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Some New Sequence Spaces Defined by Bounded Variation
in 2-Normed Spaces

Ekrem Savas?

“Usak University, Department of Mathematics, Usak, Turkey

Abstract. In this paper, by using Orlicz function and almost lacunary bounded variation we introduce and
examine a new sequence space in 2- normed spaces. We also study some basic topological and algebraic
properties of these spaces. In addition, we shall established inclusion theorems between these sequence
spaces.

1. Introduction

Let w denote the set of all real and complex sequences x = (xx). By I, and c, we denote the Banach spaces
of bounded and convergent sequences x = (xx) normed by ||x|| = sup, |x|, respectively. A linear functional
L on I, is said to be a Banach limit [1] if it has the following properties:

1. L(x) > 0ifn > 0 (i.e. x, > 0 for all n),

2. L(e) =1 wheree=(1,1,...),

3. L(Dx) = L(x), where D denotes the sift operator on ¢, thatis D : {,, — {« defined by D(x) = D(x,) =
{xn+l}'

Let B be the set of all Banach limits on /... A sequence x € £, is said to be almost convergent if all Banach
limits of x coincide. Let ¢ denote the space of the almost convergent sequences .

It is natural question to expect that almost convergence must be related to some concept BV in the same
vein as convergence is related to the concept of BV. BV is denotes the set of all sequences of bounded

variation and a sequence in BV will mean a sequence of almost bounded variation. Nanda and Nayak [10]
studied this new concept in some detail.
Also a new sequence space BV which is apparently more general than BV naturally comes up for

investigation and is considered along with BV.
Consider the sequences of bounded linear transformations dy, (x) : lo = I defined by

m

Ay (x) = L Z Dixn

m+1 4
=0
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with DY = 1. It is evident that
don (x) = x, = Doxn (1)

Lorentz [4] proved that
¢= {x :imdy, (x) exists uniformly in n}

Now define

d-1, (X) = X1 = D'ty (2)
and then write for m,n > 0,

tin (X) = dyun (X) = 1,0 (x) 3)
So that (1.1), (1.2) and (1.3), we write

ton (x) = Doxn - D_lxn =Xn — Xp-1- 4)

When m > 1 a straightforward calculation shows that

1 m
Ern (.’X') = m ; 4 (xn+v - xn+v—1)

Now we write

BV = {x : Z |t (x)| converges uniformly in n}

m

and

J—

BV = {x : supZ [t ()] < oo}.

A lacunary sequence is an increasing integer sequence 6 = {k;},enujoy such thatkg = 0and b, = k, -k, —

o0, asr — 0. Let I, = (k,—1, k] and g, = klr(il.

In another direction, a new type of convergence called almost lacunary convergence was introduced as
follows by Das and Mishra, [2].

Mg = {x : there exists L such that uniformly in i > 0 lim hl (Xeri — L) = 0} .

r—oo r
kel,

Again it is quite natural to think that lacunary almost convergence must be related to some concept BV
in the same view as almost convergence is related to the concept of BV. A sequence in BV will mean a
sequence of lacunary almost bounded variation.

Savas and Karakaya [20] studied this new concept in some details.

Put

ke+1

1
tn =t (x) = 1 Z Xjtn-
r

]’=ky,1 +1




E. Savas / Filomat 33:2 (2019), 483—492 485
Then writer,n > 0

Pr, (x) =t (x) = tro1,0 (%) -
When r > 1, straightforward calculation shows that

1 &

O (X) = @ = m HZ:; u (xk,,1+u+1+n - xk,,1+u+n)-

Now we write

BV g = {x : Z )(pm (x)| converges uniformly in n}

and

lé\:/e = {x : supZ |(pm (x)( < oo}.

The following theorem was proved in [20]:

Theorem 1.1. BV C BV, for every O.

But we do not know whether BV, o C BV o, that is BV o= =BV 0- | It is still open problem.

It is quite natural to ask whether BV can be extended to BV (p), the set of all sequences of lacunary
almost p—bounded variation just as BV, is extended to BV (p), the set of all sequences of almost p— bounded
variation (see [15]).

In [6], the lacunary almost bounded variation sequence spaces to lacunary almost p— bounded variation
sequence spaces was generalized as follows:.

BV o(p) = {x : Z |(pm (x))py converges uniformly in n}

and

E;’\:/e (p) = {x : supZ lom (x)|p" < oo}.

where p = (p,) be a sequence of positive real numbers.

