F) C clync(F) C cly(coc(F)) = coc(F).

(2) In a convex space (X, C), a subset B C C is called a base if there is an up-directed subset 8; C B such
that A = | B for each A € C. In addition, a subset 8 C C is a convex base of C iff B contains all polytopes
[22]. Thus, 7 is compatible with C iff C has a closed base (i.e., C has a convex base 8 C 7 N C).

Based on Remark 3.1 and Definition 2.7, we present (L, M)-fuzzy topological-convex spaces as follows.

Definition 3.2. Let X be a set equipped with an (L, M)-fuzzy cotopology 7 and an (L, M)-fuzzy convex
structure C. The triple (X, 7, C) is called an (L, M)-fuzzy topological-convex space if 7~ is compatible with
C. That s, C has an (L, M)-fuzzy convex base 8 : LX > Msuchthat B< 7 AC.

Let (X, Tx,Cx) and (Y, Ty, Ty) be (L, M)-fuzzy topological-convex spaces. A mapping f : X — Y'is called
an (L, M)-fuzzy topology-convexity structure preserving (or, (L, M)-fuzzy TCP) mapping, if f : (X,7x) —
(Y, Tv) is an (L, M)-fuzzy continuous mapping and f : (X,Cx) — (Y,Cy) is an (L, M)-fuzzy CP mapping.

The category of (L, M)-fuzzy topological-convex spaces and (L, M)-fuzzy TCP mappings is denoted by
(L, M)-TCS.

Clearly, an (L, M)-fuzzy cotopology 7~ is compatible with an (L, M)-fuzzy convex structure C iff 7~ A C is
an (L, M)-fuzzy convex base of C. Next, we characterize (L, M)-fuzzy topological-convex spaces.

Theorem 3.3. If X is equipped with an (L, M)-fuzzy cotopology T and an (L, M)-fuzzy convex structure C, then the
following conditions are equivalent:

(1) T is compatible with C;

(2) Forany A € LX and any x, € J(LX),

coc@in= A \/ N (T ArC®BT;

<A GEF(A) x, £B>G

(3) For any F € F(LX) and any x, € J(LX),

cocBc) =\ (T ACKBY.

<A GeF(F) x,£B2G

Proof. (1) = (2). Let B< T A Cbe an (L, M)-fuzzy convex base of C. By (LMDF),

coc)x) =\ \/ A earsA\ \/ A\ [@Trodr.

u<A GeF(A) x, £B=G H=<A GeF(A) x,£B>G
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di .
Conversely, for G € F(A), B € L%, {Bi}ies £LX withx, £ B> A > G and \/f’é; B; = B, there is i € I such that
x, £ Bic 2 G. Thus, by (LMCLO0),

coc)x) = N N €@r

<A x,£B=A

- AV A A Viser

<A GEF(A) x, £B=A>G \/¥r g, _p i€l

> N BB
u=<A GEF(A) x, £B2A>G \jdir g _p

> A\ 8O)Y
<A GEF(A) x,£D>G

> AV A\ @ acor.

p<A GeF(A) x,2D>G

(2) = (3). Clear.
(3) = (1). Let A € LX. By (LMDF), we have

\ leoc(A)xn))

X £A

= AV )\ Iy

X\ 2A p<A FEF(A)

- AV AV o

XA £A p<A FEF(A) xy £B>F
< /\leoc,,o (D@D = Crac(A),
X\ ;(_A
On the other hand, by (LMC3), we have

Crict)= \/ AT rcB)< \/ /\cB)sca.

der —A i€l \/?é’[‘Ai:A i€l

iel

Thus C(A) = Cyac(A) showing that 7 A C is an (L, M)-fuzzy convex base of C. O

C(A)

Corollary 3.4. An (L, M)-fuzzy cotopology T is compatible with an (L, M)-fuzzy convex structure C on X iff for
any A € LX and any x, € (LX), one of the following conditions holds:

(D coc(A)xr) = NV clrac(G)(xy);
u<A Geg(A)

(2) coc(F)(xa) = AV clrac(G)(xp).
u<A Geg(F)

Remark 3.5. (1) An (L, 2)-fuzzy topological-convex space is reduced to be an L-topological-convex space
[6]. That is, C has an L-convex base 8 such that B C 7 N C, where a subset 8 C C is an L-convex base of
C, if there is an up-directed subset 8; C B such that A = \/ B; for any A € C. In addition, 7 is compatible
with C iff coc(F) = V gegr) clrac(G) for any F € F(LY).

