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Abstract.

In this paper, we define Suzuki type generalized multivalued almost contraction mappings and prove
some related fixed point results. As an application, some coincidence and common fixed point results
are obtained. The results proved herein extend the recent results on fixed points of Kikkawa Suzuki type
and almost contraction mappings in the frame work of complete metric spaces. We provide examples to
show that obtained results are proper generalization of comparable results in the existing literature. Some
applications in homotopy, dynamic programming, integral equations and data dependence problems are
also presented.

1. Introduction and preliminaries

Let (X, d) be a metric space. We denote CL(X) ( CB(X) ) as the collection of closed (closed and bounded)
subsets of X. For A, B € CL(X), define:

D(A,B)y={e>0:ACB,, BC A,
where
B. = UyeaNe(y),
and
Ne(y) ={xe X:d(x,y) < ¢},
for some y € B. The Pompeiu-Hausdorff metric H on CL(X) induced by the metric 4 on X is given as:

inf D(A, B) if D(A, B) # ¢,

H(A,B) = { o0 if D(A, B) = ¢.
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Recall that a multivalued mapping T : X — CL(X) is continuous at x € X if
r}l_r};) d(x,, x) = 0 implies that r}l_r};) H(Tx,, Tx) = 0.
Let f: X — X and T : X — CL(X). An element x in X is said to be:
a A fixed point of f if x = fx, the set of all fixed points of f is denoted by F(f);
b A fixed point of T if x € Tx, the set of all fixed points of T is represented by F(T);

¢ A coincidence point of f and T if fx € Tx, the set of all coincidence points of f and T is denoted by C(f, T);

d A common fixed point of f and T if x =fx € Tx, the set of all common fixed points of f and T is denoted

by F(f, T).

The letter R, R* and IN will denote the set of all real numbers, set of all non-negative real numbers and
the set of all positive integers, respectively.
For x,y € X, set

M(x,y) = max {d(x, y),d(x, Tx),d(y, Ty), d(x, Ty) + d(y, Tx) } ,

2

d(x, fy) + d(y,fx)}
5 ,

MIGe) = max{dcs s, 2,40, 19,
N(x,y) = min{d(x, Tx),d(y, Tx)},
N/(x,y) = min{d(x, fx),d(y, fr),
Myt = max{din, ) Ty, T, WA,
Ny(oy) = mind(fy, o), d(fy, Tl

The well known Banach contraction principle [3] has been generalized in several directions [16-19, 28, 29].
Nadler [22] proved multivalued version of Banach contraction principle as follows:

Theorem 1.1. ([22]) Let (X, d) be a complete metric space and T : X — CB(X). If there exists a constant r € [0, 1)
such that

H(Tx, Ty) < rd(x,vy)
forall x,y € X. Then F(T) is nonempty.

For more results in this direction, we refer to [12, 20, 27].

Suzuki [29] presented an interesting generalization of Banach contraction principle and employed his
result to characterize metric completeness.

Throughout this paper, a mapping 1 : [0,1) — (0, 1] is defined as

1
1 f0<6< =,
n(6) = 2

1)
1-0 ifi<o<1

One interesting extension of Nadler’s theorem [22], Ciric’s result [11], and Suzuki-type result [29] is due
to Djori¢ and Lazovi¢ [13] in complete metric spaces.
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Theorem 1.2. ([13]) Let (X, d) be a complete metric space and T : X — CB(X). Suppose that there exists 0 €
[0, 1) such that for x,y € X

n(0)d(x, Tx) < d(x, y)
implies that
H(Tx, Ty) < 6M(x, ).
Then there exists z € X such that z € Tz.

Berinde [7] introduced weak contraction mappings. Later, Berinde et al. [8] extended this concept
for multivalued mappings. Berinde et al. [9] modified the definition of multivalued weak contraction to
generalized multivalued (0, L)—strict almost contraction mappings and obtained a fixed point result for such
mappings. Note that V. Berinde in [9] generalized the term “weak contraction” as “almost contraction”,
so these terms are interchangeable. Kamran [15] introduced the notion of multivalued weak contraction
mappings for a hybrid pair of mappings (f, T) as follows:

Definition 1.3. ([15]) Let (X, d) be a metric space and (f, T) a hybrid pair of mappings. A mapping T is
generalized multivalued (f, 6, L)—weak contraction if there exist constants 8 € (0, 1) and L > 0 such that

H(Tx, Ty) < 0d(fx, fy) + Ld(fy, Tx)
forall x,y € X.

Abbas [1] further generalized the concept of weak contraction mappings.
To obtain common fixed points of hybrid pair (f, T), Abbas et al. [2] introduced the notion of T—weakly
commuting and w—compatible mappings.

Definition 1.4. ([2]) A mapping f is called T-weakly commuting at x € X if f2x € Tfx.
Definition 1.5. ([2]) A hybrid pair (f, T) is w—compatible if fTx C T fx whenever x € C(T, f).
Motivated by the work of Djori¢ et al. [13] and Abbas [1]) we give following definitions.