It is clear that BV, o(p) = BV o and BV o(p) = BV g if p, = 1 for all r € N. Here and afterwards summation
without limits sum from 1 to co.

Let X be a linear space. A function g : X — R s called paranorm, if

P1)g(x) >0, forallx e X,

(P2)g(—x) =g (x), forallx € X,

P3)g(x+y)<gx)+g(y), forallx,yeX,

(P4) if A, is a sequence of scalar with A, — A(n — o) and (x,) is a sequence of vector with
g (xy, —x) (n — o0) then g (A,x, — Ax) (n — o).
A pair (X, g) is called a paranormed space, (see [27] ).

Write M = max (1, H), H = sup, p,. For x € E‘\/Q (p) define
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h(x) = sup [Z | |pr] ;

Also in [6]) the following theorem proved.

Theorem 1.2. Let 1 < p, < oco. The space BV (p) is a complete linear topological space paranormed by h.

2. Some Topological Results

In this section we study the local boundedness and s-convexity for BV (p) . We first quote some definitions
(see, for example, Maddox and Roles [9] and Simons [26]).

For this we first quote some definitions:

For 0 < s £ 1 a nonvoid subset U of linear space is said to be absolutely s—convex if x,y € U and

AP+ | p|s < 1 together imply that Ax + uy € U. A linear topological space X is said to be s—convex if every
neighbourhodd of 0 € X contains an absolutely s—convex neighbourhood of 0. A subset B of X is said to be
bounded if for each neighbourhood U of 0 € X, there exists an integer N > 1 such that B ¢ NU. X is called
locally bounded if there is a bounded neighbourhood of 0 € X.

We have

Theorem 2.1. BV, (p) is locally bounded if inf p, > 0.

Proof. Letinfp, =y >0.Ifa e BV, (p), then J a constant C > 0 such that
Y lpmt|" <C

7

for all n.
For this C and 6 > 0, choose an integer N > 1 such that

N” > C/é.
Since (1/N) <1 and p, = y (¥r), we have

1 1
< .
Npr = NV

Therefore, we have for all #,

Pr 7'1’1( ) Pr
Liew(x) = L%
< (C/N)<6.

Thus
{x:g(x) <C}c N{x:g(x) <0}

For every 6 > 0,dN > 1 such that the above inclusion holds. Therefore {x : g (x) < C} is bounded and this
completes the proof. [

Itis known that every locally bounded space is s—convex for some s such that 0 < s < 1. But the following
theorem gives a sufficient condition for s—convexity.
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Theorem 2.2. Let 0 < p, < 1. Then BV, (p) is s—convex for all s where 0 < s < iminfp,. Further, if p, = p (Vr),
then BV (p) is p—convex.

Proof. Letx € BV (p) and s € (0, liminfp,). Then Jry such that s < p,¥r > ry. Define

pr

G =sup| Y |pm @ + Y |om @)
n r=1

r=ro+1

Since p, < 1 and s < p,Vr > ry,
g is sub-additive and further for r > 7

AP <A 0< Al <1)
Therefore, for such A,
g(Ax) < AP g (x).

Now for 0 <6 <1,U = {x : §(x) < 6} is an absolutely s—convex set, for A" + (yr <1landa,b € Uimply that

gAx+puy) < gAx)+7(uy)
< AFg@)+IAF g (y)
< (1AF +uf)o
< 6

Therefore Ax + uy € U. if p, = p(¥r), then V = {x : g (x) < 6} is an absolutely p— convex set. The proof is
similar and omitted. O

3. New Sequence Spaces

In this section we introduce a new sequence spaces by using almost lacunary bounded variation and
Orlicz function in 2- normed spaces. Also various algebraic and topological properties and certain inclusion
relations involving this space have been discussed.

Before continuing with this section we present some definitions and preliminaries.

Recall in [7] that an Orlicz function M : [0, o) — [0, o0) is continuous, convex, non-decreasing function
such that M(0) = 0 and M(x) > 0 for x > 0, and M(x) — o0 as x — oo. If convexity of Orlicz function is
replaced by M(x + y) < M(x) + M(y) then this function is called the modulus function and characterized by
Ruckle [13]. An Orlicz function M is said to satisfy Ax-condition for all values of u, if there exists K > 0 such
that M(2u) < KM(u), u > 0.

