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Abstract. Let go4(n) = ¥ 4,014 4. In this paper, we study the solutions of do4(1) = dog(n + 1), their relations
to Pell numbers, and some interesting conjectures. Finally, we obtain that the equation 0,4(1) = 0oa(n +1) =
0,i(n+2) =1 (mod 2) has no solution.

1. Introduction: A Question on Odd Divisor Functions

Let

a(n) = Zd, and 0,4(11) = Z d

din din,24d

be the divisor function, and the odd divisor function, respectively, where n is a positive integer. The
divisor function and the odd divisor function are important in number theory. They appear naturally as
the coefficients of a (quasi-) modular form.

Let g = ¢*™7, where 7 is a complex variable whose imaginary part is greater than 0. The Dedekind eta
function 7(7) is defined as

n@=q"*T]a-q.
n=1

Taking the logarithmic derivative of 1(7), i.e., q% In, or equivalently, 2Lm % In, we get

n—1 L

o 24

_1n_q o(n)q".

1 (o]
Ex(7) = 7t EIZ
n=1

n=1
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The eta quotient 1(7)/n(27) is equal to
n(1) _ q—1/24 ﬁ 1-g").
T](ZT) n=1,.2n

Similarly, taking the logarithmic derivative, we get

0o

1 = —ngt! 1
Exp(1) = =57 +9q Z 1 _qq,, = Goa(n)q".

n=1

It is known that E;(7) is a quasi-modular form (see [4]) and E;(7) is a modular form for the congruence
subgroup I'y(2) (see [5],pp.18-19).
Ramanujan gave a formula for the convolution sum of the divisor function, that is,

Y. oo(l) = % (53(n) + (1 = 611 ()} .

k+1=n

Recently, various kinds of convolution sums of the divisor function were studied in [3, 6, 8, 9, 13, 15, 17,
22].

A formula of the convolution sum of the odd divisor function was given in [16, (11)], [22, p. 130], that
is,

Y 0ua)oih = 55 (1105(m) = 03(20) ~ 2004(0).

k+l=n

Kim and Bayad [18] introduced several definitions and properties of odd divisor functions.

In this paper, we will study a new question on the odd divisor function. There is an unsolved problem
on the divisor function, which asks that if o(n) = o(n + 1) infinitely often ([11, p. 103], [21, p. 166]).
Erdos [7] made the much stronger conjecture that for every integer k > 1 there is an n such that o(n) =
o(n +1) = --- = o(n + k) has infinitely many solutions for each k. In this study, we are interested in the
question whether 0,4(n) = 0,4(n + 1) infinitely often or not. By computer, we find all the solutions of
00d(n) = 0oa(n + 1) up to n < 240, We list the prime factorizations of these n and 7 + 1 in a table (see the
Appendix, https://drive.google.com/open?id=1zuZ6DbgKUg7ueMMtbC6SVRhPIWSBExxgc ).

From the Appendix, we find the following statements in Conjecture 1.1 are true up to n < 2%. We
conjecture that they are true for all n > 2 (except the trivial case: g4(1) = 0,4(2)).

Conjecture 1.1. Assume that 6,4(n) = 0,4(n + 1) and n > 2 is an integer. Then
(1) 4tnandd t (n+1);
(if) The even one of n and n + 1 has at least four distinct odd prime factors;
(iii) The odd one of n and n + 1 is not a prime;

(iv) Neither n nor n + 1 is a square.

A natural number 7 is called perfect if o(n) = 2n. Euclid found, and Euler proved that all the even
perfect numbers are of the form 2/-1(2” — 1), where p and 2% — 1 are both primes (or equivalently, 2V — 1 is a
Mersenne prime). On the other hand, no odd perfect number is known up to now. Let w(1) be the number
of distinct prime factors of #n. The main result of [20] shows that w(n) > 9 for n being odd perfect.

Analogous to the perfect numbers, a natural number 7 is called quasi-perfect (resp., almost-perfect)
if o(n) — 2n = 1 (resp., —1). The only known almost-perfect numbers are powers of 2 (p.74 of [11]). For
quasi-perfect numbers, Cattaneo [2] showed that they are odd squares. But still none of them is found.
Hagis and Cohen [12] proved w(n) > 7 for n being a quasi-perfect number.
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It seems to be mysterious that no odd perfect number, no odd almost-perfect number and no odd
quasi-perfect number are found up to now.

A natural number 7 is called near-perfect if o(n1) — 2n = 2 in [19]. There is no odd near-perfect number
up to 10 by computer searching (See [19, Remark 2.4]). The main result of [19] proved that w(n) > 6, for n
being an odd near-perfect number.

In special cases, the new question about 6,4(11) = 0,4(11 + 1) is related to perfect numbers and near-perfect
numbers. In details,

(i) If nis an odd prime and 4 1 n + 1, then 0,4(n) = n + 1 and opg(n + 1) = o((n + 1)/2). Therefore, in this
case, 0,4(1) = 0,4(n + 1) is equivalent to (1 + 1)/2 is an odd perfect number.