Definition 1.6. A mapping T : X — CL(X) is called Suzuki-type generalized multivalued (0, L)—almost
contraction if there exist constants 6 € [0, 1) and L > 0 such that for any x, y € X withx # y

n(0)d(x, Tx) < d(x,y)
implies that
H(Tx,Ty) < 6M(x,y) + LN(x, y). 2)

Definition 1.7. Let (f, T) be a hybrid pair. A mapping T is called Suzuki-type generalized multivalued
(f, 6, L)—almost contraction if there exist constants 0 € [0,1) and L > 0 such that for any x, y € X withx # y

n(0)d(fx, Tx) < d(fx, fy) (©)
implies that
H(Tx, Ty) < OMy(x, y) + LNf(x, y). 4)

If f is an identity mapping on X in the above definition, then Suzuki-type generalized multivalued
(f, 6, L)—almost contraction mapping becomes Suzuki-type generalized multivalued (6, L)—almost contrac-
tion.
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2. Fixed Points of Suzuki-Type Generalized Multivalued (0, L)—Almost Contractions

In this section, we first obtain fixed point result of Suzuki-type generalized multivalued (6, L)—almost
contractions and then coincidence and common fixed point results of Suzuki-type generalized multivalued
(f, 6, L)—almost contraction mapping.

The following result complements and extends the comparable results in [1, 9, 13, 15, 22, 29].

Theorem 2.1. Let (X,d) be a complete metric space and T a Suzuki-type generalized multivalued (6, L)—almost
contraction mapping. Then F(T) is nonempty.

1
Proof. Let 01 e Rwith0<0 <01 <1,u; € Xand h = —9 As Tu; is nonempty, we can choose u; € Tu;.

Since h > 1, there exists uz € Tu, such that d(us, us) < hH(Tuy, Tuy). If uy = uq, then uy € Tuy and hence the
result. Suppose that 1, # u;. Note that n(6) < 1. Thus

n(0)d(uy, Tur) < d(uq, Tug) < d(uq, up),

implies that

1
Vo
V6 max {d(ul,uz),dwl,nl), d(uz, Tuz),

IA

A1tz 115) H(Tu1, Titz) < —— (OM(u, 1) + LN(ur, 12))
6

IA

d(u, Tup) + d(uy, Tul)}
5 +

L mintdGu, Tw), d(us, Tur))

Vo
< VOmax {d(m, up), d(uz, us),

d(uy, up) + d(us, u3)}
2

< VOd(uy, 1) < NOrd(u1, ).
Continuing this way, we obtain a sequence {u,} in X such that 1,41 € Tu, and 1,41 # u, and it satisfies:
(1t tne1) < VO1d (11, 1)
and
Yt ttyi1) < Y (VO (s, 1) < oo,
n=1 n=1

Thus {u,} is a Cauchy sequence in X. Assume that there exists z € X such that limu, = z. We claim that
n—oo

d(z, Tx) < Omax{d(z, x),d(x, Tx)} (5)

for all z # x. Since limu, = z, there exists 1y € IN such that

d(uy,,z) < %d(z,x)

holds for all n > ny. Also, u,, # x for all n > ny. As u,.1 € Tu,, we have
n(6)d(uy, Tu,) d(uy, Tuy,) < d(uy, Ups1)
d(”nl Z) + d(Z/ un+1)

%d(z, X).

INIA

IA
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Hence, for any n > ny we have

n(@)d(u,, Tu,) < %d(z, x) =d(z,x) - %d(z, X)
< d(z,x)—d(z,uy,)
< d(uy, x). (6)
Thus
1n(0)d(un, Tuy) < d(utn, x) @)
implies that
Ay, Tx) < H(Tu,, Tx)
< Omax {d(un, ), dty, i), d(x, Ty, W 1) er 4, T””)} +
Lmin{d(u,, Tu,),d(x, Tu,)}. (8)
That is,
d(upe1, Tx) < Omax {d(un, x), d(ty, tpi1),d(x, TX), d(un, Tx) ; (X, 1) } +
L min{d(up, tin+1), d(x, 1)}
On taking limit as n — oo, we have
d(z,Tx) < Omax {d(z, x), d(x, Tx), w}
< Omax{d(z, x),d(x, Tx)}.
Consequently,
d(z, Tx) < O max{d(z, x),d(x, Tx)}, )

holds for all x # z. Now we prove that z € Tz. For this, we consider the following cases:
(i) Let0 < 0 < 1/2.
Assume on contrary that z ¢ Tz. We choose an element a € Tz such that

20d(a,z) < d(z, Tz).
Clearly a # z. From (5) with x = a4, we have

d(z, Ta) < O max{d(z, a), d(a, Ta)}. (10)
Now n(0)d(z, Tz) < d(z, Tz) < d(z,a) implies that

d(a,Ta) < H(Tz Ta) < 6max {d(z, a),d(z,Tz),d(a, Ta), 4 Ta) ;_ 4@, TZ)} +

Lmin{d(z, Tz),d(a, Tz)}

< omaxlitm,do, 1, LT 200)
< Omax {d(z, a),d(a, Ta), M} .

That is,
d(a, Ta) < Omax{d(z,a),d(a, Ta)}. (11)
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Hence

d(a, Ta) < 0d(z,a) < d(z,a).
From (10), we have

d(z, Ta) < 6d(z,a).
Hence

d(z, Tz) d(z,Ta) + H(Ta, Tz)
d(z, Ta) + O max {d(z,a),d(a, Ta)}
20d(z,a) < d(z, Tz),

IN A A

gives a contradiction. Thus z € Tz.

(ii) Let % < 0 < 1. We now show that

2
Lmin{d(x, Tx),d(z, Tx)}, (12)

H(Tx, Tz) < 6max {d(x, 2),d(x, Tx), d(z, T2), d(x, Tz) + d(z, Tx)} N

holds for all x € X with x # z. For each positive integer n € IN, there exists v, € Tx such that
Az, yn) < d(z, Tx) + %d(x, 2).