W. Orlicz [11] used the idea of Orlicz function to construct the space (LM) Lindentrauss and Tzafriri [8]
use the idea of Orlicz function and defined the sequence space £ such as

Oy = {x= (x;) : ZM(%) < oo, for some p >0}

i=1

The space €)1 with the norm [|x|| = inf {p >0: Y M (%) < 1} becomes a Banach space which is called
an Orlicz sequence space. The space ) is closely related to the sequence space ¢,, which is an Orlicz
sequence space with M (x) = x” for 1 <p < oo.

Note that an Orlicz function satisfies the inequality

M(Ax) = AM (x) forall A with0 < A < 1.
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In the later stage different classes of Orlicz sequence spaces were introduced and studied by Parashar
and Choudhary [12], Savas [16, 17, 21-25], and many others.

The following well-known inequality will be used throughout the article. Let p = (px) be any sequence
of positive real numbers with 0 < py < sup, px = H, C = max{1, 21} then

lax + bl < Cllagl™ + 1bl) 6)
for all k € N and 4, by € C. Also

gl < max{1, |al""} (6)
foralla e C.

Definition 3.1. ([3]) Let X be a real vector space of dimension d, where 2 < d < co. A 2-norm inon X is a
function ||, || : X X X — R which satisfies (i) |lx, y||=0 if and only if x and y are linearly independent; (ii)
llx, yll = lly, xII; (i) [lax, yll = lalllx, yll, @ € R; (iv) llx, y + zl| < |lx, yll + ||x, zll. The ordered pair (X,||., .|I) is then
called a 2-normed space.

As an example we may take X = R? being equipped with the 2-norm ||x, y||= the area of the parallelogram
spanned by the vectors x and y, which may be given explicitly by the formula [|x, yl| = [x1y2—x2y1, x = (x1, x2),
¥ = (y1,y2). Recall that (X, ||, ]|) is a 2-Banach space if every Cauchy sequence in X is convergent to some x
in X. Let (X, ||, .]l) be any 2-normed space.

More recent work in this line can be found in [14, 18, 19] where many references can be found.

Let E be a sequence space. Then E is called solid (or normal), if (a,x,) € E, whenever (x,) € E for all

sequences of scalar () with |a,| < 1 for all k € IN.

Lemma 3.2. ([5]) A sequence space E is solid implies E is monotone.

Let M be an Orlicz function, (X, ||.,.|[) be a 2-normed space and p = (p,) be any sequence of strictly
positive real numbers. Now we define the following sequence spaces,

Prn (x)
P

,Z

BVoMp Il l) = br= () : Y [M ('
r=1

and for some p > 0, and each z € X}

Pr
)] < oo uniformly in n

For M (x) = x, we get (see [6])

BVo(p,Il, 1) = {x = ()1 ) ([l¢nn (), 2

pr . .
|) < oo converges uniformly in #, and each z € X} .
r=1

For p, = 1 for all , we get

(Pr,n (x)
p 7
and for some p > 0, and each z € X}.

z

ET/H (M/”/ /”) = {x = (-xk) : Z [M(‘
r=1

)] < oo uniformly in n

For M (x) = x, and p, = 1 for all r, we get

BVo(l, . II) = {x = (xp) : Z ([rn (), 2

| < oo uniformly in #, and each z € X} .
r=1

Theorem 3.3. The sequence space BV (M, p, |, ., ||) is a linear space over the field C of complex numbers.
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Proof. Letx,y e BV o (M,p,ll,., 1) and a, B € C. Then there exist positive numbers p; and p; such that

(2 4 <~

r=1

and
- ¢r,n (x) P
,Z::‘[M(' P )] =

uniformly in 7. Define p3 = max (2 lal p1,2 |ﬁ| pz) . Since M is non-decreasing and convex we have

[t o0 )]”

P3
{2

pr
Of(Pr,n (x) oz )]
P3
1 P
E[M( )] <

(%
pr
RS
uniformly in #.This proves that BV, (M, p,l, ., 1) is linear space over the field C of complex numbers. [J

+ ‘

[ 1P-1s 1)

ady, (x) /Z
p1 P2

Theorem 3.4. For any Orlicz function M and a bounded sequence p = (p,) of strictly positive real numbers,

p\/K
)] ] < 1, uniformly in n},

Proof. Tt is clear that g (x) = g (—x) . Since M (0) = 0, we get

BV o (M, p, I, ., 1) is a paranormed space with

so-slr (o

r=1

qbr,n (x)
P

,Z

where K = max (1, sup py) .

inf{pp"/K} =0forx=0
By using Theorem 3.3, for a = f = 1, we get

glx+y)<g()+gy)