(ii) If n +1is an odd prime and 4 1 n, then 0,4(n + 1) = n + 2 and 0,4(1) = 0(n/2). Therefore, in this case,
00d(1) = 0q(n + 1) is equivalent to 11/2 is an odd near-perfect number.

Since no odd perfect number and no odd near-perfect number is found up to now, this gives some
evidence of Conjecture 1.1 (iii). Assume that 0,4(1) = 0p4(nn +1) and n > 2 is an integer. Then we prove that
the even one of n and # + 1 has at least three distinct odd prime factors. Moreover, if the odd one of # and
n +11is a prime power p', then the even one of n and 7 + 1 has at least 4 distinct odd prime factors. This
gives a partial result on Conjecture 1.1 (ii).

Bayad and Kim [18] suggest notions of polygon-shape number, n-gon, order, convex, area, and prime.
Our result give several information of a study of polygon-shape number, for example, we see examples
satisfying the difference of area of n + 1-gon and n-gon A(n + 1) — A(n) = % with oy(n) = g,4(n + 1).

The paper is organized as follows. In Section 2, we derive some basic conditions for the solutions of
00d(n) = 0oa(n + 1). In Section 3, we prove the equations c,i(p') = du(p' + 1) with p' +1 = 2 pilptzzpt;
and 0oi(p' — 1) = goa(p') with p' — 1 = 2- plipZpl have no solutions. In Section 4, we obtain the equation
Ood(n) = 0,9(n + 1) = 6,9(n +2) =1 (mod 2) has no solution. The solutions of go3(1) = ,4(n + 1)(n < 2%9) are
given in the Appendix, https://drive.google.com/open?id=1zuZ6DbgKUg7ueMMtbC6SVRhPIWSExxgc

2. General Results

Lemma 2.1. The integers t1,t, - - - t; are positive. Let n = q? qtzz -+ g% be the prime factorization of a positive integer
n. Then

1 gs n g1-1 gs — 1

Proof. Since

o(n) = o(g})---0@) = (L+qu+-+q) - (L+gs+-- +45),
we get

o(n _ _ ~ N
(7)=(1+q11+---+q1“)~-(1+q51+~-+qs“)-

Lettingt; =t, =--- =1, =1, we get

M2(1+l)(1+l)~-(1+l). 1)
n q1 q2 ds

Letting t1,t,- -+ , £ all go to +oo0, we get

o(n) 1 1 1
" <(1+ql—l)(1+qz—l)m(“_qs—l)' 2)
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Theorem 2.2. The integers ty, t1,t; - - - ts are positive. Let n > 2 be an integer. Assume 0,4(n) = 6,4(n + 1). Then
(i) Ifnisanodd integer and n +1 = ZthT qt22 -~ gl is the prime factorization of n + 1,

(ii) If n is an even integer and n = Ztﬂq?qt; ---q" is the prime factorization of n, then, s > 3. Moreover, if s = 3,
then the only possibility of {q1, 92, 93} is {3, 5,7}, {3, 5, 11},0r {3, 5, 13}.
Proof. (i) Directly from definition of 6,4(1) and oo4(n + 1), we see that

t

o(n) = 0(g;'qy -+ q5)-
Dividing it by nn + 1, we get

5]

o(n) _olgiay - 43) _ 1 0(gigy - -45)

= = ®3)
n+1 n+1 2to q?qt;q;@
Obviously,
o(n
ni-)l >landty>1.
So, we get
i tz... s
M > 2t0 > 2.
q11q22 A
By inequality (2), we get
(1+ )(1+ )-~~(1+ ! )>2 4)
1—1 7 -1 g5 —1
Since
1 1 15
(1+3—1)(1+5—1)_ R

by equation (4), we gets > 3.
Now assume s = 3 and 41 < g2 < g3. Since

1 1 1 77
1+ s5) 0 ) ) = <2
by equation (4), we get q; = 3. Since
1 1 1 77
(1 55) () ) = <2
by equation (4), we get g, = 5. From
1 1 1 195
(e 55) 1 5) 4 ) = e 22
1 1 1 255
(1 5=5) (1 5) (4 ) = s <2

we conclude that the only possibility of g3 is 7, 11, or 13. Therefore, we find

(91,92,93) = 3,5,7), (3,5,11) or (3,5,13). )
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(ii) In a similar way, we get

ty

o(n+1) _oWgs -a7) _ 1 0(q5 45

n n B 2t q? qtzz e qis ’ (6)
Obviously,
o(n+1) >1land ty > 1.
So, we get

t

o(qi gz - q5)
qlaz - q¢

Then, again by inequality (2), we can get equation (4). The rest procedure is as the same as in the proof of
Theorem 2.2(1). O

> 20 > 2,

Remark 2.3. If n = 103 -263 = 27089 and n + 1 =2-3%-5-7-43, then 0,4(n) = d,q(n + 1).
Andifn=2-3%-5-7%-157 = 18693990 and n + 1 = 37 - 41 - 12323 = 18693991, then c,4(1) = G,4(n + 1).
Therefore, the bound 4 in Conjecture 1.1 (ii) is right.