(2) A (2, M)-fuzzy topological-convex space (X, 7, C) is called an M-fuzzifying topological-convex space
[23], where the M-fuzzifying cotopology 7 is compatible with the M-fuzzifying convex structure C. That
is, there is an M-fuzzifying convex base B : 2X — M of C such that 8 < 7 A C. Further, by Theorem 3.3 and
Corollary 3.4, (X, 7, C) is an M-fuzzifying topological-convex space iff for F € 2;(:';1 and x € X,

cocF)) = /\ [(T ACYB) = clyrc(F)(x).

x¢B>F
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(3) A (2,2)-fuzzy topological-convex space is a topological-convex space [22].

Theorem 3.6. Let (X, 7") be an (L, M)-fuzzy cotopological space, and let Cq : LX — M be the (L, M)-fuzzy convex
structure generated by T, that is,

VAeLX, Cr(A) = \/ /\T(Bi).

Vi Bi=A i€l
Then T is compatible with Cy-.

Proof. We have (X,Cr) is an (L, M)-fuzzy convex space [30]. To prove that the desired result, let A € LX and
x) € J(LX). Since Cy > T, we have coc, (A)(x)) < clg-(A)(xp).

dir
Let G € §(A) and p € B*(A). For all B € LX and {D;}ie; € LX with x; £ B > A and V/,; D; = B, there is
Dg € {Dj}ic; such that G < Dg. Thus

coc, )= N\ NV NV a0z NN drDo)) = drG)).

x,£B2A /4 p,—p i€l y,£D;i xu£B2A \/4 D, =B

Hence coc, (A)(xy) = V gega) clr(G)(x,) and

coc, W)z N\ dr@e)z N\ coe, (G)xy) = coe, (A)xn).

<A GEF(A) <A GEF(A)

From this result and 7~ < Cy, we conclude that

coc, ) = N\ /\ T ACHBYT.

<A GEF(A) x, £B>G

Therefore 7~ is compatible with Cy. [

By Theorem 3.6, many mathematical structures induce (L, M)-fuzzy topological-convex spaces. We list
some of them as follows.

Example 3.7. Let (X, d) be an (L, M)-fuzzy metric space [17], where the (L, M)-fuzzy pseudo-quasi-metric
d : J(LX) x J(LX) — [0, +c0)(M) satisfies: for x;, y,, zy € J(L¥),

(LMd1) d(xp, x2)(0+) = Vpsod(xa, x2)(f) = L;

(LMdZ) d(x/\/ ]/p) = d(]/[.l/ x/\)/'

(LMd3) d(xp, zy)(r +8) < d(xa, yu)(r) V d(yy, z))(s) for all r,s > 0.

Let cly : LX — M/ be defined by:

ca(A) ) = /\ \/ [6er, y)OT,

>0 y,<A

for any A € L* and any x, € J(LX). Then cl, is an (L, M)-fuzzy closure operator inducing an (L, M)-fuzzy
topology 74 [17]. Thus (X, 74, Cy) is an (L, M)-fuzzy topological-convex space, where C; is the (L, M)-fuzzy
convex structure generated by 7.

Example 3.8. Let H(LX) be the family of all mappings d : LX — LX satisfying:

(1) A <d(A) for A € L%;

(2) d(Vier Ai) = Ve d(A)) for {Ajhier € LX.

The biggest element d+ of H(LX) which is defined by: d+(L) = L and d+(A) = T for all A € LX\{}. For
alld,e € H(LX), we have d Ae,d o e € H(LX), where d Ae,d o e : LX — LX are defined by:

@Ae)A) = \/ dCx) Aetn)

x1E€B*(A)
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and (d o e)(A) = d(e(A)) for any A € LX.

The mapping FU : H(LX) — M is called an (L, M)-fuzzy quasi-uniformity and (X, #U) is called an
(L, M)-fuzzy quasi-uniform space and [34], if

(FQU1) ¥ U(d+) = T;

(FQU2) FU( A e) = FU) AN FU) for d,e € H(LX);

(FQU3) FU) =V vopcq F Ue) for d € H(LX).

Let T#4 : LX — M be defined by:

vAeLlX, Tru)= /\ \/ FU@,
XA£ A x) £d(A7)

Then 7#4; is an (L, M)-fuzzy topology [34]. So (X, T+, CFas) is an (L, M)-fuzzy topological convex space,
where C#q is the (L, M)-fuzzy convex structure generated by 7.

Example 3.9. A mapping ¥ : LX — Mis called an (L, M)-fuzzy filer on X and (X, ¥) is called an (L, M)-fuzzy
filter space, if

(LMF1)F(L)=Land F(T)=T;

(LMF2) F(A A B) = F(A) A F(B) for A,B € LX.

The family of all (L, M)-fuzzy filters on X is denoted by F10(X). For 7, G € F1m, the order F < G implies
F(A) < G(A) forall A € LX.