In this case we have

dx, Tx) < d(x,y,)
< d(x,z)+d(z, yn)

IA

d(x,z) +d(z, Tx) + %d(x, z).

Hence from (5) we get

d(x, Tx) < d(x,z) + O max{d(z, x), d(x, Tx)} + %d(x, ). (13)
If

max{d(z, x), d(x, Tx)} = d(x, z),
then by (13), we have

dx, Tx) < d(x,z)+ 0d(z,x) + %d(x, z)

= [1+0)+ %]d(x, z)
which implies that
1 1
[m]d(x, TX) < [1 + m] d(x,z).

As n(0) =1 -6, it follows that
n(0)d(x, Tx) (1-0)d(x, Tx)

d(x, z).

)d(x, Tx) < [1 +

1
(1+6 (1+6)n
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On taking limit as n — oo, we obtain that
n(@)d(x, Tx) < d(x, z).
If
d(x,z) < d(x, Tx),
then by (2) we have

d(x, Tx) < d(x,z) + 0d(x, Tx) + %d(x, z),
and hence

1-0)dx,Tx) <1+ %)d(x,z).

On taking limit as n — oo, we have
(1-0)d(x, Tx) < d(x,z).

That is,
n(O)d(x, Tx) < d(x,z),

and hence the claim follows.

505

Since u,,+1 # uy for each n € IN, we have u, 1 # z or u, # z, and the set I = {n : u, # z} is infinite. From (12)

with x = u,, n € I, we have

d(uys1,Tz) < H(Tuy,, Tz)

< Omax {d(u”,z), Ay, Tuy), d(z, T2), d(u,, Tz) + d(z, Tu,,)} .

2
Lmin{d(u,, Tu,),d(z, Tu,)}

IA

O'max {d(u"/ Z)/ d(unr un+1)/ d(Z, TZ)/ d(un’ TZ) A d(Z’ un+1) } +

2
L min{d(un/ un+l)/ d(zz un+1)}-

On taking limit as n — oo, we obtain that
d(z,Tz) < 6d(z, Tz)
which implies that d(z, Tz) = 0 and hence z € Tz. [
Example 2.2. Let X = {a,f,7,6,(} and d : X X X — R* U {0} be the metric defined by

d(a, p) = d(a,y) =

d(g,0) = d(y, ) = (y, Q) =d(p,y) =10,
d(a,0) = d(e, 0) = 12,

d(p,0) = 8,

d©,0) =2,

d(x,x) =0and d(x,y) = d(y,x) forall x, y € X.

Define the mapping T : X — CL(X) by

la}if x € {a, B, 7}
Tx ={ {a,p) ifx=06
{yl ifx =C.
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Note that T is Suzuki-type generalized multivalued (6, L)—almost contraction with 6 = 3 and L = 2. In
particular,

n(@)d(6,T6) = 2 <d(5,C)implies that

H(T6,TC) = H(a, B}, y)=10< % = 0d(6, C) + Lmin{d(5, B), d(C, B)}, and
H(TC,T6) = H(y,{a,ph)=10< % = 0d(C, 6) + Lmin{d(C, y),d(5,y)}.

Moreover, x = a is a fixed point of T in X. On the other hand, if we take x = 6 and y = (, then

M(5,C) = max {d(é, 0),d(5, T5), d(C, TQ), d(5, TC) '; d(C, To) } ,
da(o, A, {a,
= max {d(é, 0),d(®, {a, B),d(C, ), (6,7)+ Z(C {a, B)) } /
= max{2,8,10,10} = 10.
Note that

H(T6,TC) =10 > % = OM(5, ).
Hence Theorem 1.2 and Theorem 3 in [11] are not applicable in this case.

Corollary 2.3. Let (X,d) be a complete metric space and T : X — CL(X). If there exist constants 0 € [0,1) and
L > 0 such that for any x,y € X withx # y

n(0)d(x, Tx) < d(x, y)
implies that

H(Tx, Ty) < O max{d(x, y),d(x, Tx),d(y, Ty)} + LN(x, v).
Then F(T) is nonempty.

Corollary 2.4. Let (X, d) be a complete metric space and T : X — CL(X). If there exist positive constants a, B,y with
O=a+p+y<landL > 0such that for any x,y € X withx # y,

n(0)d(x, Tx) < d(x,y)
implies that

H(Tx, Ty) < ad(x, y) + pd(x, Tx) + yd(y, Ty) + LN(x, y).
Then there exists z € X such that z € Tz.

Corollary 2.5. Let (X, d) be a complete metric space and f : X — X. If there exists 0 < 0 < 1and L > 0 such that
forany x,y € Xwithx #y

n(0)d(x, fx) < d(x, y) implies that d(fx, fy) < oM/ (x, y)+ LN/ (x, Y).
Then f has a unique fixed point.