For continuity of scalar multiplication let A # 0 be any complex number. Then by definition we have

LK
)] ] < 1, uniformly in n}
LK
z )] <1, uniformlyinng,

(Pr,n (/\x) 2
p

r=1

oo (£

Prn (Ax)
siAD

g(Ax) = ing{{(s A~ [Zl [M(‘

where s = I% Since |A|’* < max (1, |/\|H), We have
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A

and therefore g (Ax) converges to zero when g (x) converges to zero in BV o (M,p, I, ., 11). Now let x be fixed
element in BV (M, p, |, ., ||). Then there exists p > 0 such that

IA

max (1, |A") inf {7 [i[ (‘

r=1

max (1, A )g (x)

0o Pr 1
Y Prn (x) . .
g(x) = erlf ph e [Z; [M(‘ P ,Z <1, uniformly inn .
Now
/K
= Ax) I\
— oalk . (Pr,n( . .

g (Ax) LIZI{ pPE [Zf [M(‘ P ,Z )] ] <1, uniformlyinn; — 0as A — 0.

r=

This completes the proof. [J

Theorem 3.5. Let M, M1, M, be Orlicz functions. Then
i) Ifthereisa positive constant B such that M (t) < Bt forallt > 0, then ﬁ/g My, p . 1) € ET/@ (MoMy,pll, .1,
if) BVo (M1,p) N BVo (Mz,p, I, -, [)) BV (My + Mo, p, I, 1),

iti) Iflimsup, %42 < oo, then BV (Ma, p, I, 1) € BV (M1, p, I, 11) -

Prn(x)

P'Z

Proof. (i) Letx € BV (My, p, I, ) so that Y2, [Ml (
p > 0. Since M (t) < St for all t > 0, we write

Pr
)] < oo converges uniformly in # and for some

i [M ()" < max(1,8" Z(yr)”’

)

and hence x € é‘\/g (Mo My,pl, - 1.

where

Yr = M, ( ¢)V,ﬂ
p

(i) The proof is obvious and hence is omitted.
(iii) We can find K > 0 such that 29 < K for all t > 0, since lim sup,_,

Ma(f)
BV@ (MZ/P/ “r . ”) , wWe write
pr
)

L[

r=1

M (t)

Mo < o For x €

¢r,n (x) (Prn (x)

p )]pysmax(l'KH)g‘[Mz(’ B

,Z

by (5) whence x € é\\/e My, p |, ). O
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/p) > 0 for some p > 0 then ﬁ/s Mpl, ) c éT/g(p,ll, 4D

Theorem 3.6. For Orlicz function M, if lim, M(—S;p)

Proof. If lim,, M{ulp) > 0 then there exists a number a > 0 such that M (1/p) > a (u/p) for all u > 0 and some

wir)
p>0.Letxe BVy (M, v, - |l) so that .24 [M(|

Ll(l

r=

Prn(x)
p

A = 5] ) S 0

Hence x € E‘\/Q(p, I,.1n. O

,Z

pr
)] < oo for some p > 0. Then

(z)rn (x)

Theorem 3.7. Ifp = (p,) and t = (t,) are bounded sequences of positive real numbers with 0 < p, < t, < oo for each
r € IN, then for any Orlicz function M

BVo (M, p,l,.,1I) € BVo (M, 1],.,1I).

Proof. Suppose that x € BV o (M, p,l,.,1I). Then there exists some p > 0 such that )2, [M (l

Pran(x)
p

Pr
A

. pr
This implies that [M (H‘P’:—)(x), ZH)] < 1 for sufficiently large values of i, say that i > ry for some fixed 7y € IN.

)]’” <o

Since M is non-decreasing, we have

Ll A < L5

0

Prn ()
P

Hence x € E‘\/g M), O

Theorem 3.8. The sequence space BV (M, p, |, -,1|) is solid.
Proof. Letx € BV o (M,p, I, . 11). This implies that

oo Pr

S <

r=1
Let a = (a,) be sequence of scalars such that |a,| < 1 for all ¥ € IN. Then the result follows from the following

O ()
p

inequality
- ar(Pr,n (x) P — (Pr,n (X) pr
;[M( p Z)] S;[M(‘ p Z)] =

Hence ax € BV, (M, p, I, 1) for all sequence of scalar («,) with |a,] < 1 for all r € IN, whenever x €
BVeM,t,1l,.,I). O

From Theorem 3.8 and Lemma we have:

Corollary 3.9. The sequence space BV o (M, p, I, ., 1) is monotone.
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