A positive integer # is called abundant, perfect, or deficient according as a(n) > 2n, = 2n, < 2n.
Proposition 2.4. Let n > 2 be an integer. Assume 0,4(1) = 0p4(n + 1).
(i) Ifnisan odd integer and n +1 = Zthtll qtzzqu is the prime factorization of n + 1, then n is always deficient,
(i) If nis an even integer and n = 2t0q;1 qt;q;3 is the prime factorization of n, then, n + 1 is always deficient.

Proof. (i) By Theorem 2.2, we know that the only possibility of {g1, 42,43} is {3,5,7} {3,5,11},0r {3,5,13}.
Firstly, we consider the case of n + 1 = 2031527, By equation (3) and inequality (2), we get

o(n) 1 a(31527"%)
n+1 20 3h5h7% @)

1 1 1 1
<%(1+3—1)(1+5—1)(1+7—1)'

Since ty > 1, we get

o(n) 35
nl 32 ®)
V. Annapurna [1] proved that
6
o(n) < —n \n 9)
s
for every natural number n # 1,2,3,4,6,8. Since n > 2 - 3115275 — 1 > 209, from (9), we have
on) o(n) _ 1
n n+1 _G(n)n(n+1)
6 n+n
2 n(n +1) (10)
i _3

= <
2mn+1) = n?
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by 2+i <n+1. By (8)and (10), 22 = L + 3 <2,

Finally, we consider the case of n+1 = 203152115 and 1 + 1 = 203152135, Similarly, as in the case of

n+1=2h3152115 we have

<35 ) (5 )=
i1 2T \Mrsg) Ut 1) T 3

while in the case of n + 1 = 2003152135 we have

<3 ) s ) () &
i1 2T ) Ms )\ 1) T e

Therefore, using the same method, we can derive that o(n) < 2n in both cases. Summing up, Proposition
2.4 (i) is proved.
(ii) By equation (6), we know that

ofn+1) _o(+1) _ 1 (47 49395)
n+1 n 2to q? qt;qg

Therefore, by Lemma 2.1, we get

on+1) 1 1 1 1
n+1<5@+m—J@+@—J@+%—J'

By Theorem 2.2, we know that the only possibility of {41, 42,43} is {3,5,7}, {3,5,11}, {3,5,13}. Hence,

o(n + 1) 1( 1 )( 1 )( 1 )_35
i1 ot g\l tsg)\trg) 73

So, n + 1 is deficient. [

3. Results on Conjecture 1.1 (i)

In this section, we want to give some partial results on Conjecture 1.1 (ii). To prove Conjecture 1.1 (ii),
we only need to exclude the case that the even one of n and # + 1 has prime factorization Zt‘)qtll qtzzqf,f with

(91,92,93) = (3,5,7), (3,5,11) or (3, 5, 13).
by Theorem 2.2.
Lemma 3.1. Let n > 2 be an integer. Assume 0,4(1) = oq(n1 + 1).
(i) Ifnisanodd integer and n +1 = 2[051;1 qtzzqf,f is the prime factorization of n + 1, then to must be equal to 1,
(i) If nis an even integer and n = 2t0q;1 qt;tﬁ is the prime factorization of n, then to must be equal to 1.

Proof. (i) Assume ty > 2. From equation (3), we get

51

o(n) _ 1 9@/4595)
n+1 - 2to qtlquzzq?

Since ty > 2, we have

t

@B o

giazes  ntlo

a(n)
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By inequality (2), we get

1 1 1
(1+q1_1)(1+q2_1)(1+q3_1)>4. (11)

From equation (5), we get

1+ ! 1+ ! 1+ ! <§§Z—§
g1 -1 g -1 g3-1/"2 4 6 16’

which contradicts to equation (11). Therefore, ty = 1.
(ii) Similarly we can obtain the desired result. [

By Lemma 3.1, we only need to exclude the case: n + 1 = 2 - 31524" with g = 7,11 or 13, and the case:
n = 2-3h524"% with g = 7,11 or 13, in order to prove the Conjecture 1.1 (ii). But this seems to be hard. The
reason, we thought, might be that we do not know the prime factorization of the odd one of n and n + 1. In
the following, we assume the odd one of n and n + 1 is a prime power p'. Under this condition, we prove
Conjecture 1.1.

The following lemma will be used in the proof of Lemma 3.3.

Lemma 3.2. Let p and q be primes and t, t1, t,, t3 be positive integers.

(1) Ifp' +1 =2-3"5%g", then t must be odd and p = 29 (mod 60). Moreover, if t; > 2 and p = 2,5 (mod 9),
then 3|t,

(i) Ifp' —1 =2-3"5"%g", then t must be odd and p = 31 (mod 60). Moreover, if t; > 2 and p = 4,7 (mod 9),
then 3|t.