For each x, € J(L¥), define §(x;) : LX — M by:

T, X144,

X A _
YA €eL®, q(a)A)= { 1, otherwise,

where x,§A means x; £ A’. Then 4(x,) is an (L, M)-fuzzy filter.

A mapping ¢ : Fru(X) - M/ Y is called an (L, M)-fuzzy convergence structure and the pair (X, c) is
called an (L, M)-fuzzy convergence space, if

(LFC1) c(§(xp))(xa) = T for all x, € J(LX);

(LFC2) ¥ < G implies that ¢(F) < c(G) for all ¥, G € Frm(X).

Let 7. : LX — M be defined by: for any A € LX,

7=\ N\ [F)x) - FAL
0GA FeF1m(X)
Then 7 is an (L, M)-fuzzy topology [8]. Thus (X, 7, C.) is an (L, M)-fuzzy topological-convex space, where
C. is the (L, M)-fuzzy convex structure generated by 7.

Remark 3.10. (1) In (2) of Remark 3.5, we know that if X is a set equipped with an M-fuzzifying cotopology
7 and an M-fuzzifying convex structure C, then the triple (X, 7", C) is an M-fuzzifying topological-convex
space iff

coc(F)(x) = /\ (T ACYB) = clrac(F)(x)
x¢B2F

X

fin

However, for an (L, M)-fuzzy cotopology 7 and an (L, M)-fuzzy convex structure C, the condition that

cocF)x)) = [\ [T AC)BY

x)£B>F

for any F € 2¢. and any x € X.

is just a sufficiency for the compatibility of 7~ and C. For example, let X = {x} and L = M = [0, 1]. Define a
mapping 7 : LX — M by:

[ 1, refoyuli, g,
T(x’)‘{ 0, re(o, %2).
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Then 7 is an (L, M)-fuzzy topology and (X, 7, Cy) is an (L, M)-fuzzy topological-convex space by Theorem
3.6. But it fails to satisfy the described condition.
In fact, x 1€ (LX) and X € J(LX). In addition, we have

oo e = N\ N \VIToars \ mer =

X2 £B>x dir oy _p i€l 1
3 #B2x1 /i D;=B 0<r<}

and cly(x1)(x2) = Ay, gpsr, (T AC)B)] = 1.

(2) By Theorem 3?6, an (L, M)-fuzzy cotopology induces an (L, M)-fuzzy topological-convex space. In
fact, in an (L, M)-fuzzy topological-convex space (X, 7, C), C needs not to be generated by 7, thatis, C # Cr.
For example, let X = {x, y} and L = M = [0, 1]. Define two mappings 7,C : LX — M by

_ 1/ AE{Q/l/xl/yl}/ _ 1/ Ae{Qerl,yl,%},
cA) = { 0, otherwise; and 7(4) = 0, otherwise,

Then (X, 7, C) is an (L, M)-fuzzy topological-convex space with C # Cy.
(3) For an (L, M)-fuzzy cotopology 7 on X, Cy is an (L, M)-fuzzy Alexander topology. To prove this, it
is sufficient to prove that

Y{A}ier € L%, C‘T(\/ Ai) 2 /\ Cr(Ap).
i€l iel
dir
Let a < A Cr(Ai). Then for each i € I, there is ¢; = {D;j}je, C LX such that \/]E]i Dij = A; and
a < Nijej, T (Dij). Let ¢ = U piand ¢ = {1 ¢ € Zﬁn}, where Li¢ stands for \/ ¢ when ¢ is finite. Then ¢ is
up-directed satisfying \/;e; Ai = VV @ and 7 (U¢p) > a for each ¢ € Zﬁn. Thus C7 (Vi Ai) = Aipep T (LQ) 2 a.

50 Nie1 Cr(Ai) < Cr (Vi Ai).-

Hence Cy is an (L, M)-fuzzy Alexander topology.

(4) In an (L, M)-fuzzy topological-convex space (X, 7, C), C needs not to be an (L, M)-fuzzy Alexander
topology. The example in (2) is of this type.

To obtain more characterizations of (L, M)-fuzzy topological-convex spaces, we construct a new (L, M)-
fuzzy topology by an (L, M)-fuzzy cotopology and an (L, M)-fuzzy convex structure as follows.

Lemma 3.11. Let X be a set equipped with an (L, M)-fuzzy cotopology T~ and an (L, M)-fuzzy convex structure C.
Define Ty, : LX — M by:

vaelX, T, = \/ AT ArC"B),

Nier Bi=A i€l
where I stands for finite joins and (T~ A C)* : LX — M is defined by:
vBel*, (T ACHB) = \/ (T AO(D).
UietD;=B i€l
Then T, is an (L, M)-fuzzy cotopology satisfying T, < T . In addition, T, is the least (L, M)-fuzzy cotopology
containing T A C.