Proof. The existence of the fixed point of f follows from Theorem 2.1. For uniqueness, assume that there
exist z1,zp € X with z; # z such that z; = fz; and z, = fz;. Then

n(0)d(z1, fz1) < d(z1, fz1) = d(z1,21) = 0 < d(z1,22)
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implies that
d(z1,22)

d(fz1, f22)
6 max {d(zl, 22),d(z1, fz1),d(z2, f22),

Lmin{d(zy, fz1),d(z2, fz1)}
O max{d(z1,22),d(z1,21),d(2z2, 22)} + L min{d(z1,21), d(22,21)}
Qd(Zl, ZZ)

IN

d(z, fz1) + d(erfzz)} N
2

INIA

which is contradiction to our supposition that z; # z,. Hence the result. [J

Example 2.6. Let X and the metricd : X X X — R* U {0} be as given in Example 2.2. Define the mapping
f:X—XDby f(a) = f(B) = f(y) = a, f(0) = pand f(C) = y. Note that that for any x, y € X withx # y

n(@)d(x, fx) < d(x,y)implies that
d(fx, fy) < M/ (x,y)+LN/(x,y)

where 6 = 2and L = 2. Thus all the conditions of Corollary 2.5 are satisfied. In particular,
n(@)d(s, f6) = 2 <d(5,C)implies that
35 .
H(f6, f0) = d(B,y) =10 < — = 0d(5,0) + Lmin{d(5, ), d(C, p)}, and
43 .
H(fS, fo) = d(y,p) =10 < — = 0d(C,0) + Lmin{d(C, ),d(5, )}

Moreover x = « is a unique fixed point of f. On the other hand, if we take x = 6 and y = C, then

max {d@r 0,d, £5),4(C, f0), 229 ; a(c, fé)}l

d(6,y) +4d(, ﬁ)}
5 ,

M/ (5,0)

= max {d(é, 0),d(6,8),d(C, ),
max{2,8,10,10} = 10,

and
d(fs, fO) = d(B,y) =10 > 12—5 = OM/(5,0).

Thus, Theorem 3 in [11] is not applicable in this case.

We now state the following Lemma in [14] which is crucial to prove a coincidence point result for a
hybrid pair (f, T).

Lemma 2.7. ([14]) Let X be a nonempty set and g : X — X. Then there exists a subset E C X such that
g(E) = g(X) and g : E — X is one-to-one.

Theorem 2.8. Let (X, d) be a metric space, (f, T) a hybrid pair with T(X) C f(X). If T is a Suzuki-type generalized
multivalued (f, 0, L)—almost contraction and f(X) is a complete subspace of X. Then T and f have a coincidence
point. Also F(f, T) # ¢ if any of the following conditions holds:

a T and f are w—compatible, lim f"x = u for some x € C(T, f), u € X and f is continuous at u.
n—oo

b f is T-weakly commuting for some x € C(T, f) and f*x = fx.

¢ f is continuous at x for some x € C(T, f) and for some u € X, lim f"u = x.
n—oo
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Proof. By Lemma 2.7, there is a subset of E of X such that f : X — X is one-to-one and f(E) = f(X). As f(X)
is complete, f(E) is complete. Define the mapping A : f(E) — CB(X) by

A(fx) = T(x), for all fx € f(E). (14)
Since f is one-to-one on E, so A is well defined. Now
n(0)a(fx, A(fx)) = n(O)d(fx, Tx) < d(fx, fy)

implies that
H(Afx, Afy)

H(Tx, Ty) < OMf(x,y) + LN¢(x, y)

= Omax {d(fx, fy),d(fx, Tx), d(fy, Ty), d(fx, Ty) ;‘ a(fy, Tx)} .

Lmin{d(fx, Tx),d(fy, Tx)}

- Omax {d(fx, fo),d(fx, Afx), d(fy, Afy), LAY - a(fy, ﬂfx)} .

Lmin{d(fx, Afx),d(fy, Afx)}.
Let fx = x* and fy = y*, then we obtain that

n(0)d(x", Ax") < d(x", y)
and hence

H(Ax", Ay")

IA

d */ * d >(-’ *
emax {d(x*, yx-)’ d(xx-, \ﬂx*), d(y*, ﬂy*), (x ﬂy ) + (]/ ‘?{x )} +

2
L min{d(x*, Ax"), d(y*, Ax")}
= OM(xX",y") + LN(x", y).

Thus all the conditions of Theorem 2.1 are satisfied and there exists u € f(E) such that u € Au. Now, we
prove that T and f have a coincidence point. As T(X) C f(X), there exist u; € X such that fu; = u. Thus

fu1 [S ﬂful =Tu.

Hence C(T, f) is nonempty. Now suppose that condition (a) holds. That is, for some x € C(T, f), we have
lim f"x = u where u € X and f is continuous at u. So u is a fixed point of f. As T and f are w—compatible,

n—o0

f'x € C(T, f) for all n > 1. That is, for all n > 1, f"x € T(f""'x). By (3), we obtain that
nO)d(f"x, Tf"'x) < d(f"x, Tf"'x)=0
< d(Ff"x fu)
which implies that
d(fu, Tu) d(fu, f"x) + d(f"x, Tu) < d(fu, f"x) + H(T(f" 'x), Tu)
d(fu, f"x) + OM(f " 'x, fu) + LN(f "', fu)

d(fu, f"x) + 6 max {d( F 7, fu), d(f " Yx, T x), d(fu, Tu),
Lonin{d(ff"'x, Tf*"x), d(fu, Tf"'x)}

d(fu, f'x) + 6 max {d( Fx, fu), d(f"x, f'x),d(fu, Tu),
Lmin{d(f"x, f*x),d(fu, f"x)}.

INIA

IA

d(f f*1x, Tu) + d(fu, T ”]x)}
5 +

IA

d(f"x, Tu) + d(fu, f"x)
2 }+
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On taking limit n — co we have
d(fu, Tu) < 0d(fu, Tu).

Since 0 < 1, d(fu, Tu) = 0 and fu € Tu. Hence u = fu € Tu. Now suppose that (b) hold. That is, for some
x € C(T, f) and f is T-weakly commuting and f2x = fx, then

fx = f2x € T(fx).