Proof. (i) From p' +1 = 2- 315245, we get

p'+1=2 (mod 4), (12)
p'+1=0 (mod 3), (13)
p'+1=0 (mod 5). (14)

Clearly, p is a prime not equaling to either of 2, 3 and 5. Since p?> = 1 (mod 3), if t is even, then p! + 1 = 2
(mod 3), which contradicts to (13). Therefore, t must be odd. If p = -1 (mod 4), then p' +1 = 0 (mod 4)
as t is odd, which contradicts to (12). Sop =1 (mod 4). If p =1 (mod 3), then p' + 1 = 2 (mod 3), which
contradicts to (13). Sop = -1 (mod 3). If p =1 (mod 5), then p' + 1 =2 (mod 5), which contradicts to (14).
If p = 2,3 (mod 5), from (14), we get t = 2 (mod 4). Since t is odd, it is still a contradiction. Sop = -1
(mod 5). Summing up, p =29 (mod 60) by the Chinese Reminder theorem. Moreover, if t; > 2, then

pP+1=0 (mod9). (15)

Since p = -1 (mod 3), p must =2,5,8 (mod 9). If p = 2,5 (mod 9), then t =3 (mod 6). Therefore, 3|t.
(ii) In a similar way, we get (ii). [

Lemma 3.3. Let t, 1,1y, t3 be positive integers. Then:
(1) Ifp' +1=2-31527"5, there does not exist an odd prime p satisfying o,4(p') = cea(p’ + 1).
(i) Ifpt —1=2-3M527"5, there does not exist an odd prime p satisfying ooa(p') = o,a(p’ - 1).

(iii

)
)
) Ifp' +1 =2-315211%, there does not exist an odd prime p satisfying o,a(p') = cea(p’ + 1).
)

(iv) Ifp' =1 =2-3"15"211%, there does not exist an odd prime p satisfying o,a(p') = cea(p’ — 1).
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(v) Ifp' + 1 = 2- 3152135, there does not exist an odd prime p satisfying ooa(p') = goa(p’ + 1).
(vi) Ifp' =1 =2-3"15"213"5, there does not exist an odd prime p satisfying o,4(p') = cea(p’ — 1).
Proof. (i) Assume p' + 1 = 231527 and 0,4(p') = 0oa(p’ + 1). We will seek a contradiction. We have
o(p') = a(3"15"27%). (16)

Dividing (16) by 2 - 31527%, we get

o) 35 1 1 1
pt +1 = ﬁ(l - 3t+1 )(1 - 5ta+1 )(1 - 7t +1 ) (17)
By the inequality (2), we have
t t
Sat(p)<m<l+L. (18)
pr+l p-1
Denote
35 1 1 1
An(ty, ta, t3) = ﬁ(l - 3t1+1)(1 " 56 )(1 - 7t3+1). (19)
Combining (17), (18) and (19), we get
1
1< Aty b, 13) <1+ —— (20

p-1

In the following, we will seek a lower bound of A(t1, t2, t3) (shortly, Ib(A1(t1, t2, 3))), which is strictly greater
than 1, case by case. Then by inequality (20), we will get an upper bound of p. Note that A;(t, t,,t3) is
monotonic increasing with each variable t;, where 1 <i < 3. Note that

35 8 35
Aq(1 — == —
1( /t2/t3)<32 9 36< s
which contradicts to (20). So t; > 2. We will divide the discussion into two cases: t; =2 and #; > 3.
Case: t; = 2:
If t, > 2, then A(2, t,, t3) is equal to or greater than

351 1 1. 1612 1
2130 -5 -5 = 1575 =1+ pEes.

By inequality (20), p < 44. If t3 > 4, then A1(2, {5, t3) is equal to or greater than

31 1 1, 36413 1
35(1 - ﬁ)(l - 5—2)(1 - %) T 36015 904899

By inequality (20), p < 92. Otherwise, we have t, = 1 and 3 < 3. Since 2 - 325!7% < 2%, by the table in the
Appendix, we have 0,4(p") # 0oa(p' + 1) with p' + 1 = 2-31527%. Therefore, these finitely many cases can be
ruled out.

Case: t; > 3:

In this case, Ai(t1, t2, t3) is equal to or greater than

1 64 1

35 1 1
Rt -Rl-a=g=l+g
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By inequality (20), p < 64. Finally, by the above argument, we only need to consider the case p < 92. We
use congruent method to exclude the case p < 92. Since p' +1 = 2- 315275, by Lemma 3.2, p = 29 or 89, and
tis odd. From p' + 1 = 2 - 315275, we also get

p'+1=0 (mod 7). (21)

If p =29, thenp' + 1 = 2 (mod 7), which contradicts to (21). If p = 89, from (21), we get t = 3 (mod 6).
Hence 3|t. Since t is odd, we get
89° + 1|89 + 1 = 2 - 31151275,

But 89% + 1 = 2 x 3% x 5 x 7 x 373. This is a contradiction.
(ii) Similarly, we get
1 1

Al(tl,tz,t3) = 1+pTl+pt—_1. (22)

By the Appendix, we find 0,4(p') # 0,a(p' — 1) with p' =1 = 2. 315275 and p' — 1 < 2%°. So we can assume
p' —1> 2% Thus, we have

! ! 1+L+i. (23)