Proof. We prove that 7, satisfies (LMT1)-(LMT3).

(LMT1). It is clear since 75, = (T AC)" =T AC.

(LMT2). Let {A;}ie; € LX and a < A, Tw(A;). Thena < 7,,(A;) for each i € I. Thus, for each i € I, there is
a family {Dij}jeji C LX such that /\jE]i D,']' = A; and /\jE]i(T A C)U(Dj]') > a. Note that Aic; Ai = Ajer /\je]‘ Di]'.
We have

To(\A) = N\ \TACHDyza

i€l i€l jejJ;
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Hence /\ieI TW(AI) < Tw(/\ie[ Ai)-
(LMT3). Let A, B € LX. We firstly prove that

(T AC)Y(AVB) = (T AC)"(A) AT AC)-(B).

Leta < (T AC)“(A) A (T A C)(B). Then there are finite subsets {Di}ic, {D}jej € L* such that L D; = A,
UjetDi = Band (T AC)(Dj) A (T AC)(Dj) 2 aforanyi€landany j € J. Since L{Dy : k€ IUJ} = AV B, we
have

TACAVE = \/ AT AOB)= \ (T ACDY > a

Ukek Bk=AVB keK kelu]

So (T AC)Y(A V B) > (T- A C)Y(A) A (T A C)“(B).

To prove that 7,(A V B) > T4(A) A Tw(B), let a < T,(A) A T(B). Then there are {D;}ic;, {D}}je] € LX such
that \ie; Di = A, N\jeDj = B, Niet(T AC)7(Dj) 2 aand A (T AC)Y(Dj) > a. Let D = D; v Dj foralli €
and j € J. Wehave AV B = \ig je Di V Dj = Aie jey Dij- Thus

ToAvB= \/ AT A0 H)2 N\ (T ACHDy) 2a.

Aex Hi=AVB keK iel jeJ

Hence 7,(A V B) > T,(A) A T (B).
Therefore 7, is an (L, M)-fuzzy cotopology.
Let A € LX. By (LMT3) and (LMT2), we have

.=\ N\ \/ ATroey< \/ A\7B)=7@A.

Nier Bi=A i€l u]e] Bij=B; jeji Nier Bi=A i€l

Thus 7, < 7. Finally, if Dis an (L, M)-fuzzy cotopology on X containing 7-AC, then D(UierB;) = Ao D(Bi) >
Niet(T~ A C)(B)) for any finite subset {B;}ic; C LX. Hence D > (7~ A C)- showing that D > 7,. Therefore 7,
is the least (L, M)-fuzzy cotopology containing 7 AC. [

Theorem 3.12. Let X be equipped with an (L, M)-fuzzy cotopology T~ and an (L, M)-fuzzy convex structure C. For
F € F(LX) and a € M, we denote Dp = \/ Y(F, a), where

Fr(LX) = {H € FLY) : F € F(H))
and

PEa) = () coc(H)a.

HeFrp(LX)

Then the following conditions are equivalent:
(1) T is compatible with C;
(2) T is compatible with C;
(3) clg,(Dr)ia) € Y(E a);
(4) clr(Dp)a) € Y(Fa).
(5) coc(F)xr) = AV A\ V [y V coc)(D)(yy);

<A GeF(F) x, £D=G y D

(6)coc(F)xp)= AV AV g, vV cocl(D)yy);

u=<A GEF(F) x,£D>G y,£D
(7) clgnc(DE)ia € Y(F a);
(8) coc(F)xa) = A\ V [V (clr(A)(xa) A A coc(G)(yp))l.

<A GEF(F) AeLX Yu<A
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Proof. (1) = (2). By Lemma 3.11 and Theorem 3.3, we have

e < [\ \/ /\ (TwrO®).

<A GeF(F) x,£B>G

Conversely, leta € g*(T) with a £ coc(F)(x;). There is b € §*(a) such that b £ coc(F)(x,). Thus

btcoc®E) =\ \/ N\ ldrveocl®B)y).

<A GeF(F) x, £B>G y, £B

Thus there is y < A such that for all G € §(F), there is x, £ B > G such that

(T AC)(Bo)] = \/ [clyV cocl(Bg)(yy) # b.
Yn¥Be

6444

Hence yTI ¢ CZT(BG)[b] U COC(BG)[b] for all yTl f_ BG. Take E = \/ COC(BG)[b]. Then E = \/ CZT(BG)[;J] = BG ,?f xy. In

addition, by 7, < 7, we have

N [(TonO® < N\ [(TwACBT < [T AC)BA)-

Xy £B2G Xy £B>E

Thus b £ /\x“ngc[Tw(B) A C(B)]’. From this result and b € p*(a), we conclude that

az \\ N\ [Tur0®)T.

p<A GeF(F) x, £B=2G

By arbitrariness of a € M, we have

A \/ N\ (T AOB)Y < coc(F)(x):

<A Ge(F) x,2B>G

Therefore 7+, is compatible with C.