Hence, fx € F(f,T). Now suppose that condition (c) holds true, that is for some x € C(T, f) and for some
u € X, lim f"u = x. Since f is continuous at x, we get
n—oo

x = fx e T(x).
|

Example 2.9. Let X = [1,4] be equipped with a usual metric. Define T : X — CL(X) and f : X — X by
T(x)=[1,2] and f(x) =4— zx for all x € X. Clearly all the conditions in Theorem 2.8 are satisfied. Note that

c(r,m =[5.4]
3
Note that F(f, T) is empty in this case.
Example 2.10. Let X = [0, 1] with usual metric d(x, y) = |x - y) .DefineT: X — CL(X) and f : X = X by
sin x 2
Tx = [O'T] and fx = 3
for all x € X. If sinx = sin y, then H(Tx, Ty) = 0. If sinx # sin y, then

H(Tx, Ty)

IA

(. f)
OM¢(x, y) + LN¢(x, y)

IA

forall x, y in X with 6 = %. Thus all the conditions of Theorem 2.8 are satisfied. Moreover, 0 € C(T, f).

Corollary 2.11. Let (X, d) be a complete metric space. If (f, T) is a hybrid pair of mappings such that forany x, y € X,

n(0)d(fx, Tx) < d(fx, fy)

implies that
H(Tx, Ty) < O max{d(fx, fy),d(fx, Tx),d(fy, Ty)} + LNs(x, y).
Then C(f, T) # ¢. Moreover F(f,T) # ¢ if any one of given conditions holds:
a T and f are w—compatible, 1}1_{{)10 f"x =u for some x € C(T, f), u € X, and f is continuous at u;
b fis T-weakly commuting for some x € C(T, f) and fx is fixed point of f, that is f>x = fx;

¢ f is continuous at x for some x € C(T, f) and for some u € X, lim f"u = x.
n—oo
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Corollary 2.12. Let (X, d) be a complete metric space and and (f, T) a hybrid pair of mappings. If there exist positive
constants o, B,y with O = a+ f+y < land L > 0 such that for any x,y € X with x # y,

n(O)d(fx, Tx) < d(fx, fy)
implies
H(Tx, Ty) < ad(fx, fy) + Bd(fx, Tx) + yd(fy, Ty) + LN¢(x, y).
Then C(f, T) # ¢. Moreover F(f,T) # ¢ if any of the following conditions holds:
a T and f are w—compatible, 1}1_{{)10 f"x = u for some x € C(T, f), u € X, and f is continuous at u.
b f is T-weakly commuting for some x € C(T, f) and fx is fixed point of f, that is f>x = fx.
¢ f is continuous at x for some x € C(T, f) and for some u € X, }1_{210 f'u = x.

For a self mapping, Theorem 2.8 becomes:

Corollary 2.13. Let (X, d) be a metric space and f, T : X — X with T(X) C f(X). Suppose that f(X) is a complete
subspace of X and for any x, y € X, we have

d(fx, fy) =
0 max {d(fx, fy),d(fx, Tx),d(fy, Ty), d(fx, Ty) ;— d(fy, Tx)}

+L min{d(fx, Tx),d(fy, Tx)}

IA

1n(6)d(x, Tx)

d(Tx, Ty)

IN

Then C(f, T) is nonempty. Further F(f,T) is nonempty and singleton provided that f and T are commuting at
x € C(f,T).

Proof. Using theorem 2.8 it follows that C(f,T) # ¢. Let x € C(f,T), that is fx = Tx. As f and T are
commuting at x, so f2x = fTx = T fx. We now show that fx = f2x. If not, then we have

nO)(fx, Tfx) <d(fx, Tfx) < d(fx,fzx)

which implies that
d(fx, f?x) < d(Tx,Tfx) < OMg(x, fx) + LNf(x, fx)
< Omax {d( Fx, f 0, d(fx, T, d(f fx, Tfr), T2 1) ’; afrx, Tx)} +
Lmin{d(fx, Tx), d(f fx, Tx)}
<

0 max {d( Fx, ffx),d(fx, fx),d(ffx, £1x), d(fx, ffx) er d(ffx, fx) } .

Lmin{d(fx, fx),d(f fx, fx)}
< 0d(fx, ffx).

Hence (1-0)d(fx, f fx) = 0 gives a contradiction. Consequently, F(f, T) # ¢. For uniqueness of the common
fixed point of f and T, Suppose that there exists z1,z, in F(f, T) such that z; # z,. Clearly, n(6)d(z1, Tz1) <
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d(fz1, fz2). Hence

d(fZL fZZ) = d(TZl, TZz) < er(Zl/ZZ) + LNf(Zl/ZZ)
< Omax {d(le, fz2),d(fz1, Tz1), d(fz2, Tz), d(fz1,Tz) er d(fzy, Tzl)} .
Lmin{d(fz1, Tz1),d(fz2, Tz1)}
<

6 max {d(fZl,sz),d(fZ],le)/d(fZZ/fZZ)r 5

Lmin{d(le,fz1), d(sz,le)}
< ed(le/ fZZ)r

a contradiction and the result follows. [

d(fZl, sz) + d(sz, fZl) } +

3. Application in Dynamic Programming

Suppose that E and F are Banach spacesand W C E and D C F are state and decision spaces, respectively.
A state space is the set of all feasible state and a decision space is the resultant network formed by the nodes
of feasible states and all the feasible decisions. The main objective is to find the optimal decision in the
given state space using dynamic programming related with the problem of solving nonlinear-functional
equations

p(x) = sup{g(x, y) + O(x, y, p(t(x, y)))}, forx € W,

yeD

1) = supli(r, ) + W, 1,q(c(x, ), for x € W, -
yeD

where
T:WXxD—->W gh:WXD—->R,andd,¥V: WxDXR - R.