14 — 4+ —
Tty T T

Combining (22) and (23), we get

1<A1(t1,t2,i’3)<1+p%1+%. (24)
In the following, we will seek a lower bound of A(t1, t2, t3) (shortly, Ib(A1(t1, t2, t3))), which is strictly greater
than 1, case by case. Then by inequality (24), we will get an upper bound of p. Compared inequality (24)
with inequality (20), they have a difference 27%°. Since 2% is very close to 0, we will get an upper bound
of p (Shortly, ub(p)), which is very close to that in Lemma 3.2(i). To get a better understanding of ub(p) and
Ib(A1(t1, t2, t3)), we give the following table.

t tr ts | Ib(A1(t1, t2, t3)) ub(p)

2 >2 | 21 1.0234... 43.5675...
2 >11| >4 1.0110... 91.4899...
>3 21|21 1.0158... 64.0000...

TABLE 1. lb(Al(tl, to, t3)) and ub(p)

From Table 1, we conclude the prime p < 92. Now we use the congruent method. Since p'—1 = 2-31527%,
by Lemma 3.2(ii), p = 31 (mod 60) and t is odd. Therefore, p = 31. From p' — 1 = 2- 315275 we get

p'=1=0 (mod 7). (25)

Since p = 3 (mod 7), from (25), we get 6|t. Since t is odd, it is a contradiction.
(iii) Assume p' +1 = 2- 3152115 and 0,4(p') = 0ea(p’ + 1). We will seek a contradiction. Using the same
method as in (i), we have

o(p’) _ 33 1 1 1
pt+1 - 3_2(1 h 3t+1 )1 - 5t+l )1 - 11t:+1 )- (26)
Denote
33 1 1 1
As(t, by, t3) = 3—2(1 - 3t1+1)(1 e )1 - 11t3+1)- (27)
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Similarly, we get
1
1< A2(i’1,t2, i’3) <1+ ]Tl (28)

In the following, we will still seek a lower bound of A;(t1, t2, t3), hence, an upper bound of p, by inequality
(28). Note that

33 1 143
Ar(2,tp,t3) < R (1- ﬁ) =1m < 1,
and
33 1 99
Aot 1) < 22 (1= =) = — <1,
2h Lts) < 35 (1= 55) = 750 <

which contradict to (28). Therefore, t; > 3 and , > 2. We divide the discussion into two cases t; = 3 and
t > 4.
Case 1: t; = 3.
If t, > 6, then A, (3, ty, t3) is greater than or equal to
33

1 1 1
0 )1 =)l e =)=
32130050 133) = 1+ 5op5es

From (28), we get p < 101. If t3 > 3, then A,(3, t, t3) is greater than or equal to

331 1 1 1
R0 -g) =1+ 5o

From (28), we get p < 99. The rest cases are t, < 5 and t3 < 2. Since 2 X 335°11% < 2%, by the table in the
Appendix, we have 0,4(p") # 0oa(p' + 1) with p' + 1 = 2- 3152115, Therefore, these finitely many cases can
be ruled out.

Case 2: t; > 4.

In this case, A (t1, to, t3) is greater than or equal to

331 1 1 v
13- 5 - ) =1+ 5emes

5
From (28), we get p < 98. We can conclude the suitable prime number p must < 101. Now we use the
congruent method. Since p' +1 = 2-315211%, by Lemma 3.2, p = 29 or 89, and t is odd. Also, we get
pP+1=0 (mod 11). (29)
If p =29, then29 =2 (mod 9). As t; > 2, by Lemma 3.2, we get 3|t. Since t is odd, we get
293 + 129! +1 =2 - 31151275,

But 29% + 1 = 2 x 3% x 5 x 271. This is a contradiction.

If p =89, thenp' + 1 =2 (mod 11), which contradicts to (29).

(iv) Assume p' — 1 = 2- 315211 and 0,4(p") = 0,a(p' — 1). We will seek a contradiction. Similarly as in
(iii), we denote

33 1 1 1
As(tr, o, t3) = 3—2(1 ~ 3 )1 - 5ol )1 - 1 )- (30)

Using the same method as in (ii), we get

1 1
As(ti, b, t3) =1+ pTl + pf——l (31)
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and

1 1
1 <A2(t1,t2,t3) <1+ }’)Tl + F

(32)
From 1 < Ax(ty, tp, t3), similarly as in (iii), we get
t1 >3 and t, > 2.

Similarly as in (iii), we will get a lower bound of Ax(t;, t2, t3), hence, an upper bound of p by inequality (32),
case by case. For a better understanding, we list them in the following table.

t1 | | t3 | Ib(Aa(ty, ta,t3)) ub(p)

3 >6 | >1 1.0100... 100.1268...
3 >2 >3 1.0103... 98.0745...
>4 | >2 | >1 1.0103... 97.4285...