(2) = (3). If x) ¢ ¥(F a), then there is H € Fr(LX) such that x, ¢ coc(H)[,. Since F € F(H), there is

R € §(H) such that F € F(R). Thus

coc(H)(xx)

AV drac@)x

[i<A GEF(H)

\/ drac@G)x)

GeF(H)

=\ A Vidn vec®)y,)

GeF(H) x)£B=>G y,£B

\/ [cl7,, V cocl(B)(yn)-

xA£B=R y, £B

a

A

v

v

Hence there is B € LX such that x; £ B > R and

a2 \/lelr, v coclB)(yy) = [(Tw A C)B)Y -

Yy £B

So y, ¢ cly,(B)a) U coc(B)yq) for any y, £ B. So

\/COC(B)[u] = \/CZ‘TZU(B)[a] =B and Df< \/ coc(R)jq < \/COC(B)[H] = B.
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This implies that x; £ B > Dr and
dr, 0= [\ N\ VT ACTHH) < 1T AC)B)T.
X\ £W=>Dp Niet H=W iel

Sox, ¢ Cl‘Tw(DF)[a] and Cl‘Tw(DF)[a] - I[J(F, a).
(3) = (4). We have cly, > cly by T4 < 7. So clg(Dr)ja) € clr, (Dr)ia) € Y(F a).
(4) = (5). By (LMDF) and (LMCO4), we have

cocHe) =N\ N\ Veocdwp< N\ NV ldrveoclD)wy).
<A GeF(F) x,£D>G y, £D <A GeF(F) x,£D>G y, £D
Conversely, suppose that
cocBx) 2 \ N N\ e v eoclD)yy).
<A GeF(F) x,£D>G y,£D

So there is a € f°(T) such thata £ coc(F)(x)) and

a< A\ N\ VI veoclD)ys).

p=<A GEF(F) x,£D>G y, £D
Since x, ¢ coc(F)ja, there is ug < A with x,, ¢ coc(F)jq and x,, £V coc(F)jq) by (LMCLO). Since

a< AV NVl veodD)yy),

<A GeF(F) x, £D>G y, £D
there is Gy € &(F) such that

a< /\ \/ [clg V cocl(D)(yy)-

Xy £D2Go yy £D

Since x,, £ V coc(F)g 2 Dg, 2 Go, we have a < \/ngGO [cly Vv cocl(Dg,)(yy). So there is y, £ Dg,
with a < [clr V coc](Dg,)(v,). Hence a < cly(Dgy)(y,) or a < coc(Dg,)(yy). If a < cly(Dg,)(y,), then
Yy € cly(Dgy)ia) € Y(Gyy, a). If a < coc(Dg,)(yy), then

ypecocDe)a s [ cocl\/ cocHam S (] ool = ¥(Go,a).
HeF, (LX) Heg, (LX)
They imply y, < Dg, which is a contradiction. Thus
coc®e = N\ \/ /e v coclD)yy).
p<A GEF(F) x,£D>G y, 2D
(5) = (1). We have

cocBc) =N\ \/ N\ Vidrvecd®wp= A\ /\ 7O rcON.

<A GeF(F) x,£D2G y, £D u<A GeF(F) x)£D>F

Therefore (X, 7, C) is an (L, M)-fuzzy topological-convex space.

(3) © (6). Similar to (4) & (5).

(1) = (7). Let x) ¢ ¢(F,a). Similar to (2) = (3), we can find some B € L such that x, £ B > Dy,
a £ (T ACYB)Y, V cocB)a = Vel (B) = B and

Dr < \/ coc(Ryq < \/ coc(B)a = B.