For detailed discussion on this topic, we refer to [4-6, 10, 23, 26].

In this section, we study the existence and uniqueness of the bounded solution of the above equations .
Let B(W) be the set of all bounded real-valued functions on W. For an arbitrary h € B(W), define a norm as
on W as ||h]| = sup|h(x)|. The space of all bounded real functional (B(W), ||-||) endowed with the metric d

xeW
induced by the supremum norm is defined by

d(h, k) = sup |h(x) — k(x)| (16)
xeW

for all i, k € B(W). Note that B(W) is a complete space. Suppose that the following conditions hold:
(C1): @,V¥,gand h are bounded.
(C2): There exists constants 6 € [0,1) and L > 0 such that for every (x,y) € WX D, h,k € BW)anda € W,
n(0)d(Sh(a), Th(a)) < d(Sh(a), Sk(a))
implies that
|, y, h(@) - D(x, y,k(a))| < OMs(h(a), k(a)) + LNs(h(a), k(@)

where Mg(h(a), k(a)), Ns(h(a), k(a)) and n(0) are as given in section (1). Now for x € W, h € B(W),
mappings T and S are defined as

Thx) = sug{g(x,y)+®(x,y,h(f(x,y)))},
yE

sug{h(x, y) +W(x, y, h(t(x, )}
yE

Sh(x)



N. Saleem et al. / Filomat 33:2 (2019), 499-518 512

C3: For any h € B(W), there exists k € B(W) such that for x € W, we have

Th(x) = Sk(x).

C4: There exists h € B(W) such that

Th(x) = Sh(x) implies that STh(x) = TSh(x)

Theorem 3.1. Suppose that (C1)-(C4) are satisfied, then the system of equation (15) has a unique, bounded and
common solution in B(W).

Proof. Note that T is selfmap on B(W) Let 1, h; € B(W). Then for every real number o and x € W, there exist
Y1, Y2 € D such that

T(hi(@) < g(x,y1) + O(x, y1, (1)) +a (17)
T(ha(a)) < g(x,y2) + O(x, y2, ho(12)) + , (18)
where 71 = 7(x, y1) and 12 = 1(x, ¥2).
Thus
T(hi(@) = g(x, y2) + P(x, y2, I (11)), (19)
T(ha(a)) = g(x, y1) + D(x, y1, ha(12)). (20)

From (17) and (20), we obtain that

T(h1(a)) — T(ha(a)) D(x, y1,11(11)) — P(x, Y1, ha(12)) + @
|q>(x, y1, hi(11)) — O(x, yllhz(Tz))) +a

OMs(hi(a), h2(a)) + LNs(h1(a), ha(a)) + av. (21)

ININ A

Similarly, (18) and (19) imply that

T(ha(a)) — T(h1 (a)) D(x, y2, (1)) = D, Y1, ha(T1)) + @
|©Cx, y2, h(11)) = ©(x, 11, ha(T1))| + @

OMs(h1(a), h2(a)) + LNs(h(a), ho(a)) + av. (22)

ININ A

Hence from (21) and (22), we have
IT(h1(a)) — T(ha2(a))l < OMs(hi(a), h2(a)) + LNs(hi(a), h2(a)) + av. (23)
Since (23) holds true for any x € W and for an arbitrary x > 0, therefore
n(0)d(S(h1), T(h)) < d(S(h1), S(h2))
implies that
d(T(hy), T(h2)) < OMs(h1(a), h2(a)) + LNs(ha(a), ha(a)).

Thus all the conditions of Corollary 2.13 hold for T and S, and hence the system of equation (15) has a
unique, common and bounded solution. [
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4. Application in Integral Equations

As an application of Corollary 2.13, the solution of the system of Volterra type integral equations will
be discussed in this section.
Such system can be represented as:

t

ut) = D(t,s,u(s))ds + g(t)
/

wt) = W(t,s, w(s))ds + f(t)
/

for t € [0,a], where a > 0. Let C([0;a]; R) be the space of all continuous functions defined on [0,a]. For
u € C([0; a]; R), define supremum norm as, ||ul|, = supte[olu]{u(t)e‘”} where T > 0. Let C([0; a]; R) be endowed
with the metric given by

de(u,v) = sup |[u(t) — o)l
te([0,a])

for all u, v € C([0; a]; R). Note that C([0; a]; R; ||-]|,) is a Banach space.
For further details in this direction, we refer to [4].

Theorem 4.1. Assume the following conditions are satisfied:

(i) O©xW¥:[0,a] x[0,a] xR = Rand g, f : [0,a] — R are continuous;

Define
Tu(t) = f(I)(t, s, u(s))ds + g(t) (24)
0
Su(t) = f\lf(t, s, u(s))ds + f(t). (25)
0

Suppose there exists a T > 1 such that
|D(t, s, u) — D(t, s,0)| < T[OMs(u, v) + LNs(u, v)]
forall't,s € [0,a] and u,v € C([0;a]; R)

(ii) There exists u,v € C([0;a]; R) such that Tu(t) = Su(t) implies TSu(t) = STu(t). Then the system of integral
equations given in (24) and (25) has a unique common solution.