TABLE 2. Ib(A3(t1, t2, t3)) and ub(p)

From Table 2, we conclude p < 101. Now we use the congruent method. Since p! — 1 = 2 - 315211%, by
(ii), p = 31 (mod 60) and ¢ is odd. Therefore, p = 31. Since p = 4 (mod 9) and t; > 2, we get 3|t, by (ii).
Therefore,

313 - 1|31 =1 = 2 - 3152115,

But 11> -1 =2x5x7 x 19. A contradiction.
(v) Assume p' + 1 = 2- 3152135 and 0,4(p") = 0oa(p’ + 1). We will seek a contradiction. Using the same
method as in (i), we have

o(p') _ 65 1 1 1

pt—-i-l = 6_4( B 3t1+1 )(1 - B2+l )1 - 13t:+1 )- (33)
Denote

65 1 1 1

As(ty, o, t3) = a(l =3 )1 - 5ol )1 - 13t3+1) (34)

Similarly, we get
1
1 <Ajs(ty, t,t3) <1+ pTl (35)

In the following, we will still seek a lower bound of A3(t1, 2, t3), hence, an upper bound of p by inequality
(35). Note that

65 1, 845
A2 taty) < (1= 55) =g <
and
65 1 39
Az(tl,l,tg) < 6_4 . (1 — ﬁ) — E <1,

which contradict to (35). Therefore, t; > 3 and ¢, > 2. We divide the discussion into six cases t; = 3,4,5,6,7
and t; > 8.

Casel: t = 3.
Note that
65 1 1 403
Ai(3,2 —(1-=2)(1-=)=——<1
3(3/ /t3) < 64 ( 34)( 53 405 <1,
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and
65 1 1 350
A3(3,1,1) < a 1- 3—4)(1 - @) =351 <L

which contradict to (35). Therefore, t, > 3 and t3 > 2 in this case. If t, > 5, then A>(3, t5, t3) is greater than
or equal to

65 1 1 1 1
2l-)(1-)1-—=)=1+——
el =300~ 51— 335) = 1+ 570t

From (35), we get p < 391. If t3 > 5, then A,(3, t, t3) is greater than or equal to
65 1 1 1 1
2l-)1-=)1-—) =1+ ——.
et~ 30 5~ 330 = 1+ reoss

From (35), we get p < 677. The rest cases are t, < 4 and t; < 4. Since 2 X 335*13* < 24, these finitely many
cases can be ruled out by the table in the Appendix.

Case 2: 1 = 4.

If t, > 3, then A3z(4, ty, t3) is greater than or equal to
65 1 1 1
—(1-2)(1-29)1-—=)=1+ ————.
ezl m 35— 332) = 1+ 55

From (35), we get p < 261. If t3 > 2, then A3(4, t, t3) is greater than or equal to

65 1 1 1
—(1-2)(1-)1-—=)=1+ ———.
et~ )~ 139) = 1+ eegs

From (35), we get p < 347. The rest cases are t, = 2 and t3 = 1. Since 2 X 35?13 < 2%, this case can be ruled
out by the table in the Appendix.

Case 3~5: t; = 5,6,7. These cases can be discussed similarly as the case: t; = 4. Precisely, in each case,
ift, > 3 or t3 > 2, we will get a larger lower bound of A3(t1, 2, t3), hence, a smaller upper bound of p, in this
case than in the case: #; = 4. Otherwise, t, = 2 and t3 = 1. Since 2 x 375?13 < 24, it can be excluded by the

table in the Appendix.
Case 6: t; > 8. In this case, Asz(t1, t2, t3) is equal to or greater than
65 1 1 1
@ F -3 =1 e

By inequality (35), p < 674. Summing up, the suitable prime p must < 677. Now, we use the congruent
method. Since p’ + 1 = 2- 3152135, by (i), t is odd and

p € {29, 89,149, 269, 389, 449, 509, 569}.
From p' + 1 = 23157135, we get
p'+1=0 (mod 13). (36)

Ifp=2,6,7,11 (mod 13), thent = 6 (mod 12). Since t is odd, this is impossible. If p = 5,8 (mod 13), then
t =2 (mod 4). Since t is odd, this is impossible. If p =1 (mod 13), then p' =1 (mod 13), which contradicts
to (36). If p = 3,9 (mod 13), then p' = 1,3,9 (mod 13), which contradicts to (36). Therefore, p = 4,10,12
(mod 13). This implies p = 389 or p = 569. If p = 569, since t is odd,

p+1p'+1=2-3152135,

Butp +1=570=2x3x5x19. A contradiction! If p = 389, thenp =2 (mod 9). Since t; > 2, by (i), we get
3|t. Since t is odd,
389° +1[389" +1 =2-3"5"213",
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But389% + 1 =2x3x5x 13 x50311. A contradiction!
(vi) Assume p' — 1 = 2- 315213 and 0,4(p") = 0,a(p' — 1). We will seek a contradiction. Similarly as in
(v), we denote

33 1 1 1

Asltrtots) = (= )1 = 21 = =), 37)
Using the same method as in (ii), we get

A(ttt)—1+L+ ! (38)

4\t1,12,t3) — p_l pt_].
and

1<A(t‘tt)<1+i+l (39)

a(ty, t2, 13 T

From 1 < As(ty, o, t3), like in (v), we get
t1 >3, th>2andift; =3, thent, >3 and t3 > 2.