Thus clyac(D)(x2) < [(T AC)(B)] # a. Hence x, ¢ clyac(D)ja). Therefore clyac(Dr)a) € ¢(F, a).
(7) = (3). Let F € F(LX). Since T A C < T+, we have clr, < clyac. Thus

cly., (DF)ia) € clynac(Dr)ia € Y(F, a).
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Therefore (3) holds.
(4) = (8). By (LMDEF), (LMCL2) and (LMCLO0),

cocB)c) < N\ TV er@) A /\ cocG)yyl

u<A GeF(F) AeLX Yp<A

Conversely, suppose that

coc®)c) 2 N\ TV dr@) A /\ cocGyyl

<A GEF(F) AeLX yn<A

So there is a € f°(T) such thata £ coc(F)(x;) and

a</\ \/ \/CZT(A)(XH /\COC(G)(F/W)I

u<A GeF(F) AeLX <A

By a £ coc(F)(xy), there is y < A such that a £ coc(F)(x,). Further, there is G, € &(F) such that

a< v cl(A)(x)) A A co(G,)(yy)-

AeLX Yn<A

Thus there is A € L such that a < cl(A)(x)) A Ay, < c0c(G,)(yy)- So

A= \/ Yn < \/ COC(Gy)[u] < \/ P(Gy,a) = DGV'

Yp<A
Hence we obtain from (4) that
cly (A € clr(Dg, e € Y(Gy, a) € coc(F)ja-

So x, € cly(A)) € coc(F)pa) which contradicts a £ co(F)(x,). So we conclude that

o)) = [\ \/ 1\ cdr)w) n )\ cocG)yyl-

u<A GeF(F) AeLX yn<A

(8) = (4). If x) ¢ Y(F a), then there is H € Fr(LX) such that x, ¢ coc(H)js. Since F € F(H), there is
R € §(H) such that F € §(R). Thus

a £ coc(H)x)
= A\ V [\Ver@e) A NcocG)yy)]
u<A Geg(H) AeLX Yp<A
> dr(DRx) A\ coc(R)y).
Yy<Dr

This shows that a £ cI(Dg)(x)) A /\%7 <p; ©0(R)(yy). Further, /\y,,<Dp coc(R)(y,) = a by Y(F,a) C co(R),. Thus
a £ cly(Dr)(x,). Hence x, ¢ cly(Dr)a). Therefore cly-(Dr)q € Y(FEa). O
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4. (L, M)-Fuzzy Topological-Convex Enclosed Relation Spaces

In this section, we define (L, M)-fuzzy topological-convex enclosed relation spaces, by which we char-
acterize (L, M)-fuzzy topological-convex spaces. Before this, we introduce the notion of (L, M)-fuzzy topo-
logical enclosed relation spaces as follows.

Definition 4.1. A binary relation R : LX x LX — M is called an (L, M)-fuzzy convex enclosed relation and
the pair (X, R) is called an (L, M)-fuzzy convex enclosed relation space, if R satisfies
(LMCER1) R(L, L) =T;
LMCER2) R(A, B) > 1 implies A < B;
LMCER3) R(A, Ajer Bi) = Nier R(A, Bi);
LMCER4) R(A, B)<V cerxXR(A, C) A R(C, B);
LMCERS) R(V/Z] Ai, B) = it R(Ai, B).

Py

Let (X, Rx) and (Y, Ry) be (L, M)-fuzzy convex enclosed relation spaces. A mapping f : X — Y is called
an (L, M)-fuzzy convex enclosed relation preserving (or, (L, M)-fuzzy CERP) mapping, if

Ry(f~(U), V) < Rx(U, f7(V))
forany U € LX and any V € LY.
Example 4.2. (1) Let X = {x} and L = M = [0, 1]. Define R; : L* x LX - M by
s =0,
s <t
otherwise.

IA 1
N|—= ™~

1,
Rl(xsrxt) = %/
0,

Then (X, R,) is an (L, M)-fuzzy convex enclosed relation space.
(2) Let X = {x,y} and L = M = [0, 1]. Define R, : LX x LX — M by

1, A=B=0,
Ry(A,B)={ 3, z2€X,A<z <B,
0, otherwise.

Then (X, Ry) is an (L, M)-fuzzy convex enclosed relation space.

Similar to the relations between (L, M)-fuzzy topological enclosed relations and (L, M)-fuzzy cotopolo-
gies discussed in [20], the following result shows that there is a one-to-one correspondence between
(L, M)-fuzzy convex enclosed relations and (L, M)-fuzzy convex structures.

Theorem 4.3. (1) Let (X, C) be an (L, M)-fuzzy convex space. Define Rc : LX x LX — M by:

VA BelX, Re(4,B)= /\ \/ CO).
x 1 £B x, £C>A

Then Re is an (L, M)-fuzzy convex enclosed relation.
(2) Let (X, R) be an (L, M)-fuzzy convex enclosed relation space. Define Cg : LX — M by

VA€ LX, Cr(A) = /\ \/ R(A, B).

XA A x) £B

Then Cg is an (L, M)-fuzzy convex structure with Re, = R. Further, if (X, C) is an (L, M)-fuzzy convex space, then
Cg. =C.

6(4) If f: (X,Cx) = (Y,Cy) is an (L, M)-fuzzy CP mapping, then f : (X, Rey) — (Y, Re,) is an (L, M)-fuzzy
CERP mapping.