Proof. By assumption (ii), we have

Tu(t) = To(#)]

t
fo Ko, 5,1(5)) — Ko (5, 0(6))] ds

t t
f T(BMs(u,v) + LNs(u, v))e®e " ds < f T[(BMs(u, v) + LNs(u, v))e”*Je*ds
0 0

<
¢ t
< f T |[6Ms(u, v) + LNs(u, v)l|, e™ds < T||0Ms(u, v) + LNs(u, v)lle e"ds
0 0
1
< 1]l6Ms(u,v) + LNs(u, )|l ;eﬂ < [16Ms(u, v) + LNs(u, )|, €%,
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which implies that [Tu(t) — To(t)|e™™ < [|6Ms(u, v) + LNs(u, v)||, . That is
ITu(t) — To@)ll, < |6Ms(u,v) + LNg(u, v)l|, -
So all the conditions of Corollary (2.13) are satisfied. Hence the given system of integral equations has a
unique common solution. [J
5. Application in Data Dependence
Following are some definitions needed in the sequel (see also, [21, 24, 25]).

Definition 5.1. A multivalued mapping T : X — P(X) is called multivalued weakly Picard (briefly MWP)
operator if and only if for every x € X and for every y € T(x), there exists a sequence {x,} such that

(d-1) xo=xand x1 =y,
(d-2) x,41 € Tx, ¥Vn € N,
(d-3) the sequence {x,} converges to the fixed point of T.

A sequence defined above is known as a sequence of successive approximations of T starting from (x, v).
Let G(T) = {(x,y) : v € Tx} be the graph of MWP—operator T. Define T* from G(T) into P(Fix(T)) as
follows:

T®(x,y) = {z€F(T): there exists a sequence of successive approximations
of T starting from (x, y) that converges to z}.

Definition 5.2. ([25]) Let ¢ > 0. A MWP—operator T is known as c—multivalued weakly Picard (briefly
c—MWP) operator if there exists a selection t** of T such that

d(x, t°(x, y)) < cd(x, y) (26)
for all (x, y) € G(T).

In the following, we present a data dependence result for Suzuki-type generalized multivalued (6, L)—almost
contraction mappings.

Theorem 5.3. Let (X,d) be a complete metric space and T; : X — CL(X) Suzuki-type generalized multivalued
(0;, Lj)—almost contractions for each i € {1,2}. If there exists A > 0 such that H(T1x, Tox) < A, for all x € X. Then:

(@) F(T;) € CB(X),i€{1,2};
(b) Each T; is an MWP operator and satisfies

A
1 —maxiry, )

H(Fix(T1), Fix(T5)) < (27)

Proof. From theorem 2.1, F(T;) is nonempty for each i € {1,2}. Choose a convergent sequence x,, € F(T;) be
such that x,, » x asn — oo, that is,
lim d(x,,x) = 0. (28)
n—oo
Note that

n(0)(d(xy, T1xn)) = 0 < d(xy, %).
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Thus
d(x, T1x) < d(x,x,) +d(x,, T1x) < d(x,x,) + H(T1x,, T1x)

< d(x,x,) + 61 max {d(x, xXn), d(x, T1x), d(T12n, Xn), el ; - TlJC)}
+Ly min{d(x,, T1x,), d(x, T1xn)}
< d(x, xn) + 61d(x, x,).

On taking limit as n — oo, we obtain that d(x, T1x) = 0, that is, x € T1x. Hence F(T}) is closed. Similarly,
we can show that F(T5) is closed. Following arguments similar to those in proof of Theorem 2.1, each T;

is an MWP operator. Now we prove that H(F(T), F(T3)) < A

< ————— . Leta > 1. Then for an arbitrary
1 — max{ry, 2}

Xo € F(T7), there exists x1 € Toxg such that
d(xo, x1) < aH(Tyxo, T2xg).-

As x1 € Thxg, there exists x, € Trxq such that
1n(62)(d(xo, Taxo)) < 1n(02)d(xo, x1) < d(xo, x1),

which implies that
d(x1,x%) < aH(T2xo, Tox1)

IA

a6, max {d(xo, x1), d(xo, T2x0), d(x1, T2x1), Ao, Tox1) ; 4, Taxo) }

+aL min{d(xo, Toxo), d(x1, Toxo)}
< aBd(xg, x1).

A

Continuing this way, we can obtain a sequence {x,} in X such that x,.1 € Tox, and

A(xn, Xnr1) < a6xd(xy, Xp41)
< . < (a62)'d(xg, x1).
Thus
A, Xnep) < d(Xn, Xn41) + A(Xns1, Xna2) + oo+ d(Xnap-1, Xnp)
< (am)"d(xo, x1) + ... + (ar)" P d(xg, x1)
(a67)"
1— a6, d(xo, x1). (29)

11
Choose 1 <a < min{e—, 6—}. Hence {x,} is a Cauchy sequence in X. Consequently, there exists z in X such
1 02
that x, — z as n — co. Following arguments similar to those given in proof of Theorem 2.1, it follows that
z € Thz. By (29), we obtain that

afy)"t
,2) < 220 dGao )
Thus, in particular
1 al
<
d(xo,2) < T aezd(x(),xl) <7 0 (30)
Similarly, we conclude that for each zy € F(T5), there is an x € F(T;) such that
al
< < .
d(zo,%) < T a0, d(zo,21) < 7 20, (31)
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By (30) and (31), we have

A
H(E(T), K(D2) < =5

O

6. Application in Homotopy

We first present a local fixed point theorem for Suzuki-type generalized multivalued (6, L)—almost
contractions.