Similarly as in (v), we will get a lower bound of A4(t1, t5, t3), hence, an upper bound of p by inequality (39),
case by case. For a better understanding, we list them in the following table.

t1 | ta | t3 | Ib(A4(ty, t2, 13)) ub(p)

3 >5|>2 1.0025... 390.7601...
3 >3 | >5 1.0014... 676.0945...
4 >3 | >1 1.0038... 260.6153...
4 >2 | >2 1.0028... 346.1588...
5 >3 | >1 1.0066... 152.1194...
5 >2 | >2 1.0056... 177.6778...
>8 | >2|>1 1.0014... 673.2336...

TABLE 3. Ib(A4(t, by, £3)) and ub(p)
Hence, we consider the prime numbers p < 677. Since p' — 1 = 2- 3152135, by (ii), t is odd and
p € {31, 151, 211, 271, 331, 571, 631}. (40)
From p' — 1 =2- 3152135, we get
p'=1=0 (mod 13). (41)

Since t is odd, from (41), the order of p modulo 13 must be 1 or 3. Therefore, p = 1,3,9 (mod 13), which
contradicts to (40). O

By Theorem 2.2, Lemma 3.1 and Lemma 3.3, we get the following corollary.

Corollary 3.4. Let p' +1 = 2hogiq .- gb (resp., p' =1 = 20q"' 2 - - gl ) with p and q; (1 < i < s) being odd distinct
prime numbers. If oo4(p") = 0oa(p' + 1) (resp., coa(p — 1) = 0oa(p?)) then s > 4.

Remark 3.5. Suppose thatn +1 = 2t°qt11 ‘e q? and ty > 2. Assume 0,4(n) = 0,4(n + 1), then
ts

o(n) = o(gy - q0) = ) g ) g,
k=0 0

ko=



D. Kim et al. / Filomat 33:2 (2019), 543-559 556

It is obvious that o(n) — (n + 1) > 0, then we have
t 2
1+ (o) = (n+1) = olg) - g8) = ) g () )
k=0 k=0
and
h 2
ne1< (Y a QL ap). (42)
k=0 k=0

Divide (42) by q? -+ g, then

_ Tt T m) _(1-g," (1 - q;“s*”]
B Y 1-g7

2o

and

1 1
4.
[1—q;1] (1—q;1)>

Letg[1] = 2,4[2] =3, - -, g[i] be the i-th prime number. Using Mathematica 9.0, we get

1 1 _ 2033432863950094091347 _
1—g2] 1—g[21]"') ~ 512616335105064960000

and

1 1 _160641196252057433216413 S
1—g[2]! 1-g[22]1)  39984074138195066880000

So, if 0,4(n) = 0o9(n + 1) and 4[n + 1, then n + 1 has at least 21 distinct odd prime divisors. Similarly, if
00d(1) = 04(n + 1) and 4|n, then n has at least 21 distinct odd prime factors. Therefore, if n < Hfzzz plil-1=
6435289534681345815798169108259 with n = 0 or —1 (mod 4), then g,4(n) # 0,4(n + 1). Assume 4|n + 1 and

3 /n + 1. Similarly, using Mathematica 9.0, we get

1- 51[3]‘1) (1 —q[140]~

and

1- 17[3]‘1) (1 —q[141171) "

So, if 0,4(n) = 0,a(n + 1) with 4n + 1 and 3 fn + 1, then n + 1 has at least 139 odd prime factors. Similarly, if
00d(n) = 0oq(n + 1) with 4|n and 3 [n, then » has at least 139 odd prime factors.
4. Results on Conjecture 1.1 (iv)
The following lemma, though simple, is the key point to our proof.
Lemma 4.1. Let N denote the largest odd integer dividing n. Then o,4(n) is odd if and only if N is a perfect square.

Proof. Glaisher [6, p. 294] considered 0,4(11) = o(N). In [22, p. 28] o(n) is odd if and only if N is a perfect
square. This completes the proof of Lemma 4.1. O
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Corollary 4.2. If 6,4(n) = 04(n + 1) is even, then neither n nor n + 1 is a square.

Proof. As in Lemma 4.1, let N denote the largest odd integer dividing n and N” denote the largest odd
integer dividing n + 1. By Lemma 4.1, neither N nor N’ is a square. Therefore, neither n nor n + 1 is a
square. [

Remark 4.3. Assume 0,4(1) = 0o4(n + 1) such that n or n + 1 is a square. It is easily checked that

n (mod 4) 011213
n+l(mod4) || 12|30

TABLE 4. nand n+1 (mod 4)

and the possible case of square integers fornand n+1isn =0 (mod 4)andn+1 =1 (mod 4). By Corollary
4.2, to prove Conjecture 1.1 (v), we only need to consider the case:

0oq(n) = 0s(n+1)=1 (mod 2),

thatis,n =0 (mod 4) and n =1 (mod 4) (see Table 4).