O If f: (X, Rx) = (Y, Ry) is an (L, M)-fuzzy CERP mapping, then f : (X,Cgr,) — (Y,Cg,) is an (L, M)-fuzzy
CP mapping.
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Definition 4.4. Let X be a set equipped with an (L, M)-fuzzy topological enclosed relation & and an (L, M)-
fuzzy convex enclosed relation R. The triple (X, &, R) is called an (L, M)-fuzzy topological-convex enclosed
relation space, if € is compatible with R, that is, for any F € F(LX) and any B € L%,

R@mgA‘vMa@am

GeF(F) DelLX

where [R, E](G, D, B) = R(G, D) A R(D, D) A D, D) A ED, B).

Let (X, Ex, Rx) and (Y, Ey, Ry) be (L, M)-fuzzy topological-convex enclosed relation spaces, a mapping
f X = Yis called an (L, M)-fuzzy topological-convex enclosed relation preserving (or, (L, M)-fuzzy
TCERP) mapping, if f : (X,Ex) — (Y, Ey) is an (L, M)-fuzzy TERP mapping and f : (X, Rx) — (¥, Ry) is an
(L, M)-fuzzy CERP mapping.

The category of (L, M)-fuzzy topological-convex enclosed relation spaces and (L, M)-fuzzy topological-
convex enclosed relation preserving mappings is denoted by (L, M)-TCERS.

Example 4.5. (1) Let X = {x} and L = M = [0,1]. Let R; : LX x LX — M be defined as in (1) of Example 4.2.
If & : LX x L¥ — M is defined by & = Ry, then (X, &1, Ry) is an (L, M)-fuzzy topological-convex enclosed
relation space.

(2) Let X = {x,y} and L = M = [0,1]. Let R, : LX x LX — M be defined as in (2) of Example 4.2. Define
& LX X LX - Mby

1, A=B=0,
£,(A B) 3 z€X A<z <B,
2(A, D) =4 1
27 A SiSB/
0, otherwise.

Then (X, &;,R») is an (L, M)-fuzzy topological-convex enclosed relation space.
Next, we discuss relations between (L, M)-TCS and (L, M)-TCERS.

Theorem 4.6. For an (L, M)-fuzzy topological-convex enclosed relation space (X, &, R), the triple (X, T, Cr) is an
(L, M)-fuzzy topological-convex space.

Proof. Let F € (LX) and x; € J(LX). By (LMDF),
o)) < N\ \/ elronce(H)@)-
u<A He§(F)
On the other hand, to prove that
coce(F)x1) 2 /\ \/ clrnce(H)(xy),
<A He(F)
it is sufficient to prove that for any u < A,
N\ Teoc @@ <\ Telgonce (H)(x)]'-
Ge®(F) HeR(F)
Let p < Aand a < Agegrlcock(G)(x,)]". Then
a < [cocy(G) ()] = \/ R(G,B)
X, £B
for all G € F(F). Thus there is Bg € LX such that x, £ Bg and a < R(G, Bg). Hence
a<RGBo)< [\ \/IREIH,D,Be).

HeF(G) DeLX
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So, for each H € &(G), there is Dy € LX such that a < [R,&E](H, Dy, Bg). This shows H < Dy < Bg and
Xy £ Dy. Hence

IA

a &(Du, Dy) A R(Dy, Dy)

[N \EOuRIAL A\ \fEDs DI
yy£Dc yy£R 2y £Dn 2y £T
T&(Dn) A Cr(Dr)

\/ (76 A CRIB) = [clrnce(H)(x,)T'

x,£B>H

IA

IA

By arbitrariness of G € ¥(F) and H € ¥(G), we have
A\ )T
GeF(F) HEF(G)

[clgynce (H)(x)]
HeUgezr 3(G)

N\ [elronce ()G,

HeF(F)

IA

a

By arbitrariness of 2 and G € ¥(F), we conclude that
coce(F)x) 2 /\ \/ clrnce(H)(x,).
<A He(F)
Therefore 7g is compatible with Cg. [

Theorem 4.7. For an (L, M)-fuzzy topological-convex space (X, 7 ,C), the triple (X,Er,Re) is an (L, M)-fuzzy
topological-convex enclosed relation space.