Theorem 6.1. Let (X, d) be a complete metric space, xo € X and r > 0. Suppose that T : B(xog,r) — CL(X) be
Suzuki-type generalized multivalued (0, L)—almost contraction and d(xo, Txo) < (1 — O)r. Then F(T) # 0.

Proof. Choose 0 < s < r such that E(xo,s) C B(xp, ) and d(xg, Txg) < (1 — 0)s. Thus (1 — 0)s — d(xg, Txp) > 0.
For ¢ = (1 — 0)s — d(xg, Txg) > 0, there exists x1 € Txg such that d(xg, x1) < d(xo, Txg) + €. Hence

d(xp,x1) < (1 — 0)s.
Now forh = \/Lé > 1 and x; € Txy, there exists x, € Tx; such that
d(x1, x2) < hH(Txo, Tx1)

Since n(0)d(xo, Txo) < n(O)d(xo, x1) < d(xo, x1), therefore we obtain

d(ui, %) < KH(Txo,Tx)) = %H(Txo, Tx1) < VBM(xo,x1) + %N(xo,xl)

< \/émax {d(xOI xl)/ d(xO/ TxO)/ d(xll Txl)’ d(xOI Txl) ; d(TxO, xl) }
+L in {d(x0, Txo), d(x1, Txo)}
\/5 0s 0), 1, 0
<

V6 max {d(xo, 1), d(xo, x1), d(x1, %), d(xo, x1) ; d(x1, xz)}

+% min {d(xo, x1), d(x1, x1)}

< \/émaX {d(XO, xl)/ d(xO/ xl)/ d(xl, xz), d(XO/ xl) ;‘ d(x1, xz) }

< Vod(x,x1) < Vo1 - 0)s.

Note that x, € B(xo,s). Indeed, d(xo, x2) < d(xo, x1) + d(x1,x2) < (1 — 0)s + VO(1 — 0)s = (1 — O)(1 + VO)s <s.
Inductively, we obtain a sequence {x,} which satisfies

i) X, € B(xg,s); for eachn € N,

i) x4 € Tx,, foralln € N,

i) d(xy, Xns1) < (VO)'(1 - 0)s for each n € N.
From (iii) the sequence {x,} is Cauchy which converges to some x € B(xp, 7). Following arguments similar
to those in the proof of Theorem 2.1, we have x € F(T). O

Now we present a homotopy result for “Suzuki-type generalized multivalued (6, L)—almost contrac-
tions”.

Theorem 6.2. Let V an open subset of a complete metric space (X,d). If G : Vx[0,1] = P(X) satisfies the following
conditions
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p-1 x ¢ G(x, t), for each x € AV and each t € [0, 1];

p-2 G(,1): V- PX)isa “Suzuki-type generalized multivalued (0, L)—almost contraction for each t € [0,1];

p-3 there exists a increasing and continuous function ¢ : [0,1] — R such that

H(G(x,t),G(x,s)) < |1/;(t) - z,b(s)) forall't,s €[0,1] and each x € V;

p4 G -V x[0,1] = P(X) is closed.
Then G(.,0) has a fixed point if and only if G(., 1) has a fixed point.
Proof. If z is a fixed point of G(.,0), then ( p-1) implies that z € V. Define
Q={(tx)el0,1]xV|xeG(x, 1)

Now (0,z) € Q implies Q) # 0. We define a partial order on () as follows:
(t,x) < (s,y) if and only if t < s and d(x, y) < % [Y(s) — ()]

Let N be a totally ordered subset of Q2 and t* := sup{t | (t,x) € N}. Suppose that {(,, x,)} is a sequence in N
such that (t,, x,) < (ty41,X4+1) and t, — t* as n — oo. Then
2

(X, xy) < m[l[l(tm) — Y(t,)], for each m,n € N, m > n.
On taking limit as m,n — oo, we have d(x,,, x,,) = 0. Thus {x,} is a Cauchy sequence and converges to some
x"in X. As G is closed and x,, € G(x,, t,), n € IN, so x* € G(x*,t"). From condition ( p-1 ), we have x* € V.
Hence (t,x") € Q. Since N is totally ordered, so (¢, x) < (t,x*), for each (t,x) € N. That is, (t*, x*) is an upper
bound of N. By Zorn’s Lemma, Q) has a maximal element (tp, xo) € Q2. We now show that {; = 1. Assume on
contrary that ty < 1. Choose r = ﬁ[lp(t) — Y(to)] > 0 with t € (t, 1] such that B(xp,r) C V. Note that

d(xOI G(XO/ t)) < d(xOI G(XO/ tO)) + H(G(x()r tO)/ G(x()r t))

1-60)r

o - vl = S <a o

Thus G(., t) : B(xp, r) = CL(X) satisfies all the conditions of Theorem 6.1 for all ¢t € [0, 1]. Hence, there exists
x € B(xy, r) such that x € G(x, t) which implies that (t,x) € Q forall t € [0,1]. Now

IA

A0, < 7 = o000 - Y1),

gives (fg, xo) < (t,x), a contradiction to the maximality of (o, xg). Conversely suppose that G(., 1) has a fixed
point, then following the similar arguments to those given above, we show that G(.,0) has a fixed point. [J

7. Conclusion

In this article, we generalized already existing definitions in [9] and [15] by proposing the concept of
Suzuki-type generalized multivalued (f, 0, L)— almost contractions. We then proved a fixed point result
which is a proper generalization of comparable results in 1.2 in [13]. We studied some applications of our
result in (a) dynamic programming, (b) solution of integral equations, (c) in data dependence problem and
in Homotopy.
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