Firstly, we consider the case n = 1 (mod 4), by Lemma 4.1, there exist odd positive integers M and L
satisfying n = M? and n+ 1 = 2/L2. Sincen = M? =1 (mod 4), | must be 1. Therefore, such pair nand n + 1,
can be parameterized by positive solutions of the negative Pell equation, i.e.,

M?-21%2=-1,n=M?* n+1=2I2 (43)

x =1, y = 1 is an obvious solution of the equation x?> — 2y?> = —1, and is fundamental as any smaller
solution would have x and y < 1. The other positive solutions can be obtained by iteration:

Xpa1 = Xy + 4ym and Ym+1 = 2%y, + Symz
that is:

(1,1),(7,5), (41,29), (239, 169), (1393,985), (8119, 5741), (47321, 33461), (1607521, 1136689), ...,
(46305156912921105124676500756345112056691727724000577129664401793869058047789742202
70447822703484163801, 32742690457033652340770680969440171184861124790238682838820336

04409842361054556976605396860319012519349), - - - .

Assume x%, — 2% = —1 with m > 2. Using Mathematica 9.0, we checked 0,4(x2,) # 0,4(2y2,) satisfying
X2, +1=2y% withm =2,...,135.

Thus, ifn < 463051569129211051246765007563451120566917277240005771296644017938690580477 897422027044782270
that is, (1 < 10%°) and 0,4(1) = doa(1n + 1), then neither 7 nor n + 1 is a square except n = 1.

Secondly, we consider the case n = 0 (mod 4). There exist odd positive integers K, U and [ satisfying

n+l=K*andn=K>-1=2'U7 (44)

by Lemma 4.1. If | = 2!’ then we cannot find positive integers K and U satisfying K> — (2" U)? = 1. By (44),
put! =2I' + 1, we consider 6,4(11) = 0,4(n + 1) satisfying n + 1 = K> and n = K> = 1 = 22" U)%. Put 2"U = U.
Then we get the classical Pell equation K? — 2U? = 1.The solutions of x> — 2w? = 1 are

(1, w1) = (3,2), (x2, w2) = (17,12), (x3, w3) = (99,70), (x3, w3) = (99,70),
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(xs, ws) = (577,408), (x5, ws) = (3363,2378), .., (x130, Wi30) = (16620657195672643875956
20839613920483911723740125085355030801429665220366155075897997802501222942737, 117525794

1083711279465456977691532980497533808327824270765753191808758291738555073278938547461890828).
Using Mathematica 9.0, we checked 0,4(2w?,) # 004(x2) satisfying x2, — 2w? = 1 withm = 1, ..., 130.

Remark 4.4. Let n < 153168087149 be an odd non-square-free positive integer. Then, using Appendix,
there does not exist 1 satisfying o,4(1) = 0,4(11 +1). First case is 0,4(153168087150) = 0,4(153168087151) with
153168087151 = 6722 x 1481 x 23039.

Theorem 4.5. There does not exist n satisfying 6,q(n) = gog(n + 1) = 6pg(n +2) =1 (mod 2).

Proof. We assume that there exist n satisfying 0,4(11) = 0oa(n + 1) = goq(n + 2) = 1 (mod 2). By Table 4 and
Lemma 4.1 the possible case of nis n = 0 (mod 4). We have x2, — 2y% = -1 and x'; — 2w? = 1 by Remark
4.3. By assumption there exist m and [ satisfying x,, = x’;. But we cannot find positive integers y,, and w;
satisfying 2y2, — 2wl2 = 2. This is the proof of Theorem 4.5. [

Remark 4.6. Sierpiriski has asked if 6(11) = o(n + 1) infinitely often. Jud McCranie found 832 solutions of
o(n) =o(n+1) forn <425x10°;

(see [11, p. 103]).
Erdos [7] made the much stronger conjecture that for every integer k > 1 there is an n such that o(n) =

o(n +1) = --- = o(n + k) has infinitely many solutions for each k. Haukkanen [14] observed that for no
n <2-10% such that 6(n) = o(n +1) = o(n +2). Let 0*(n) = Z d. By [17, Table 11] and the Appendix, we
dn, % odd

shall compare the above problem for o(n), 0*(n) and ¢,4(n) as follows.

] n | om=0m+1) [ om)=om+1) | o) =0cum+l) |
n < 200 3,6,7,10,22,31, 14 1
58, 82,106, 140,
154,160, 166,180
n< finlo*(n) = o*(n + 1)} | H{nlo(n) = o(n + 1)} | #{nlow(n) = ge(n + 1)}
4.25 x 10° = 1870 = 832 =64
n cn)=0"(n+1) on)=on+1) 0oq(n) = 0pg(n + 1)
=0'(n+2) =o(n+2) = 0p(n + 2)
n< 6 no no
4.25 x 10°

TABLE 5. ¢*(n), o(n) and 6,4(n).

The equation 0,4(1) = 0,4(n+1) = 0,4(n+2) hasno solution forn < 240 (see the Appendix, https://drive.google.com/
open?id=1zuZ6DbgKUg7ueMMtbC6SVRhPIWSExxgc ).
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