Proof. Let F € (LX) and x, € J(LX). We have

cocB)c) = N\ \/ clracG)y).

u<A GeF(F)

Thus it is sufficient to verify that
RoEB) < N\ \/ [Re,&71(G,D,B).
GEF(F) DeLX

Let r € P(M) with R¢(F, B) £ r. Then there is s € a*(r) such that R¢(F, B) £ s. Further, there is t € a*(s)
such that R¢(F, B) £ t.
For convenience, we denote D¢ = \/ clypc(G)(y] for each G € F(F). We have

RoE:B) = [\ \/ /\ Teoc®x)T < /\ )\ TeocR))T-
%) £B <A ReF(F) X £B ReF(F)

So t' £ coc(G)(x,) for all G € §(F) and x, £ B.
Fix any G € §(F). We say that Dg < B. Otherwise, there is x; < D¢ such that x, £ B. Thus
t' < clyac(G)(xa). Since G € §(F), there is R € §(F) such that G € F(R). Hence

coc®) =\ \/ eraclH) ) 2 clrac(G)xa) 2 ¥

<A HeF(R)

Hence x, £ B and t’ < coc(R)(x,). It is a contradiction. So G < D¢ < B.
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Further, we say that Re(Dg, Dg) £ s. Otherwise, we have
/\ [coc(Da)(x2)]’ = Re(Dg, Do) <'s

x1£Dg
which implies that
tea's) < | J @'(lcocDo)@n)]),

x1£D¢

Thus t € a*([coc(Dg)(x1)]’) for some x; £ Dg. Hence x; € clyac(Dg)ir] € clyac(G)r) by (LMCL4¥). However,
this contradicts x, £ Dg. Therefore we conclude that Ro(G, Dg) = Re(Dg, Dg) £ s.
Similarly, we have E7(Dg, B) = &7 (D¢, Dg) £ 5. So [Re, E71(G, D¢, B) £ s and

\/ [Rc,&71(G, D, B) £ .

Ge§(F) DeLX

By arbitrariness of r, we have

ReEB) < N \/[Re,€71(G,D, B).

Ge§(F) DeLX

So (X, &7, Re) is an (L, M)-fuzzy topological-convex enclosed relation space. [

From Theorems 4.3, 4.6 and 4.7, we have the following results.

Theorem 4.8. (1) Let (X, Tx,Cx) and (Y, Ty, Cy) be (L, M)-fuzzy topological-convex spaces. If f : X — Y is an
(L, M)-fuzzy TCP mapping, then f : (X, Ery, Rey) = (Y, E7,, Re,) is an (L, M)-fuzzy TCER preserving mapping.

(2) Let (X, Ex, Rx) and (Y, Ey, Ry) be (L, M)-fuzzy topological-convex enclosed relation spaces. If f : X — Y'is
an (L, M)-fuzzy TCER mapping, then f : (X, Tg,,Cry) — (Y, T&,,Cg,) is an (L, M)-fuzzy TCP mapping.

Corollary 4.9. (L, M)-TCS is isomorphic to (L, M)-TCERS.

5. Conclusions

The aim of this paper is to introduce and characterized (L, M)-fuzzy topological-convex spaces.

From Remarks 3.1, 3.5 and 3.10, we know that (L, M)-fuzzy topological-convex space is a unified form
of topological-convex space and L-topological-convex space and M-fuzzifying topological-convex space.
Further, each type of them can be defined by its corresponding convex bases. However, (L, M)-fuzzy
topological-convex space or L-topological-convex space has a more complex structure than topological-
convex space and M-fuzzifying topological-convex space. In fact, a topological-convex space (resp. an M-
fuzzifying topological-convex convex space) can be alternatively defined by relations between the closure
operator and the hull operator (resp. the M-fuzzifying closure operator and the M-fuzzifying hull operator).
That is, a cotopology (resp. an M-fuzzifying cotopology) 7 is compatible with a convex structure (resp. an
M-fuzzifying convex structure) C iff coc(F) = clync(F) (resp. coc(F) = clyac(F)) for any F € 2551.". But, the
compatibility of (L, M)-fuzzy topological-convex space or L-topological-convex space (X, 7, C) should be
defined by the condition that coc(F) = V geg.x) clrac(F) (other than coc(F) = clyac(F)) for any F € F(LX).

As we can see, (L, M)-fuzzy convergence spaces are closely related to (L, M)-fuzzy topological spaces
and (L, M)-fuzzy convex spaces [3, 4, 9, 10, 14]. Similar to the compatibility between an (L, M)-fuzzy
cotopology and an (L, M)-fuzzy convex structure, it could be possible to discuss the compatibility between
an (L, M)-fuzzy convergence structure and an (L, M)-fuzzy convex structure. Further, it could be possible
to characterize (L, M)-fuzzy topological-convex spaces by such compatibility.

In Convex Theory, topological-convex spaces is a basic notion in combining Topology Theory and
Convex Theory. With such spaces, many combined properties can be investigated including continuities
of hull operators, compactness and uniformity of convex spaces. Thus this paper could be helpful in
discussing (L, M)-fuzzy topological-convex spaces in the future.
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